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For an algebraic number field G k ( ) aiddenote the ideal class group and the
Hilbert class field ofk , respectively. For an abelian gradp d am integerm ,G™
means the subgroup @  consisting mf -th powers of the elesmehG. Leth (),
R(k) and D ) be the class number, the regulator and the absohlte \of the dis-
criminant of k, respectively. For an integer > 1, k, denotes the class field d@f
corresponding to ray modula . L&}, be a primitivem -th root of unity. Leyy be a
prime andk/Q be a real cyclic extension of degrge . Let be the conductdr of
In the paper [5], we showed that Q((.(+ ¢, 1)) has a subgroup which is isomorphic
to C(k)?. In this paper we generalize the above result in TheoterAnd we show
that for any given integern > 1, there exist infinitely many mutually prime positive
integersm such that
(1) m has at most two different prime factors and any primediaof m is congruent
to 1 (mod 4),

(2) C(QEn+¢; 1Y) has a subgroup which is isomorphic #Y/A,, Z for some integer
Ap >n
(Corollary of Theorem 3). Further we give some applicatiofighe following Theo-
rem 1.

Theorem 1. Let L/k be an abelian extension anf  be a subfieldIof  such
that K /k is an extension of degree . ThéHL) has a subgroup which is isomorphic
to C(K)"®),

Proof. By Galois theory, we have the following exact segeenc

Gal(L/L) — Gal(K /K) — Gal(L N K /K) — 0.
Hence by class field theory, we have the following exact secgle
c(L)Vvx — Cc(K) — GallL N K/K) — 0,

where N, /¢ is the norm map fromC & ) toC K ). Now we write the class groups
additively. Letx € C(K) and G = GalK /k). Sinceh k)- C(k) = 0, we have that
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Y oeG J(h(lf)x) =0. Hencenh k3 =nh k¥ — > ;oh()x) =% (1~ J)h~(k)x.
Since L N K /k is an abelian extension, the grodp  acts trivially on Gal(K /K)
by conjugation. From thes -homomorphisfh  maps each- @)h(k)x to O, it fol-
lows that f @& & x ) = 0. By exactness, we see that the image ( ) cuonish (k).
Since Ny /x(C(L)) has a subgrou K "A®), we see thatC £ ) has a subgroup which
is isomorphic toC K ¥'®. This completes the proof. O

ExampLe. Let K = Q(V145) andL =Q (s + (iz8)- By C(K) is isomorphic
to Z/4Z and Theorem 1, we see th@tL ( ) has a subgroup which is isomotph
Z/2Z. And we see thal. N K = Q(v/5, v/29).

Lemma 1. For any given integer > 1, let¢; (1 < i < r — 1) be odd primes
such thatgy < g2 < --- < g,_1. Letn > ¢; be an integer andn = (2nq1q2- - - ¢,—1)*+
1. If m is a square-free integethen C(Q(y/m)) has a subgroup which is isomorphic
to Z/S,,Z for some integelS,, > r.

Proof. LetF =Q (/m) andu = Zig1g2---q,—1. Sincen > q1 andq1 < g2 <
-+ < gr—1, We see that] < u/2. Sincem =1 (modg;), we have thatd;) = R and

R # R, where R and Rare prime ideals inF . Now we assume that B is a principal
ideal in F for some positive integer . Then there exist integerandy such that

B = (%) and x=y (mod2)

Hence we have

that is,
+4q5 = x? — y°m.

If y=0, then we havex? = 4g;. Hences is necessarilyr2 for some integer . Since
x = £2¢}, we have

R =(g)=RLE.

Therefore we have R = RThis contradicts % . Hence we have # 0. Letxg be an
integer andyy be the smallest positive integer satisfying
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that is,

R = (i|x0|+y0W>
= (=),

Let € = +u +/m. Sincee are units of F , we have

s _  (F]xo| + yo/m )(Fu +/m)
s = z )

that is,

R = <—|xo|u + yom & (|xo| — YOM)\/”_1)
5 .

From ||xo| — you| > O and the definition ofyy, we have
||xo| — you| 2 yo.
Hence eitheflxo| — you = yo Or —|xo| + you = yo. So either
+4q3 = x§ — yom =2 y5(u + 1 — y5(u® + 1) = 2uy5 = 2u.
or
+4q; = x3 — yom < yo(u — 1 — you? + 1) = —2uys < —2u.

Therefore in each casegf = 2u, that is, ¢ = u/2. If r 2 s, then this contradicts
q; <u/2.Soifr 2 s, [ is not a principal ideal i . Now we assume that S,z
is the smallest positive integer such that R is a principahlidn F. From the above
argument, we see thal F( ) has a subgroup which is isomorphi¢/%),Z for some
integer S,, > r. This completes the proof. [l

Lemma 2. Let G(n) = an?+bn +c be an irreducible polynomial witlx > 0 and
c=1 (mod 2) Then there exist infinitely many integers  such tGék) has at most
two prime factors(see Iwanied2, Theorem])

Theorem 2. For any given integerr > 1, there exist infinitely many mutually
prime positive integers:  such that
(1) m has at most two different prime factors and any prime factomas congruent
to1l (mod 4),
(2) C(Q(/m)) has a subgroup which is isomorphic #/S,,Z for some integes,, >
r.

Proof. For any given integer > 1, letm = (2iq1q2- - - g,—1)* + 1, whereg; (1=
i <r — 1) are odd primes such that < g2 < --- < g,—1 andn > ¢1 is an integer.
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Then by Lemma 2, there exist infinitely many integers such #hdas at most two
different prime factors. It is easy to see that any primediacf m is congruent to 1
(mod 4). Hence by Lemma 1, we have this theorem. [l

Theorem 3. Letk be an algebraic number field. Then for any given integer
1, there exist infinitely many mutually prime positive integer such that
(1) m has at most two different prime factors and any prime factomois congruent
tol (mod 4),
(2) C(kn) has a subgroup which is isomorphic #/A,,Z for some integera,, > n.

Proof. By Theorem 2, for any given integer> 1, there exists a positive integer
m such that
(1) m has at most two different prime factors and any primediaof m is congruent
to1 (mod 4),
(2) C(Q(/m)) has a subgroup which is isomorphic &S, Z for some integets,, >

r.

Let F = Q(/m), (D(k),m) =1 andK =kF . ThenC K ) has a subgroup which is
isomorphic toC € ). Byk, containk ,J k ]=2 and Theorem 1, we se¢ t@,,)
has a subgroup which is isomorohic @ K ¢'®. Hence by Theorem 2, for any given
integerr > 1, there exist infinitely many mutually prime positive inkegm such that
(1) m has at most two different prime factors and any primediaof m is congruent
tol (mod 4),

(2) C(ky) has a subgroup which is isomorphic té 2 ¢)6,,Z) for some integer
Sp >r.

Let r = 2nh(k) for any given integen > 1 and 2 k )¢/S.Z) = Z/A,Z. Then we
have A,, > n. Thus this theorem is proved. O

Puttingk =Q in Theorem 3, we have

Corollary. For any given integem > 1, there exist infinitely many mutually
prime positive integers: such that
(1) m has at most two different prime factors and any prime factomois congruent
to1l (mod 4),
(2) C(Qn +¢,; 1) has a subgroup which is isomorphic ©/A,, Z for some integer
A, > n.

Theorem 4. Let k be an algebraic number field and> 1 be an integer. Then
for any given integem; > 1 (1 < i < ¢), there exist infinitely many mutually prime
positive integersni, my, ..., m, such that
(1) m; has at most two different prime factors and any prime factome is congru-
enttol (mod 4),



IDEAL CLASS GROUP 5

(2) C(kmym,.--m,) has a subgroup which is isomorphic @le Z /A, Z for some inte-
ger A, > n;.

Proof. By Theorem 2, for any given integer > 1 (1 < i < ¢), there exist
mutually prime positive integers; such that
(1) m; has at most two different prime factors and any primediacf m; is congru-
entto 1 (mod 4),
(2) C(Q(y/m;)) has a subgroup which is isomorphic @/S,, Z for some integer
Sm,. > ri.
Let F = Q(y/my, \/m2, ..., /m;). ThenC ) has a subgroup which is isomorphic to
@}:1 Z/Sw,Z. Let (D(k),m;)=1 (1<i <t)andK =kF . ThenC K ) has a subgroup
which is isomorphic toC £ ). B¥kuym,...m, CONtainsK, K :k]=2 and Theorem 1,
we see thatC Ky,m,...m,) has a subgroup which is isomorphic € K ¢"$). Hence by
Theorem 2, for any given integes > 1 (1 < i < 1), there exist infinitely many
mutually prime positive integersiy, m», ..., m, such that
(1) m; has at most two different prime factors and any primediacf m; is congru-
entto 1 (mod 4),
(2) C(kmym,--m,) has a subgroup which is isomorphic @le 2hk)(Z/Sy, Z) for
some integers,,, > r;.
Let r; = 2'n;h(k) for any given integen; > 1 and 2h k )¢ /S, Z) = Z/A,, Z. Then
we haveA,, > n;. Thus we have this theorem. Ol

Puttingk =Q in Theorem 4, we have

Corollary. Lett > 1 be an integer. Then for any given integer > 1 (1 <
i 1), there exist infinitely many mutually prime positive integer, mo, ..., m, such
that
(1) m; has at most two different prime factors and any prime factome is congru-
enttol (mod 4),
(2) C(QCmumy-m, * Cpynym,)) has @ subgroup which is isomorphic &;_, Z/A,, Z
for some integerd,,, > n;.

Lemma 3. Letn > 1 be an integer. For given finite sefs, S», S3 of primes sat-
isfying S; N S; = ¢ if i # j, there exist infinitely many imaginaryesp. rea) quadratic
number fieldsF such that
(a) the ideal class group o has a subgroup which is isomorphi€teZ & Z/nZ
(resp. Z/nZ),

are decomposed i (i = 1),
(b) all primes contained inS; ¢ remain prime inF (i =2),

are ramified inF (i=93)
(see Yamamot{B, Theorem 2])
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Theorem 5. Let £k be an algebraic number field and be any finite abelian
group. Then there exist infinitely many mutually prime pesitsquare-free integers
such that
(1) t=1 (mod 4),

(2) C(k;) has a subgroup which is isomorphic #

Proof. LetA be any finite abelian group. Then is isomorphic®X., Z/n; Z
for some integers;; > 1 ands = 1. It suffices to prove this theorem for the case
s > 1. By Lemma 3, for given integen; (X i < s), there exist mutually prime
positive square-free integers;  such that
(1) m; =1 (mod 4),
(2) C(Q(y/mi)) has a subgroup which is isomorphic #2*h (k)n; Z .
Now we putt =mamyo---m,. Let F = Q(/m1, \/ma, ..., /my). Let (D), D(F))=1
and K =kF . ThenC K ) has a subgroup which is isomorphicGaF ( ) &hd ( )
has a subgroup which is isomorphic ;. Z/2°h(k)n;Z. By k, containsk , K
k] = 2° and Theorem 1, we see thatk, ( ) has a subgroup which is ig@rimoto
C(K)?"®. HenceC § ) has a subgroup which is isomorphic@s_, Z/n; Z. There-
fore by Lemma 3, we have this theorem. U

Puttingk =Q in Theorem 5, we have

Corollary. Let A be any finite abelian group. Then there exist infinitelynyna
mutually prime positive square-free integers t such that
(1) t=1 (mod 4),
(2) C(O@ +¢7Y) has a subgroup which is isomorphic to

REMARK. Kk, Nk, =k, if (m,n) =1.

The Brauer-Siegel theorem. Let k be a normal algebraic number field of degree
n over Q. Then

log(k (k)R (k)) n
TlogvD® - % Togn@y P

(see Lang[3, Chapter IX])

Theorem 6. Let k be a totally imaginary algebraic number field angk) = 2°
for an integers = 0. Let p be an odd prime such that = 3 (mod 4) Then there
exist infinitely many primegp  such that for any given integer- 1, C(k,) has a

subgroup which is isomorphic t6(Q(/—p)) with 2(Q(/=p)) > n.

Proof. We assume thad k(< p. Let F = Q(/—p) and K =kF . ThenC K )
has a subgroup which is isomorphic @ F ( ). By contakis K, [k : ] =la
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Theorem 1,C K, ) has a subgroup which is isomorphiocCt&k #®) Fromh ) = 2
for an integers = 0 and 2f h(F), we see thaC K F® = C(F). ThereforeC £, ) has
a subgroup which is isomorphic t6 F( ). On the other hand, wetkeeR(F) = 1
and D (F) =p . Hence by the Brauer-Siegel theorem, we have

logh(F)
log /7
So by Dirichlet's theorem on prime numbers in arithmeticguessions, there exist in-

finitely many primesp such that for any given integer> 1, C (k,) has a subgroup
which is isomorphic toC £ ) withh ¥ )}> n. This completes the proof. U

—1 as p— oo.

Lemma 4. There exist infinitely many primes  such thaf(Q(¢,)), that is
p|Bys for some integers (2 < 25 < p — 3), where B,, are the Bernoulli numbers
(see[1]).

Lemma 5. Let p be an odd prime such that/2(Q((,)). Let f, be the number
of s satisfyingp|By; (2 £ 25 < p — 3). ThenC(Q(¢,)) has a subgroup which is
isomorphic to@ifgl Z/pZ (see Ribe{6, Main Theorem)])

Theorem 7. Let k be a totally imaginary algebraic number field apd be an
odd prime such thap|h(Q(¢,)). Let f, be as inLemma 5 Then there exist infinitely
many primesp such thaf(k,) has a subgroup which is isomorphic @,.f;’l Z/pZ.

Proof. LetD )< p andh)< p. LetF =Q((,) andK =kF . ThenC K ) has
a subgroup which is isomorphic 6 F( ). By, contaifs K [k : p=1 and The-
orem 1,C &, ) has a subgroup which is isomorphicdok ©—¥"®). So by Lemma 4,
Lemma 5 and X K }¢—1), p) = 1, there exist infinitely many primgs  such ti@at, ( )

has a subgroup which is isomorphic @.fi’l Z/pZ. This completes the proof. [J

Lemma 6. Let p be an odd prime such that=2*1+1 (mod 2*?) with a >
1. Letk andko be the subfields 0©(¢,) such that[k : Q] = 2**1 and [ko : Q] = 2,
respectively. And lek; = h(k)/h(ko). Then

loghi

m—)l as p — .

Proof. LetR ) =R andR K) = Ro. Then it is known thatR =2-1R,. By
D(k) = p?"'~1, D(ko) = p?~1 and the Brauer-Siegel theorem, we have

log(h (k)R) log (%2 (ko) Ro)
ogvp® ~ 2" Togypg <t BT
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Since
log(h(k)R) _ loghy N log(h (ko) Ro) . (2* —1)log 2
log/D(k) log/D(k) (2¢—1/2)logp (2@ —1/2)logp
and

log(h(ko)Ro) _ log(h(ko)Ro) 2 —1
@ —1/2)logp _ logyDlkg) 271 -1’

it follows that

loghi

m-’l as p — Q.

This completes the proof. U

Theorem 8. Let k be a totally imaginary algebraic number field angk) = 2°
for an integers > 0. Let p be an odd prime such that= 2*1+1 (mod 2*2) with
a =2 1. Let F be the subfield 0D(¢,) such that[F : Q] = 2**1. Then for any given
integer n > 1, there exist infinitely many primegs  such th@tk,) has a subgroup
which is isomorphic taC(F) with hA(F) > n.

Proof. LetD k)< p andK =kF . ThenC K ) has a subgroup which is isomor-
phic to C (F). Byk, containsk ,K & ]=2" and Theorem 1(C i, ) has a subgroup
which is isomorphic toCc K 3™*®_ By genus theory, we see that {2/(F). From
h(k) = 2 for an integers > 0 and 2f h(F), we see thaC X % ") = C(F). Hence
C(k,) has a subgroup which is isomorphic @ F ( ). By Lemma 6 anddbieit’s the-
orem on prime numbers in arithmetic progressions, for amgrgintegern > 1, there
exist infinitely many primes such that &, ) has a subgroup wisctsomorphic to
C(F) with h(F) > n. This completes the proof. [l
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