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0. Introduction

Consider for the partial differential operator

P(t,D;,Dy):= Y ajo()DIDy,  t€[0,T], x€eR,

Jtlelsm

with coefficientsa; . (t) € C([0, T]) the Cauchy problem with the data prescribed at
t=s,

{ P(t, D;, D))u(t, x) = f(z, x), tel0,T], xeR",
(0.1)

Dtju(s,x):uj(x), j=0....m—-1 xeR"
wheres € [0, T]. For the principal symbolP,, #( A, ) of the operatorP defined by
Pu(t. ). 6) = Y aja()NE

Jle|=m

we assume that for all € [0, T], £ € R”, the following representation

Pm(thvg): (A_)‘(tvg))a
0.2) q :

At ) = Mt O = CA; (D€L j <k,
with the real-valued functions;(z, £), j = 1, ..., m, and with non-negative continuous
functionsA;(¢), j =1 ...,m, A\; € C([0, T]), holds. Thus the operataP ¢,(D;, D, ) is

a hyperbolic operator with the characteristicgr, £), j =1, ..., m. We make also the
assumptions

)‘|a(t)>k
A\oz|(t) ’
1<|a|, j+l|laj=m, k=01

03) 2100 = 0) -+ A0
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and A1(#) > Ao(f) > -+ > A, (t). Here A ¢) ::fé Aj(s)ds, j=1,...,m. If \(z)
vanishes at = 0)\(0) = 0O, then the characteristics of operator vanish too.sTifiu
the characteristics are distinct for # 0, then P , D,, D, ) is a hyperbolic operator
with the characteristics of variable multiplicity. The gability of the Cauchy problem
in the space ofC* functions requires some conditions on the lower order teofns
operator (see, e.g. [4]), while the consideration in the r&gwspaces with the small
exponent is free of these conditions (see, e.g. [2]). Theralso an approach combin-
ing these two ones (see, e.g. [3] and the references thefelm Gevrey exponent is
not small. We will take initial data from the space 6f° functions therefore we will
assume for the coefficients; . (r) with j + |o| < m — 1, that is for the lower order
terms, the following estimates

] m—j . k
08 auol<c (Hw)) ( [T >0 m) (@)
i=1 "

I=|a|+1
k=01

lof A
| (1) . _
05)  |Imaja()| <c (q )\,-(t)) (Aa|(t)> , j+lal=m—1

These kind of conditions for the coefficients with |of < m — 1 are calledLevi con-
ditions To make result more transparent we restrict ourselvesdadse with)\;(¢) :=
Ni(t), i =1,...,m, wheren; , are the non-negative numbers d;=< np < --- < n,,
while function A = \(r), A € C([0, T]), A(0) =0, A(t # 0) # 0, N (¢) := dA(t)/dt > O,
satisfies

M) N@E) M) m—1 [
(0.6) ClA(t) < ) < Q) c1 > o A(2) .—/0 A(s)ds.

In our special case we can write conditions (0.3), (0.4), é€nh8) also as follows:

| sl (M) e (&) _
0.7) [0taya(t) < €A (A(t)uogw) D). k=01
Alr)

0.8) | Ima;a(0)] < (M) ™" (A(t)

), Jtlal=m—1.

To simplify the notations we group functions(z), i = 1, ..., m, in accordance with
n;:

(09) 1:n1:"':nd1 <A1 = T Nggady, < -0 < Agyteotd, 141 = = Neytetd, »
where

(010) dl+d2+"'+d.€:m’ dsZZ, SZZ
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(For the case with =1 see [17].) Thus, for sufficiently snall e have

M) == /\dl(l‘) > )\d1+1(t) == /\dl+a'z(t)
(011) > e > )‘d1+'--+d;,1+1(t) == )\d1+...+dx(t).

We will call coefficienta;, a “coupling coefficient” if for somer r =1..,5 —1,
the inequalities K |o| < dj+do+---+d, andj < m—dy—dp,—---—d,— 2 are fulfilled.
The coefficientsa; , with j +|a| > m — 1 are not coupling. In the next theorem we
require more from the coupling coefficients, namely

N o m—j—|o|+k
10k a0 ()] < C AO)ZE M log A(r)| ~ I+ d <&> ’

(0.12) A(r)

k=01
Here the number j( «) is defined by
r(j,) =min{r;1<r <s—1, 1< |a| < di+do+ - -+d,, j <m—dy—dpo—---—d,—2}.

To describe a propagation phenomena in the Cauchy problerdewete

Amaw:= SUp{ I\ (1, ) j = 1, .om, 1 €[0,T], €€ R, [¢[=1]
and definea hyperbolic cone of principal symbai, by
(0.13) I o={(\ &) € R™5 A > Anadé]}s
while T'* is a dual cone of” that is
(0.14) =, x) eR™M L +x-£>0 forall (A€ eT}

and will be calleda propagation cone of symbal,. In the next theorem we use no-
tations

m—1

DO = U SUppuh QO = Suppf’ K+(T’ y) = (Ta y) + F*
i=0

The main result of this paper is the following theorem.

Theorem 0.1. Assumg0.2), (0 3), (0 6)to (0.8), and (0.12). There exists a non-
negative numbef such that for everye [0, T] and any real number the Cauchy
problem (0.1) for every

feC([0,T]; Hy+(R") . i € Hpsiem—in(R"), i=0,...,m—1,
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has a solution

u € (€7 ([0, TT; Hpsm—p(R")) .
Jj=0

This solution is unique and satisfies an a priori estimate

m—1 m—1 ‘
(015) Z ||Dtj”(t)||(2m—l—j+r) <C Z ||Dtjuj||(2m+l+r—1—j) + / ||f(7—)H(21+r)dT
j=0 j=0 s

for all + € [0, T], with a constantC, independent of . For the support of the smtuti
the following

(0.16) supp C UK*(O,y) U U K*(1,y) ¢ .

yEDg (1,9)€Q0

holds.
Thus according to this theorem solution propagates aloagptbpagation cone.

Derinimion 0.2.  The Cauchy problem (0 1) is said to be well-posed if tlaest
ments of Theorem 0.1 hold.

ExampLe 0.3. For the second-order operatBr D? —t2D2+t*D,, P, =(\ —
tENN+2€]),  ao.1 =t*, condition (0 4) impliesk > 1 — 1.

The referee noted that in contrast to that example the donditof the next ones
cannot be simply derived from the necessary conditionsngimethe article by V. Ivrii
and V. Petkov [4].

ExavpLe 0.4. For the operatoP #3+ P>+ Py, P, = Zj+\a|=s ajo (N>, s =
1, 2, 3, with the principal symbol

P3= (A —aut"™E])(N — aat™|E)(N —ast™[€]), 1<ni1<np»<ns, a Zaj,
condition (Q 4) will be satisfied if
Daoo() = O(m374), Jaj=2, k=01

Diara() = O(m 7). Dlaga()=0(m72*), Jal=1 k=01

In the forthcoming paper we will prove that these conditi@sswell as the con-
ditions of the next example are also necessary conditionshioeC> well-posedness.
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ExampLe 0.5. For the operatoP  #3+ P2+ P1, Py =3 14 0 aj o (ONE>, 5=
1, 2, 3, with the principal symbol

Py = (A — ayexpni1dt Y[E]) (A — azexpnadtY)[E]) (N — azexpnazdtY)[E]),
Raa;;ﬁaj, 60>0, 1=ny1<ny<ns,

with T small. The conditions on the lower order terms are thHoiong:

|DFag o (1) < Crt 3 ZFexp(—(n1 +n2)0t™Y), |a|=2, k=01
[IMago(f)] < Ct2exp(—(n1 +n2)dt ™), |af =2,

|Dfa1,a(t)| < Cpt 3 F exp(—nioth), o] =1, k=01
|Dfao o (1) < Cet =% exp(n16t™), |a|=1, k=01

For the scalar operators and for the systems with the douideacteristics a mi-
crolocal energy method developed by the first authors and.kyighitani in [6], [7],
[8], [12] allows to prove well-posedness and gives a conepfatture of the propaga-
tion of singularities.

A. Nersesian and G. Oganesian [11] for the infinite degeadmgperbolic equation
under more restrictive (compare with (0.7), (0.8)) comuiifi, proved the existence and
the uniqueness of the solution in the Sobolev spaces as weélieaenergy estimates.

The Cauchy problem for the operators wixky) = +"* and coinciding non-negative
integern; ,ny = np = --- = n,, is investigated by K. Shinkai [13]. In that paper a
fundamental solution is constructed as a sum of the Founmiegral operators. Using
fundamental solution in [14] in the concept of the Stokesriwa description of the
propagation of the singularities is given.

More references for the operators with= \(¢) (n; = n, =--- = n,,) having zero
of infinite order, can be found in [17]. In connections withstltase we mention here
a result on the well-posedness by S. Tarama [15].

F. Colombini and N. Orru [1] announced: if the Cauchy problEmthe operator
with coefficientsa; ., = a;(t) independent ofc € R and vanishing of finite order at
t =0, and without any lower order terms; .(r) = 0 (j +|a| < m), is C*> well-posed,
then

Aj(l’ 5)2 + Ak(l7 5)2
2069 m o = ©

The present paper is organised as follows. To make a préisentaore trans-
parent we consider a case of the -independent coefficientstHe case of ther -
dependent coefficients we obtain results by means of theidfointegral operators
with a symbols from the classes determined by the function A\(¢). This approach
developed in [16], [17] will be applied in the forthcoming gea. The main idea is
based on the observation that if the principal part of theratpe is assumed to have
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the smooth characteristic roots, then each zero of the @im@ymbol is smooth in
some subdomain of the cotangent space (we follow [16], [¥W@] eall these subdo-
mains thehyperbolic zongsand can serve as a symbol. In that subdomain this zero
is just a perturbation of the corresponding root of printiganbol and can be written

as the series. The coefficients of this series are found byipteulogarithmic residues
and are estimated along with their derivatives. In the ramgipart of cotangent space
(will be called thepseudodifferential zon€ld.6], [17]) the exponential function of the
operator is a pseudodifferential operator of the finite orde

1. Logarithmic derivative of the Vandermonde matrix-valued functions. The
correctors

By the Fourier transform against variabtee R” assuming thait andg® belong
to the corresponding spaces, we obtain from (0.1) the emuati

(1.1) P @, Dy, Qu(t, §) = £, €),

for a new unknown functiom = t(£).
Our aim is to obtain ara priori estimate for the solutions of ordinary differential
equation (1.1) with parametére R”". To this end we write this equation as a system:

DtU +A(t’ f)U +B(t’ f)U = f(t’ 5)’

where
u(t) 0
D,u(t) :
(1.2) Uue, ¢ = : , F(t, &) = 0
D" tu(r) £, 8)

Here A is a principal part, while3 is a lower order term. The diagonalizer for ma-
trix A(z, ) has a great importance for the following constructiongréfore we first
of all consider its properties. As matter of fact a diagaredliis the Vandermonde ma-
trix constructed by the eigenvalues df(z, £). Application of the diagonalizer leads to
the derivative of the matrix multiplied on its inverse. Thisoduct will be calledLog-
arithmic derivative of the matrixThus let M~1(¢, £) be the Vandermonde matrix cor-
responding to the systed\i(z, &), ..., \u(t, &)},

1 1 1 e 1
)\l(ts g) AZ(tv 5) )\3(t’ 5) e >\m (tv 5)
Mﬁl(l, 5) = )‘%(Is g) /\g(t’ 5) )“%(t’ 5) o )‘;211 (tv 5)

ML NN TG - a9



THE HYPERBOLIC OPERATORS WITH VANISHING CHARACTERISTICS 453

with the reciprocal matrix

P11 P12 P13 . Uim
e1(M1) (A1) 1) ©1(M1)
21 )22 )23 o Yom
M@, &= w202  war2)  pa(N2) wa(N2) |,
(M) omAm)  om(Am) Om(Am)
where
Vim—k = Ck +Cr_1\i +---+ oAk, i=1,....,m, k=0,...,m—1,
alt,©) = D am o, k=0,....m—1,
|| =k
pi(m) =[] =) =D vt i=1....m,
ki k=1
/l/}km 1
M (2, &) = = .
ol = 20w T T O = N0, )
In particular,

1
A1(t) - Me—a (@) e ()

| Mim(t, )] < Clg|7™ 1

The derivativeM, X(t, €) := dM~Y(t, £)/dt is easily calculated:

0 0 e 0
)\1t (l7 g) )\2t (t’ 6) >\mt(l7 g)
MM €)= 220\ 73 : 20 Ar
(m— NP 2h, (m— 1Ny 2Ny - (m— N2,

The matrix M(z, )M, (z, £) is alogarithmic derivativeof the Vandermonde matrix
M7, €). The following lemma gives the elements of this matrix.

Lemma 1.1. For the logarithmic derivative of the Vandermonde matrix
M7z, €), that is for the matrix M(t, £ )M, X(t, €), consisting of the elements
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(/\/l(t, MY, 5))kl (k,1 =1,...,m), one has the following formula

)\hl_[(j-k)\) H ()\1 /\) when k ;'fl
i7k ik,

M(t, OM2,€)),, = m

( >kl )\ktZﬁ when k=1.

e
Proof. We have
-1 Y i2y 1 0

(M(t’ OM,(r, f))k, = Z 2 O%) (=N = m)\lt <E<Pk(7')) - .

i=2

But

(%w(ﬂ) :< II¢- A)) IS Te-m] =To-m.
T=N\
7=\

i 7k ik ikl

T=X\
Hence,
1 0 _
200 (Ewk(ﬂ)T:/\] T Tl O — N) k()‘k ) 17;[1 N = N).

Lemma is proved. ]

Lemma 1.2. Assume that conditionf0.2), (0 3), (09), (0 10),and (0.11) are
satisfied. Then

.ol < el (29

j=1...,m, k=01 forall ¢re][0,T].

(1.3)

Proof. First of all we set¢| =1 and consider equation

" + Z am—;(t, T~ I=0

where

am—j(t. €)= D am—j.a(t)E.

le|=j
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For these functions according to (0.3) the following estenholds:

k
0Fam—j(t, €)] < Ciha(t) - A (1) (ij—((tt))) ’
j

j=1....m, k=01 forall re][0,T].
If we replacer with A1(¢r)u, then the equation for,

m am—'(t’g) m—j —
Py Wu 7=0

t]

has uniformly bounded coefficients. Hence its roots are alsiformly bounded, and
we get

[Aj(7, O] < CaM(t), j=1,...,m, forall te][0,T].

Further, fix point {, £). At that point either|\i(z, £)| > M\i(£)C/4 or |M(t, &) >
A1(t)C /4 with C of (0.2). Let| (¢, §)| > M(2)C /4. Then we write

™+ Z am—j(t, " = (1 — M2, 9)) (T’"‘1+ Z b,n_l_j(t,f)r’"‘l—f> ‘
= }

Jj=L...
Coefficientsbd,,_1_;(t, &) are easily calculated:

aO(t’ E) bo(t, 5) - {,l]_(t, E)

bo(t, &) = (6 bi(t, &) = N0 L
bmfz(t, 5) — bm73(t),\f()t—£;lk(t, ) ‘

It follows

bo(t, )| < Caa(t) -+ - Am(t),  |balt, ) < Cara(t) -+ Am—a(t), - - -,
|bm72(l’ §)| S CS)\Z(t)'

The constantC3 is independent ofz(&). Thus, for the roots of the equation

4 Z bu—1-j(t, &)™ =0,

that is for \a(z, &), A3(z, &), ..., A2, &), by already used arguments we obtain
[Aj(7, )| < CaXa(t), j=2,....,m, forall rel0,T].

Step by step reducing the order of polynomials, we arrivehat éstimate (1.3) with
k = 0. From the implicit function theorem it follows that estite withk = 1. Lemma
is proved. Ul
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Lemma 1.3. The eIements{M(t, MY, 5))kl of the logarithmic derivative of
the Vandermonde matrid—1(¢, £) can be estimated as follows

(M OMTH. )|

I
C’;\((t)) if k=1, where [=1,...,m;
/E\/((lt)))\mu*' ny_at(m—1+ 1 —ny(m— k)(t) if k<l-1,
where [=3,...,m;
)\ (t) )\(m 1+1) (0 —n; - 1)(1) if k=1-1,
< /\(t)
= where [ =2, ..., m;
C>/\\((tt)))\(m — =Dy —npa—--—ng_1—ni(m— k)(t) if k>1+1,
where [=1,...,m —1;
C>/\\((tt)) ATV () g+
where I=1,...,m— 1

Proof. Due to Lemma 1.1, fot E we write

(M, OMTHE, ), = Akf_z v =) ”k’; e =x)’

It follows

(M, QM. 6))

1
< CNON* (¢ = |+ NN R
< CN() ()|§|J§<k " _/\j)|§‘ ® ()|§|§ _wg‘
S C)\/(l))\nkil(t”g' m’ +C)\/(t))\”k71(t)|£| )\"’\(l‘)|§|

M) N(t) . N (1)
= @) M1(r) A1)

with n; > n;_1. This proves the first statement of the lemmak & [ — 1 then

- N (1) N () |
(M OM7E )| < Sy S a0 il}l(Al—A,)
N () N ()

PYPUIERD VIR VIRRERD VD on.

A M) MO
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N() () i
A 1 Y )\m
= ONe) Nk e

If k=1—1, wherel =2...,m, then

-1 -
(M OM )l = P (Al il § SO0

1;41 11
)\/(t) /\l(t) .. m—l1
< )\(l) Ar(t) - N z(t))\m l+1() /\1_2/\1
< A’(t)( A (t) ) -
A(#) \N-a(2)
If Kk >1+1, then
-1 N(t) (1) IR
|(M(t, E)Mt (t’ f))kl| S )\([) )\1(1‘) . Akfl(t)AZl_k(t) il;{[’l (A[ )\t)
A’(t) Al(t) . m—[—1
: )‘(t) )\1(1‘) DV l(t)/\m k(t) /\1_1)\[
< YO NN

A@) Npsa() - M2 (ON R ()
If k=1+1, wherel =1...,m — 1, then

(1) Ai(t)
M M -
‘( (t,6) (z, f))l+1l‘ — @) Al(t)"')‘l(t)/\ﬂzl_l(t) ,-541:{1( | )
/\’(t) (1) ) _
< )\([) Ar(t) - - )\I(I)Aﬂ-zl_l(t) A1 )\1_1)\1
< /\’([)( (1) )mflfli
)‘(t) /\l+1(l‘)
The lemma is proved. .

The singularities at = 0 of the elements of matfA(r, )M, (¢, €) belonging to
the lower triangular part, and described by Lemma 1.3, avestmong, that is stronger
than ones of the diagonal elements. Last ones have a “lbgadtderivative type sin-
gularity” like N (¢)/A\(¢) = dlog\(z)/dt. At the same time the elements of the upper
triangular part behave as some powers\¢f). This allows to “correct” singularities by
means of the diagonal matrix, and finally reduce these simjigls to the logarithmic
derivative type. This is done in the next lemma where coimgcmatrix A is given
explicitly. This matrix A will be called a “corrector” forM(t, )M, (¢, €) . The cor-
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rector A commutes with any diagonal matrix and this allows to presemvdiagonal
structure of the principal part of operator, obtained aftexgonalization.

Lemma 1.4. Let A be a diagonal matrix

1 0 0
(1.4) A=10 Xxe@) . ,

0 0 A (1)
where the nonegative numbets, ..., a,, are chosen by

(1.5) ar =—(m —2ny+no+---+n_1+m(m—k)>0, k=2...,m.

Then the logarithmic derivative of the matrixt—1(z, )A~! is estimated as follows

N(2)
A1)

[AM(t, M, A < [AATH + [AM( M e, AT < C
for all t € (0, 7] and all ¢ € R".

Proof. We have

(AM(t, MMt A D = A1 ()(M(t, M M2, )
= \—m=2nutnzt-tng_gtne(n—k) —[—(m—2)nstnz+--+m_rn (m—1)] (1) (M(r, §)M71(t, )i

If £k > 1 we have

(AM(t, OM Mt A D
_N@
Y0

wheren; + - -+nj_g+ng(m —k) —nyim —1)+(@m —1—1)n; =0. If k <1 we have

U (m—k)—n/(m—0)+(m—I1—Lyn;—njs1—--—ng—1—nx(m—k) (t)
b

(AM(t, OM; M, A N

= /\*(mfz)n1+n2+--'+nk71+nk(m*k)*[*(m*2)n1+n2+--~+n/71+n/(m*1)](l)
N(t) Heeetny 1+ (m— - -
% Nert st (m =1+ L —ng(m k)(t).
A()

The exponent of\(¢) is non-negative:

—(m — 2y +np+ - +np_g+n(m — k)
—[=(m =21 +na+---+n_1+n(m—1)]

gttt m—1+Ln;, —ng(m —k)=n, —ng > 0.

Lemma is proved. l
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2. Micro-local approach. Properties of the homogeneous hygbolic polyno-
mials

In this section we consider the homogeneous symipls, A, €) satisfying (0.2)
with A;(r) = X" (t), 1< ny <np <--- <n,, so that condition (0.3) becomes

A0 Y

@) Dbt < OOZE (30 k=02

with |«| # 0. (In the next propositiom is not only a dimension &f

Proposition 2.1. Assume that the zeros(t,€), i =1, 2 ..., m, of the principal
symbol, that is roots of

2.2) A"+ ZA’" N ) =
|| =k

satisfy (0.2), and that(0.3) is fulfilled. Then forn such thah,(s) # \,+1(¢) the roots
71(t,€),i =1 2 ...,n, of “truncated’ principal symbal that is the roots of equation

(23) T +Z7'n k Z Am— k(x(t)g
|a|=k

for sufficiently smallT inherit behaviour of the roots of mipal symbal that is

(2.4) |Dk7',(t | < eN'i(t)|€] (i((t))> , k=01 (=212...,n),

(2.5) |7 (1, &) — (e, O = 1@Vl J <k,

for all t € (0, T] and all £ € R", with some positive constaig.

Proof. We have according to assumptions

Al)

(2.6) [Dfap—|a)a(t)] < cAar) - )\a|(t)(A()

) k=01 («of=12...,m).
Consider equation

(2.7) 4 (Ap+wi)™ -+ (A, +w,) =0,

where

A=Y an i€ w= (i ... w) € C",

|e|=k
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w is a perturbation of the coefficients. If we suppose that #®xz\4, ..., A\, of the
polynomial P Q) = N + A, \" 1+ ...+ A, are distinct, then in some neighbourhood
of 0 € C™ they depend analytically ow

(2.8) T, &) =N O+ Y Qe Huw,

|a|>0

i =1,...,n. Consider firstn roots(z, &), ..., m(t, &). For applications we need a
precise estimate for the domain of convergence of thesessefp find that out for a
fixed i, let us denote

(2.9) F(w,z)=

P,(A){(Z+A)m+(A1+w1)(z+A)’" Lt (An twp))
where z € C, while P is a polynomial of the left-hand side of (2.2) aid()\) :=
dP(\)/d\ is a separating polynomial. Then, according to [17, (21,68

2al—1

L k—1
(2.10) = Z (kli)l [ - Opm) <;Z> (F(w, z) — 2)

It is evident thatF (0 0) = 0, whileF(0,0) = 1, anddg!--- 05" (F(w,z) —z) = 0
when || > 2.

The next lemma gives the estimates (s, ¢), (i = 1,...,n), which allow to
determine the radiuses of convergence of series (2.8).

w=0,z=0

Lemma 2.2. There is a positive number such that
211) e ) < M @IEDIEI ZR I Na(r) - ()T )y 1ol E e
forall t € (0, T] and all £ € R".

Proof. We have

d k—1
a1 H0m _ L)k
awl awm <dZ) (F(w’ Z) Z)

2 (k — 1)!

K 1
(k= laD)! (P'(, Q) 2 Jik —1—=j)!

j=k—l—m|a|+2§illa,

J k—=1—j
(2.12) x((jz) (F(w,z)z)"—'a'> <<jz> (z+w,f))’""*'-z?”llal),

if k > |af, while 922 - 0% (d/dz)" " (F(w, z) —2) = 0 if |a| > k. Herek—1—j <
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mla| — Y lay and 0< j < k — 1. DenotePO(\) = (@' P(\)/(dN), then

d J
DN (Fw, ) - )““')
<(dz> o ’ w=0, z=0

= (PO )" Y LPOIu ) PO ).
1B=i

Thus
@) _ 2t (-1 & 1 — (k — 1)!
W= Y W G PG 2= k1o

k=|e| J=k=1—m|al+3 70, loy

(m|a| - Z;ij_laly ()\[(t é-))m|a‘fz;illa,7k+l+j
(mla| = >t loy —k+1+j)! ’

<D é_!!P(ﬁl)(Ai (t,)- - PO12D (N (2, €)).

18]=).
256 <m

with k —1— j <m|a| — YL, ley, and 0< j <k — 1. One has

(PO, ) < CA) - Nicalt) N @)

It follows
19, 9|
Aot g 1 1
,gl; ok — |a) (OA2(e) - - - N —a ()N ()= )k | g om =Dk
— (k — 1)!

Jk—=1—m|a|+>7 Loy

(mla| — Z;illal)!
(mla| = >t loy —k+1+j)!

~ Z Lllckflal()\l(t)...,\i_l(t))kfla\()\i(t))m(kflal)f(ifl)(kf\oz\)fj|€|m(k7|a\)fj

(i () ||yl =i ter =kt

2|§[;3|1:£m
< g2l el jg B Then (3 1)y (1)) 1O ()0 el S
2lal—1 k—1

1 (k — 1)!

k=|cv| j=k717m|a|+z;llloq

(m|a] = >0 loy)! Z J!
(mla| = >ty —k+1+j)!
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The sums of the last inequality contain terms with- 1 — j < m|a| — Y%, /oy, and
0< j<k-—1, only. They can be estimated as follows

2la|—1 k—1

Z 1 Z (k — 1) (m|a| = 072 Loy)!
Ik — | ik —1— j)! 5 _ )
Forpd al(k — |af)! j:kflfm|a\+2;';11alj.(k 1- ) (mla|—> L lag —k+1+j)!
J! a
X Z E S C!L ‘
181=i.
2<B;<m
1=1,...k— ||
Finally we obtain (2.11) with some positive constant . Lemisigroved. ]

Lemma 2.3. For every given positive there i > 0 such that ifw € C”
satisfies

wi=wy=---=w, =0, |wj Sc)\l(t)---)\j(t)\ﬂj, j=n+1...,m,
with ¢ € R" andt € [0, T], then serieg2.8) taken at(¢, £) converge.

Proof. Indeed, the sums in (2.8) include the terms witlsuch thatay = oy =
---=qa, =0 only, and therefore

| < e - a0/ Qa2 (0)) =50 () et

Hence

A

1D, we] < e DN i1(0) - M (1)@ e (1)) =02

X Qs Tz - Q)= () 1o~

_ o S al-n)an
ool ) (58)
|ex]
(2.13) < N@IED (03/\:'\+(1t()t)> , i=1...,n,

with a positive constants. This proves a convergence of the series (2.8) for sfiall
since for everye there existsT such that

o
ZGQ’”—“% <e forall +e(0,T], i=1,...,n,

|a>0 Ai0)

and \,+1(¢)/ M\, (1) — 0 ast — 0. Lemma is proved. O
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Completion of the proof of Proposition 2.1. It remains to cbew; =—A; for
j=n+1...,m. Thus fork =0 inequalities (2.4) and (2.5) are proved. Thevdgves
can be estimated by the formula of derivative of an implicibdtion. Proposition is
proved. O

Corollary 2.4. Assume that the conditions éfroposition 2.lare satisfied. Let
n < m—1 A\+1(t) # \.(t). Then the rootsr;(z,&), i = 1,2 ...,n,n+ 1, of equa-
tion

n+l
7+ § Tk § am—k,a(t)ga =0
k=1 |a|=k

for sufficiently smalll” are real-valued and they inherit peofles of the roots of prin-
cipal symbo| that is (2.4) and (2.5), and additionally

. AN .
|Dt Tlﬁ'l(tv £)| S CAn(t)|£‘ <m> 5 k= O, :L 5 €eR ) (S (07 T],

|Tj(ts£)_7—n+l(t’£)‘ ZéiAj(t)‘gL ] Sn, te[Oa T]’ £€Rn

Proof. The firstn roots of this equation
n
TN N g, ()6 = 0
k=1 |a|=k

coincide with the roots of (2.3), while the last one just &mir,+1(, ) = 0. Accord-
ing to (2.8) and to (2.13), for every given> 0 and for sufficiently smalll’ one has

In(t. ) =@ Ol <eh@)gl, 1=1...,n, t€][0,T],
where \;(¢,£),i =1, 2 ...,n, are the zeros of the principal symbol. Hence

|72, €) — Twsa(t, )
> [Nt §) — Musalt, O — [Muea(t, §) — a8, )| — |2, §) — M2, ©)]
> SM(@)[E] = cAnna () [E] — eN(D)[€]
> an@El, 1=1,...,n, t€][0,T].

If we turn now to perturbed equation

n
'un+l + Z 'unﬂik Z am—k,oz(t)fa + wye1 =0,
k=1

|v|=k

then by the arguments already used in the proof of the Pripo<2.1, one can check
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that (@ = a,+1 € R)

1D, €)] < el TN @)[EDIE]~ DN ()~ DN (e) - X)), i < m,
(e, )] < T @IENIE ™D ALE) - - M) M (1)

To prove the corollary it is enough to considef.; € R and to require
|wpaa] < eAa(e) - A (@) Aa () [E]"

Thus we are permitted to set,.+1 = Z‘a‘znﬂam_n_l@(t)f"‘. The corollary is proved.
O

3. Zones. Properties of inhomogeneous hyperbolic polynoails

For the given positive numbers; I, 51 .2.,m, with N1 > N;, we denote by
ter, 1=1,2...,m, the roots of the equations

(3.1) A XE) = Nylog(€).

Here (¢) = (e + [€[DY2 If M\asa(t) = N(t), then we setN; = N;. Following
[17] for M > 1 we definehyperbolic zonesZ, ;(M, N;), and pseudodifferential zones
Zpd,l(M, N]), /= 1, RN (B by

{
{ j

There are 2 different hyperbolic and pseudodifferentialexy and

Zni(M, Np) = 1,8 € [0, T] x R"; Ay(2)(€) > Nilog(§), (&)

(t.8) € [0, T] x R A(1)(€) < Nilog(€),  (£)

\%

M
Zpd,l(M’ Nl) = M

\%

Zp+1(M, Nis1) C Zpy (M, Np), Zpai(M, Ni) C Zpa+1(M, Nis1), I=1....m—-1

Proposition 3.1. Suppose that eithet = m — 1 or A\,+1(¢t) # A\, (¢). Further, as-
sume that additionally to the conditions Bfoposition 2.1the inequalities(0.7) hold
fora #0,m—j > |a|+1 and all r € (O, T]. Then the roots;(¢,€),i =1, 2 ...,n+1,
of “truncated’ complete symbothat is the roots of equation

n+l
(3.2) AN RN (16 =0,
k=1 || <k

in zoneZ, ,(M, N,), that is for all (¢, &) € Z, ,(M, N,), possess the properti€2.4),
(2.5), and

k
@3 Dinat. 9 < nle (10 ) k=01
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(3.4) [Tura(t, &) — 7(1, ) = G1A(@)™

&, r<n+l, 6, >0.

If additionally the inequalities(0.8) hold for every:r € [0, T], then for all (z,¢&) €
Znn(M, N,) one has

A1)

m"’(m—Z)

=1,...,n+1

(3.5) |Im7',-(z,§)|gc{ A(t)long(t)} ;

A AR (1)(E)

Proof. Taking into account Proposition 2.1 and Corollarg 2ve restrict our-
selves to the case = — 1, so thatZ,, U,N, ) =Z,,, U, N, ). Consider again
equation (2.7) and series (2.8), which have coefficiefjissatisfying estimates (2.11).
But now we choose the perturbations

wj = Z am*j,a(t)ga, j =1, ...,m.
ool <j
By means of (0.7) we conclude that for every positivéhere existsN; such that

J J
ct > c<HA,-(t)> ( [T vl "ﬁ?f)’)') e[l

|wj(l’§)|

IN

0<|a|<j i=1 I=|a|+1

IA

cr ) N0 Y H [log A(D)[ N

A(t
o< || <j ll |a|+1 |£‘ l()

5/\l(t)"'>‘j(t)‘§|jv V(l, 5) S Zh,n(Ms Nn), .1 = 17""m'

IN

By repetition of the arguments have been used in the proofrgbdzition 2.1, we de-
rive (2.4), (2.5), (3.3), (3.4).

Now we use (0.7) and (0.5). To prove (3.5) we first of all notat thince
Im X\ (z, €) = 0 and Imc¥(z, £) = 0, we have

Im (2, €) = Zcm oxao(t QMM+ 3 e, &) Imw,

Jj=1 la|>2

Further, [Imws(z, &)| < ¢, and [Imwy(t, €)] < ¢ + c[€]\3(t)/Aa(t), while for j =
3,...,m we have

[muws(, O] < c+ Y [IMay 0@+ > [IManja()E]
lal=j—1 0<|a|<j—2
L M)A\ aON @)
- Aj_1(r)

-2
+ () AN ()€ Z H %'
[=1 k=I+1
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Hence

A1)
Cm,

o ot OImuwi, s)]+ 81 0.0t ) Imuwyr, )| <

(3.6)
i=1 ..., m,

and fori =1...,m we obtain

m " . m | o » 1
;Cm,...,o,}a...,o) (t, &) Imuw;(, )| < ;C()\z(l» ! 1|£‘1 ! @) - N ()
o LH+A(t) - AN _a @) €1
Aja(r)
Aoyl S [ 1220
1 e 7 iminy M IE]
A() (1) log? A(r)

On the other hand there is an estimatg(z, £)| < cAx(f) - A ;(1)|€)7 7Y log A(®)[ /A j(¢)
which leads to

(1, ] < e MaO) = gB) 25 - (1) ¢RI
y (Iogx(t»)“{,, (|IogA(x))“"’
As(0) An() )

Hence

> D, &) Imuw(r, )

la|>2

oo . Lol =370 Loy - .
< 3 el ) )T - ()
loe|=2 !

log A\ ™ ([log @)\ *"
(3.8) X( ¥0) > ( Anll) ) ‘

We have also

O () S5 0 o (O (1)) Sk < IOg)\(t)>a1 o <| Iog)\(t)|>°"'
CMOREPHO)IE Aa(r) A7)

NS S o ||09/\(t)|>22=10‘k
39) <) (Legaly =,
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‘ S o, (109 A(7)] ) i N ( [ log A\(r)] ) O
(Ai+1(2)) A (®)) <4Ai+1(t) A

D kkie1 Ok
NS k—ia [ 1109AQ)]
(3.10) < (i) ( A0 )

From (3.8) to (3.10) we derive

IN

) ol _ = Ail0) ||ogx\(t))2 1
> e amu.er| < 35 3 (K

al—2
la|>2 la|=2 N,
() log? A(¢)
3.11 T2 x, &) € Zpa(M, N,).
. =CAwa@ ezl
The estimates (3.6), (3.7), and (3.11) prove (3.5). Pradjoosis proved. ]

4. Well-posedness of the Cauchy problem

In this section we complete a proof of Theorem 0.1. To this emedare going to
establish for the ordinary differential operator

(4.1) Lu =D/'u@.)+ > aa(t)*Dlu(t. &)

Jjtla|<m, j<m

with the parametet € R”, the following estimates

@.2) o u) < CA+ ) (E(sl, ) + / " Lu(r, )| dr?

S1

)

E(t,u) = [u(t, )2+ |Du(t, > +- -+ | D" u(r, €)%

with some positive number , for all, s, € [0, T']. Here

First of all we note that fot chosen from arbitrary fixed compact set®f the esti-
mate (4.2) is evident for ali;, s, € [0, T]. Consideration of the case whe&nbelongs
to the remaining part, differs in each pseudodifferentiad &yperbolic zones.

First pseudodifferential zoner < t. 1. Denote byp(t, £) the positive root of the fol-
lowing equation

A1)

m—1
@3) 1m0 (30) e =0

Condition (0.6) impliesp,(z, &) > 0 for all + and¢. The choice of functiorp = p(z, &)
is done precisely by the upper bound of (0.4) for the lowereorérms of operator
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with j =0, |a| = 1. Then we write for

u(t) 0
D,u(t :
veo=| | reo=| D] o=
D" u(r) £, 6)
a system

DU + A(t, &)U = F(t, &).

By means of the nonsingular matrix

1 0 0o .. 0
0 pt.6) 0 .- 0
N Y,e=|0 0 X8 O 0
00 0 - g

with the reciprocal matrixV ¢( &) we make a change of unknown functiovi, MU
U =N~1V, and arrive at the system

D,V =—-NAN"'V +iNN 'V +NF.

In the first pseudodifferential zone, < #¢ 1, the lower order terms of operator with
J =0, |a] = 1, dominate in the sense that their representative, fomgti= p(z, &),
dominates. Indeed, one can easily check

IN(t, AR, ON 1, )| < cp(t, &) forall 0 <t < e,
IN(t, N2z, &) < c% for all 0 <t < t¢ 1,

2 pt(t’ 5))
1, &)+ dt
/. (-0 25
The only nontrivial is the first inequality. To prove it we legwvith the remark that
the elements of matrisv (£)A(r, )N Xz, £) are eitherp(z, &) or

< Clog |£‘ forall 0<sq,50< te 1.

Pt "D ST a0, j=0..m -1

|| <m—j

Further, we use condition (0.7) to estimate each term of thma: s
ple, &) a; o (0]

< Cplt, 5)7(,,1,171-) ()\(t))E,-‘fl‘ n; ( A7)

m—jlal
A7 |ex]
Aoloar0l) el
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It remains to prove for < [0, #; 1] the estimate

s by m—j—=s .
() ( W10 gA(t)|) €] < Cole, )",
j=0,....m—=1 0<s<m-—j.

For j =0,s =1 this is the following inequality

30 (29 10g301) el < ¢ (1420 (22)" g e

Function of the left hand side is increasing due to (0.6), st bne can find a point

t, as a solution to
m—1
A0 (Z551aA0l) el =

Hence for allt € [0, ¢,] desired inequality holds evidently. At the same timeiagdue
to (0.6) there is a positive numbér,  such that

Calog(€) > |logA(t,)| > [logA(r)| for all 1 € [t,, 1 4].

This completes the proof for the case with =50, = 1. To handéerdmaining terms
we write

m—j—s
@) (W’ [log A(z)|) f

(@)= <

1—j—s m—1
|IogA(t)|) |5“A(t)< IogA(t)|) €l

A7) A1)

1—j—s
|IogA(z)|) Yo ", t e [0, eal.

IN

—1 i
c oy (19

Taking into account consideration of the terms wjth =0, = % @an restrict our-
selves to the proof of the estimate

—1+ A7)
(v i (39

The function of the left hand side is non-decreasing so that énough to estimate it
at pointz =z¢ ;. At that point fors > 0 we have to prove

1—j—s
Ilogk(t)l) 1€ 1o, &) < C, t €0, 11].

(A(lg,l))ijﬂJrE:lni Alte 1) HIog Mte )M 161 plte1, §) < C,
or an equivalent inequality

(A(te.0))" 7772 A (ke 1) [ log ME) | 9™ plte 1, €)™ < C.
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The last one is a consequence of the evident inequality

(Alte.0))™ 77 2 A (1 1™ [ Iog ME) | ™ A(te.1)™ Ate. 1)~ D log A(&) |27 (¢)/
<C

since
()\(tg’l))m(*jfs+z,-:1m) A(tg,l)mj‘ |Og)\<f>|7jm <C.
Then for the “microenergy’Ey #( &) = (|Va(t, &2 +- - +|Va(t, £)|?) /2 we derive
%Ev(t, £ = — Z Im (Vi(t, )(—NAN 'V +iNN; 'V + NF),).
k=1
It follows

pi(t, &)

]—Ev(t g)‘ (p(r g+ 20

) By &+ f0.OR e real.

)

with some positive numbelp for all s1, s2 € [0, 7 1]. Then the inequalities

The Gronwall inequality implies

/SZ |Lu(r, f)\sz

S1

Ey(sa,u) < C(L+ [y <EV(S1, u)+

V(I <|UE O, [UEE < p" e, IV, & < c+IE)y v, Q)

prove claimed estimate (4.2) for all, s» € [0, ¢ 1].
Intersection of the first hyperbolic with the second pseiftidntial zone ¢ €
[t¢.1, te a,+1]. Now we denote

)\(t)
A1)
In the proof of the next proposition we will use the first sunmthaf the functionp, =

pa2(t, €) to estimate the coupling coefficients, while the second alflmvs to estimate
the remaining coefficients.

p2(t, &) =

Aagea®) M) g\
Aga(t)  Aw(t) log <€>> .

<€|>\d1+1(t)

Proposition 4.1. The functionp, = pa(z, £) and the coefficienta; . (r) satisfy

p2f(t’ 6) <C >\(t)
pt,6) |~ A)

I day+1
pa(t, §)dr < Clog|¢],
(4.4) /tg.l

for all 1 € [teq, te.a+1],
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< Clpa(t, )" Mle) - Ay (1)[E] S,

> a0

loe|<m—j

j=0,....m—dy—2,

(4.5)

whent € [te1, te a+1]-

Proof. Inequalities of (4.4) easily verified. Further,|if| < d;, I = 1,...,m —
d1 — 1, then we use condition (0.12) withj, (@) =1
1
Ar(t) -+ Ay (1) [€]%

m—(—1) |o¢‘
) | log )\(t)|dr\a| |§||a|(p2(t, &)~ m—di=D)

11,0 (D€ (o2, )~

(1)
A(r)

IN

M) Aoy (0) (
y 1
NOBBWOEE

el i)
030 (38Y gt (39
O~ “(t)

G
c <| IogA(t)|)f’1"a' X0)

IN

A A(r)
>~ CPZ(t’ 6)

N

If o] >dy+21,1=1...,m—dy—1, then we use condition (0.4):

1
A1(t) -+ - Aay (2) €]

m—(—1)—|a|
cp2(t, Aaea(t) -~ Ajay (1) (A( )“ogA(t)) gl

1/(m—d1)
. { ) <| a2 ) s @) }

‘cllf]_,a(t)ga (pa(t, g))—(m_dl_l)

IN

—(m—di1—1)—1

A1) Aa2(t)  An(t)

IN

m—(—1)—|«|
cpalts Eara(t) -+ Aol () (A( yl1o9 A(t)) gl
Ady+2(1) A (1) 4 —{(m—dy—1)+1} /(m—dy)
+ C log™ %
x <|§>\d1 1(t)Adl+2(t) ) od' (€)
cpa(t, )Aay+a(t) - - - A‘Od(t))\dl"'l(t)i{(midlil)*—l}/(mfdl)*|O"+d1+{(m7d171)+1}/(m7d1)

[ log A(®)|

IN
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epa(t, EYN(t) st ia+nay(=al+d)

<
S sz(l, g)

Proposition is proved. ]

Now we use a matrixQ (&) with the reciprocal

1 0 0 . 0 0
0 pat,8) 0 e 0 0
0 0 &€ O 0 0
07,9 = C _ Nk
o 0 0 - ALY 0
0 O 0o .- 0 M=, €)
where
1 1 e 1
7_1(1" 6) TZ(I’ 5) e 7-dl+l(l‘7 5)
MY, €) = g, €) T2, TR &) - TZa(t.8)
Tfl(l7 g) Tzdl(l7 g) e lelﬂ_(t’ 5)

to make a change of the unknown functioll, Q¥ , while Q='W. We note that
this is a last zone where we do not need the correctors catethlby Lemma 1.4.
Decompose the matrid ¢,(&) as follows:

A(t’ g) = Al(t’ g) + A2(tv 5)’

where
Ag(t, €)=
0 1 0 0 00 0
0 0 1 0 00 0
0 0 0 0 1 0 0
0 0 0 0 o0 .- 0
0 0 o - 0 00 .- 0
Do aa®E D @t o Y dneg24(06" 0 0 oo 0

o] <m la|<m—1 || <dy+2
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Then QAQ*=QA:07 1+ QA,Q ! =D; + By, where
0---0

0

(46) Dl = ) ||B1(t’ 5)” S CPZ(t’ g)

0

0 le+1

Here {T,-}‘f“l are the roots of the equation (3.2) with d5. The last inequality of
(4.6) holds due to Proposition 4.1. By use of (4.4), Propmsit 3.1, 4.1, and of the
estimates

M@ <. M@, <l

we prove (42) inZhydl(M, Ndl) \ Zhyd1+1(M, Nd1+1).

Intersection of the second hyperbolic with the third pseliffierential zone

t € [teady, te.ai+arv1). We first time need the corrector constructed by Lemma 1.4
in this zone. By means of the zone by zone microlocal conatider one can find
an analogy of the logarithmic derivative of the Vandermomdatrix below with the
Leray-Volevich’s systems [5]. We denote

A Njosds )\m 1/(m—di—dy)
patt, )= 30+ (€D saoa) 2200 2 ogn-ii i) |
Now we use a matrixQ ¢( &) with the reciprocal
1 0 0 0 0
0 ps(t,§) O - 0 0
0 0 3.8 O 0 0
0,0 = S : . ,
0 o0 o A (3 0
0o 0 0o - 0 M=, AH)
where
1 1 A 1
m1(t, §) T2(t,8) o Taa(t, §)
M_l(l, 5) — pglfdlfdzfl(t’ é—) le(t, 6) Tzz(l, f) e T§1+d2+l(t’ f)
Tf1+d2(t’ 6) Tgl+d2(t’ 5) e lel:jzz+1(t’ 5)

while K*l(t) is a corrector constructed with accordance to Lemma 1.drevlive set:

ay = f(d1+d271)n1+n2+~-~+nk_1+nk(d1+d2+1fk) >0, k=2 ...,di+dy+1.
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Lemma 4.2. Forall «oandallli=1,2...,m—d, —d,— 1, an estimate

A% (t)
€|tz \q (1) - - - Ae—2(£) A7)

Y 1€ | 5 T, €

lal=1

1o —k+1 < Cp3(t’ 5)

holds for all # € [t¢ a+ay te.dyrar+1]-

Proof. We consider two cases. To estimate the coupling caaits we use the
first summand of the functioms = ps(z, ). The second one helps to handle non-
coupling coefficients.

Forla| 0, |a| <di+dy, j=1-1)1=1L2....m—di—d,—1,1—-1—(m—
d1 — dp) < 0 we use condition (0.12) with =2 and obtain

A% (1)
[§|drda Ny (1) - - - A1 (1) Mg () darda—h+L

la| m—(-1) |
< Cps(t, €) (HW)) ( 11 i’g) IlogA(t)|d“d2'“'|f'a{%
J

i=1 j=lal+l

ar-1a (€ |6 4D, )

l—l—(m—dl—dz)

/\d1+d2+2(t) o /\m(t) |Ogmd1d21<€>> 1/(m—dy—dy) }
Ad1+dz+2(t) Ap (t)
. X (1)

€]t \g (2) - - - Ae—a () M ()t do—hed

|| m—(—1) )
Cpslt, €) (Hw)) ( 11 ig) [log A(r) s+t~ ]

i=1 j=lal+1 Y

+ <|§|)\d1+dz+1(t)

IN

« <&)ll(mdl@ A% (1)
A() [ ENL(0) - Me—a (1) M (1)

la|
Cps(t, €) (H A (t)) | log A(f) |4 +de— e

i=1

IN

Doe) \ 1 A% (1)
. (Az(t)> €| dirdz=lal \g (1) - - - N1 (£) M\ () drrda—k+L

la arp+na(di+dy— | dytdz—|al
Naktna(di+dz—| D(t) <|Iog)\(t)>
Cps(t, it
pa(t, €) (E ()) Ar(t) -+ M- a(ON () =R\ (€] Ao(t)
/\(l)dk+n2(d1+dz—|0¢|)+ﬂl+“'+”\a\

A1(t) -+ - M1 (t) A (2)darda—k+l”

IN

IA

Cp3(t’ 5)

This completes the proof since an exponent\{) is non-negative:

ag tnpldi+do — |af) +ny+ - Hnpg —ng— =g —mp(di Hdp — k+ 1)
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—(d1+do)ny +no(dy +do — |af) +ny+ -+

> —nilaf+ny+---+ng >0.

If o >di+d,+1andj =0...,m —dy—d,— 2, then the coefficient; ,(r) is
not coupling and we use condition (0.4):

i A% (t)

ol I—(m—di—d>)

1006 W IS W Y W e
lof m—(I—1)

i) _ A()
< : J | ditdo—|af| ¢l ) 2T/
< Cps(t.€) HA,(t) _H A0 | 110920 N A

i=1 Jj=lal+1 J
m—di— l*l*(mfdlfdz)
Adprae2(t)  Am(2) —di—dr—1 >l/( “ dZ)}
+ A )= log"—“—%
(1 Msarst 32220 20O g1
) 0
|§|dtd2 Ny (1) - - - Ag—a (1) Mg (1) arde—h+1
] "7 N0 o ¢ e
< . J di+dy— |« «
< Cpalt, ©) gw) j:l;[+1 G | 11090 4
Ady+ay+2(t) Am () —di—dr—1 ){ll(mdle)}/(mdle)
X Adyrdpra () —— log"
<|§| dy+d 1()Ad1+d2+2(t) 0 g (&)
. 0
|§|dard2 Ny (1) - - - Ag—a (1) Mg (1) a+de—h+1
|| m—(—1) A(t)
< Cps(t. ) (T[N | | 11 0 [log A(p) [+ 1
i=1 j=lal+r Y
% |£‘ || —(d1+d2)+{l—1—(m—di—d2)} / (m—d1—d2)
{l—1—(m—d1—d2)} /(m—d1—d>)
% </\d1+d2+1(t) )\d1+dz+2(t) )‘m(t) |Ogm_d1_d2_1<£>)
Ad1+d2+2(t) Am (t)
y A% (1)
() - Me—a () g ()t de—herd
la|
[—1— m—dl—dg m—dl—dz
< Cpa(t. &) | TTN0) | Aaysapra(ey)! /i)
i=1
A% (1)

X
A1(t) - A1 () A (2) Ptk
< Nar+ayen(£) )m(11)|a|+{[l1(md1d2)][(md1d2)1]}/(m¢11d2)
1 2

Adyrarea(t)
X| |Og )\(t)|(l—1)—m+d1+d2+m—(l—l)—|a|+{[l—1—(m—d1—dg)][m—dl—dz—l]}/(m—dl—dg)

x|€] o] = (di+d)—1+(1—1)/ (m—d1—d>)
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< Cps (l‘, 5) A (t)n1+'--+n\a\+n(111+dz+1){ 7[171,;?:,;[},;‘[2)]
) 0
A1(t) -+ - A () Mg (1) Farda =+l
‘€|Ad d +l(t) |Dt‘7(d1+d2)7l+(l71)/(In7d17d2)
1+d,
< [log A(7)| >

< Cpa(t, ONp)'H el apapn(—lal+dirdz)

[—1—(m—dy —dp)l(m—dq —dp)—1]

+m—(—1)—|al+ n—dy—d)

| |Og )\(t) |(l—l)—m+d1+dz

A% (t)
A1(t) - - - M a () M (r) Ao do— kL

Exponent ofA(¢) is non-negative:

nyt s F o) F @) (—lal + (d+d2)) — (di+d2 — 1m
tnp ot tm(ditdp+ 1—k) — (n1+"'+nk71+nk(dl+d2_k+1))

> ny+---+ngag, — (di+dy)ny > 0.
This completes the proof of lemma. ]

Consideration of the remaining zones is similar to alreaigrgones for the first
and second zones. For =.1.,s —1 we set

@) poa. 9= 30
Me—dy—dy— - —d, —1\ Y/ (m—di—do—---—dj)
+ <|€|)‘d1+dz+»--+d,.+1(t) (% IOg<€>) )

Lemma 4.3. The functionp, = p,(t, £) satisfies

Ledy+--+dg_q+1
/ pu(t. €)dt < Clogle].

t5-1’1+~'+zls,1

pst(ti é—)‘ )\(l)
<C for all 7 € [te g+ Jledys .. .
0s(t, &) 1 =~ T A®D) e[f,dl’f +dy—15 L, di+ +ds71+1]
Proof. It is quite repetition of the proof of the first part ofoposition 4.1.

O

The last pseudodifferential zan@, &) € Zp g+..+d,_,(M, Nay.td,_,) \ Znm(M, Nyy).
If M~1(¢, €) is the Vandermonde matrix corresponding to the system
{Tl(t, f), ey Td1+--~+d5,1+l(t7 f)} with (t, f) € Zh,d1+-~-+d:,1(M, Nd1+~--+d5,1), then it is a
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“partial diagonalizer” forA(z, £). Thus, if we set

1 1 . 1
Ti(t, €) mo(t, §) c Tageerd, 4(t, €)
M_l(t, 5) = Tf(tv 5) TZZ(I’ g) T le+--.+dx71+l(t’ 5)
dtotd, dytotd e,
7—:]_1 1(t’ g) 7—21 1(t’ 5) e Td11+.‘~+dx711+1(t’ 5)
then
P11 P12 . WL dy o vd,_1+1
1(71) ©1(71) ©1(11)
P21 P22 . V2, dy+etd,_1+1
M(t, &) = ©2(72) ©2(72) ©2(72) ,
Gay-ovdy_y+11 Gaevd1+12 Qdyrordy i Ldyevd, 41
@m(Td1+~~~+d5,1+l) Pm (Td1+~~~+dq,1+1) Pm (Td1+~~+d:,1+1)
where

Uirdytootd, 41—k =Ck + Ck—1T; + -+ + coTf,
i:15"'7d1+"'+als‘—l+1v k:0""adl+"'+als—la
Ck(t’ 6): Z amfk,ll(t)gai k:O’ "'7d1+"'+ds71’

o<k
dyteetdg 1 +1
SD[(T):H(T_T[(): Z wi,ka_ls l :17"'7d1+"'+d571+1-
k#i k=1

We have for the logarithmic derivative

Lemma 4.4. Consider(t, &) € Zy gy rd, (M, Nagyj+...va,_,) \ Znm(M, Np). Then

1
7u(t, €) Mo G0 7. 9) [T & — 7. €)

| i, 1
MM =y L.
T (2, §) ; (Tk(t, & — (e, f)) TRk
J7

Proof. It is completely similar to the proof of Lemma 1.1 and amit it. ]
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Lemma 4.5. LetA be a diagonal matrix

1 0 0
(4.8) A= (o e () ) ,
0 0 )\a"l*'"'*"x—l"‘l(t)

where the nonegative numbeis, . . ., ag+...+q,_,+1, @re chosen by
ar=—(di+--+dy_1+1—2ny+noy+---+m_1+mdy+---+ds_1+1—k) >0,

withk=2,...,di+---+d,_1+1. Then for the logarithmic derivative of the matrix
M7, ©)A~L(r) the following estimate

N(1)

IAOM(E QM AT < Cu s

holds for all (¢, &) € Zy ay+-+a, (M, Nays..vd,_,) \ Zn.m(M, Npy).
Proof. It follows from Lemma 4.4. ]

Decompose the matrid ¢,(€) as follows: A ¢, &) = A1(¢, &) + Ax(z, &), where

0 1 0 .. 0 00 .- 0

0 o 1 .. 0 00 .- 0

B 0 o o0 0 10 0
Azt €) = 0 o o0 0 00 ol

0 o 0 .. 0 00 .- 0

ar(t, &) axt, &) -+ -+ ag-1(t,§) 0 0O 0

@)= Y @108, k=1...d -1
|| <m—k+1

Next we use a matrbQ t(&) with the reciprocal

1 0 0o .. 0 0
0 p(t& 0 - 0 0
0 Ate 0 0 0
4.9 079 =|. : : N : o ,
0 o0 0 - %L 0
0 o0 0o .- 0 M1, ¢€)

where M~1(t,€) = p% 1, ML, A=), matrix A—(r) is from (4.8), while
ps(t, €) is chosen by (4.7) withh = — 1. ThenQAQ ! = QA0 1+ QA,07 1 =
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Ds_1+ By, where

0---0
0---0
Dsfl =
Tdy+-+dy_q+1 " " ° 0
O PR Tl
3 dl+”.+d"71+1 1 I oo
Here {r;}] are the roots of the equation (3.2) with & - - +d;_1. We

claim:

||B]_(t, f)H < Cps(t, f) for all (t, f) € Zh,d1+--~+dx_1(M’ Nd1+-~-+d:_1) \ Zh’m(M, Nm).

To prove this we write

dy—1d;—1

(QA20 =D Qi (A2, (Q D

k1:1 1121
Consider the terms witk =1..,d; — 1:
di—1d;—1 .
Y oulAun@ = {0 T TEkeL
e “ v ps(t,8) If  1=k+1<d.
k1:1 11:1
Then we calculate the terms with &, ..., m:
Ok (A2)i (@ i
ps(ts Y B (A —do+1h—d+1Mi—dy+1.m—a1(t, E)ai(t, E)ps(t, €)1

= if 1<d,—1,
0, if [>d.

We estimate thereforéd; ,, _4+1a(t, &)ps(t, €)'~ with k =1,...,m —d; + 1 andl <
dy — 1.

05 (2, €)% (A ke Mim—a,+1(t, E)ar(t, E)py (e, €)Y

A g ST g (e,

< py(t, )%
< ol T O WEmdh

wheregq, are given by Lemma 1.4; =0 and

ap=—(m—ds —Dny+np+---+m_g+mm—di+1-k) >0, k=2....m—d;+1
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Lemma 4.6. Forall k <m —d;+1and alll <d, — 1, the following estimate

A(£)™
A1(t) - Aea () M (g)m = —k+2

ps(t, €)Y~ gD gy g o (1)]]€]1 < Cpy(t, €)

holds for all (t, f) S Zh,d1+~--+d5,1(M, Nd1+---+d,,1) \ Zh’m(M, Nm).

s

Proof. We have to consider two different cases|df < m — d; for all k <
m—dg+1 and alll <d; — 1 we use (0.4) and obtain

)‘(t)ak —(dr+--+dy—1) «
@ syl e Ol
)lflfd /\(t)—(m—dS—1)111+n2+~--+nk,1+n;‘.(m—dx+l—k)

)\1([) . )\kfl(l))\k(t)m_ds—kﬂ_

m—(1—1) m—(—1)
[1og A (@)} 1 1
(i) (o

p=lal+l

ps(t, &) %

< pylt, E)ps(t, € [

/\(t)*(m*ds*1)/11+n2+“'+ﬂk—1+l1k(m*d.v+l*k) |§-|7(d1+-~+dy_1)

IN

[—1—d;
prlt: )l €) M) N O

|| m—(—1) A (t)
x Hw) II 2o | llegrar 2

p=|a|+1

Pt Opslt, ©) TNy el ~n=d)

A@) \" m—(—1)—|a| ¢||or| —(dy+---+ds_1)
X (m) [log A7) 13

IN

Ar)

[=1=d, nitngte-n o) —(m—dy)
< ps(2,6) AQ) AW

A@) "D m—(—1)—|a| | ¢||o|—(m—d.)
X (m) [log ()] €]

IN

|IogA(t)|>m“‘*‘a

7|a|+n1+n2+~--+n “
e, D) o (T

< Cpy(t, ).

A

If || > m —d; +1, then we use condition (0.4) and the second term;6f, &):

A@)*
Al(l‘) Ce )\kfl(t)Ak(t)m*ds*/Hl

ps(t, é‘)l_ds ‘§|_(d1+“'+ds—1)|alil’a(t)||€||a|
(I—1-d,)/d,

dy—1
< €t 9) {Ium(t) (% [log A(t)) } Y0 R



m—(—1)
x ( N

IA

IN

<
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Ap(?)
Ap(t)

p=lal+1

Cpy(t, ) ()71 b N gyrines 41~ =a)
An(t) m—(—=1)—|a|+(d;—1)(—1—d;)/d;

Cpy(t, M) e == (o, (el (—'5'“‘“)

481

) [log A(z) "~ (=D lel|g|lal—(dt-+d—)

£| || = (di+---+ds_1)+(1—1—d,) /dy

| log A(r) |m*(l*1)*\a|+(d.\- —1)(—1—-d,)/d;

‘a|f(m —dy )+(1717dA)/ds
[log A1) )

Cps(t, €)>\(l)n1+ﬂ2+“'+m“| —(m—d;) ()\m (t))m—dx—|a\
Cps(t, 6),

since for all|la| > m —ds+1 one hasiy+na+- - -+n|o —(m—ds)+n,,(m—d; —|al) > 0.
The lemma is proved.

O

Then we make a change of the unknown functioh, Q& U, Q='W, and
follow the approach used in previous zones.

The last hyperbolic zong, &) € Z,,.(M, N,,). We write for U andF defined by
(1.2) system

DtU +A(t’ g)U = j:(t’ 5)

If M=, €) is the Vandermonde matrix corresponding{ta(z, £), . .., T (t, £)} when
(t,€) € Zpw(M, Ny), then it is a diagonalizer for(z, £). Thus

while

where

1 1 1 . 1
7_l(t’ g) TZ(t’ E) T3(t’ 5) Tm (t’ E)
Mfl(t’ é') = Tf(t’ 5) TZZ(t’ 5) ng(tv 5) Tl’gl(t’ 5)
A (RIS (R A (9 (6
P11 P12 P13 Vim
pi(m) () pa(m) ¢1(71)
21 22 23 Yom
M@, &)= wa(r2)  par2)  pa(72) pa(m2) |,
/(/}ml me /(/}mB 'Q[Jmm
On(Tm)  Om(Tw)  ©m(Tn) Om(Tim)
¢i,m_k=ck+ck_17',-+~-~+corl-k, i=1....m, k=0,...,m—1,
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alt,) = Y amxaS”,  k=0,...,m—1,

[a] <k
m
@i(T):H(T_Tk):Z¢i,ka_l, i=1...,m.
ki k=1

Lemma 4.7. Consider(t, &) € Zy (M, Ny). Then

1
Tlt(t’ 5) H,‘;{k (Tk(l, 5) — Ti(t’ é—)) ig[’l (ﬂ(t’ 5) - 7-l'(t’ E))
(M(Z’ g)Mt_l(t’ g))kl = m 1 t
Tt 5); e neg Tk
ik

Proof. It is quite similar to the proof of the Lemma 1.1 andrétfiere we omit
it. O

Lemma 4.8. Consider(t, €) € Zpm(M, Np,). Let A be a diagonal matrix(1.4),
where the nonegative numbets, ..., a,, are chosen by1.5). Then for the logarith-
mic derivative of the matrix\~—1(¢, £)A~* the following estimate

~ _ ~_ N (¢
IROME MM O] < Cu’
holds for all (¢, €) € Zp (M, Ny).
Proof. See proof of Lemma 1.4. O

We reduce the problem to the one for the equivalent equation
D,W +D(t, )W + AM(t, ) (DM e, )N W + A(D, A~ YW = F(1, €)

for the unknown functionW :T\(t,g)/\/l(t, U, whereU = M(t, 5)*11~\(t,§)*1W,
and

D(1, €) 1= M(1, )AL, OM™Yt, ), F(t,€) := Alt, OM(t, €)F (1, €).

It is easy to see thaD is a diagonal matrix,

_ Tl(t’ 5) 0
D(t,§) = ( ) )
0 T (5 €)
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where according to Proposition 3.1 (with »=— 1)

A(t)log)\(t)} .
A AR()(E) )’

for all (z, &) € Z, ,,(M, N,,). Then inequality

A1) () log A(¢)
_ — v F & 7 I n
— 1200 Dagaig 4 < K0 cer

IImTi(t,f)ISC{MHm—Z)

=1,...
A(t) 9 , 1,

gives desired estimate in the last hyperbolic zdfg, M, ¥, ) for ritieroenergy
E(t, &) :=||W(t, &)|? of solution W . It follows thea priori estimate (0.15).

Proof of the finite propagation speed property. Existenag amqueness are di-
rect consequences of thee priori estimate. Thus it remains to prove existence of the
cone of dependence, that is, if

(410) f |K7(x°,t°) = 0, u; |Kw(x°,t°)r‘|{t=s} = O, i = 0, N (e l,
then
(411) u ‘Kh,(xo,to) = 0,

provided that|y| > sup{|\(#, x,&)|;t € [0, Tl,x e R, E e R" |{| =11 =1 ...,m}.
Further, if the Cauchy data are givenmat s= with> 0 then the problem pos-
sesses a cone of dependence. Indeed, an operatorfér is strictly hyperbolic; hence
if s >0 andz® > 0 thenu ¢, s,x) =0 for all {,x )e K,(x° 9, and allz > 0. (For
the strictly hyperbolic case see, for instang&2, Ch. 6 of [10].) At the same time
the values of the solutiom (@ ), (® 9 K,(x% % can be obtained as limit of the
values atk.,(x? t% N{r > 0}, so thatu (Qx ) vanishes.
Consider the case =0% > 0, v > 0, and assume that (4.10) holds. Define the
set of the operator®.(¢, D;, D,), 0 < ¢ < g9, by means of the operata? ¢,(D,, D, )
as follows

PE(t’ Dla DX) = Ps(t+5, DI’ D)C)’ re [0’ T 760]5 DS Rna

while g9 < T — 1°, provided that the fixed numbeyg is small enough. Then, for these
operators consider a family of Cauchy problems

P.v. = f on [0, T —eg] x R,
Dtjve|t=0:’(/)j, j:O,...,m—l.

It is evident thatv.(r,x) = 0 for all (¢, x) € K,(x%¢%. According to the already



484 K. KAJITANI AND S. WAKABAYASHI AND K. Y AGDJIAN

proved statements of the theorem for every R the estimate

m—1 m—1 t

j 2 2 2
Z DI ve ()G —1— j4ry < Cr Z | DY il Gneter—1—jy * /0 ILf (O Geryd
j=0 j=0

holds for allz € [0, T — &¢], with constantsC, and independent of Further, we
have

{ PE;(vsl - 1)82) = (P€1 - PEz)vsz on [O’ T - 50] X Rn’
D/ (ve, — ve,) [0 =0, j=0...,m—1

Substitutingr — [ — 1 for r in the a priori estimate we obtain

m—1

D 1D ey = v)Ofnar—2-1- )

j=0

'
< Cr/ (P, — PEz)”Ez(T)H(Zr—l)dT
0

t+ep
Dyaj o (1)dT

tt+eq

2 . 2
D! D, H dr.
) /0 Z H i Uy U z(T) (1) T

< C, max( sup
Jtlal<m, j<m

B \refo,1]

Then the right-hand side of the last inequality is dominatgdoy C|e; — 1|2, where
the constantC is independent ef Thus, the sequence of the functions, & =
1, 2 ..., corresponding to the sequenge— 0, is fundamental in the space

m—1

ﬂ C™ ([0, Tul; Hpsm—2—1— H([R")) T; > 0.
j=0

In view of the uniqueness of the solution we have =lim, v., in that space and
consequently, irD’(K.,(x°, ¢%). In particular,

(1, ¢) = lim (v.,,¢) =0 for every test functiony € C5° (K (x°, 1),

implies (4.11) and completes the proof of the theorem. Ol
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