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0. Introduction

Throughout the paper will denote a fixed field. By an algebra, we mean a ba-
sic connected finite dimensional non-simple associative -algebra with an identity. For
an algebra , we shall denote by mod the category of finitely generated left -
modules, and by mod the stable module category of mod . We denote by¯ the
residue class of ∈ in / soc .

Let and ′ be selfinjective algebras. In this paper, we are interested in the
question of when a socle equivalence between and′ induces a stable equivalence
mod ≃ mod ′, where and ′ are said to be socle equivalent if there is an al-
gebra isomorphism between/ soc and ′/ soc ′. It is proved in [6] that and

′ are socle equivalent and stably equivalent provided that and ′ are Hochschild
extension algebras of an algebra, say , without oriented cycles in its quiver, by
Hom ( ). It is, however, that a socle equivalence does not imply a stable equiv-
alence, in general (see [3], [2]). The aim of this paper is to show a sufficient condi-
tion in terms of a -regular map for socle equivalent selfinjective algebras to be sta-
ble equivalence, where -linear mapλ : → is called a regular map of if
λ = ϕ(1 ) : → for an isomorphismϕ : → Hom ( ) in mod . Our main
theorem is stated as follows.

Theorem. Let and ′ be socle equivalent selfinjective algebras, say :
/ soc

∼→ ′/ soc ′. Assume that there are regular mapsλ of and λ′ of ′

such thatλ( ) = λ′( ′ ′) for all ∈ rad and ′ ′ ∈ rad ′ with ′̄ = ( )̄ and
′̄ = ( )̄. Then the stable categoriesmod and mod ′ are equivalent.

In the last section, we shall see that Hochschild extension algebras, of an algebra
without oriented cycles in its quiver, satisfy the assumption for regular maps in the
theorem.

For basic background and notations, we refer to [1] and [7].
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1. Preliminaries

Let be a selfinjective algebra. We denote byP the full subcategory of mod
consisting of finite dimensional projective left -modules,and by morP the category
of morphisms inP whose objects are the morphisms :1 → 0 such that soc 0 ⊆
Im ⊆ rad 0. A morphismϕ : → ′ between two objects : 1 → 0 and
′ : ′

1 → ′
0 is a pairϕ = (ϕ1 ϕ0) formed by two homomorphismsϕ1 : 1 → ′

1 and
ϕ0 : 0 → ′

0 with ϕ0 = ′ϕ1.
On the set of morphismsϕ = (ϕ1 ϕ0) from : 1 → 0 to ′ : ′

1 → ′
0, we

have an equivalence relation∼ such thatϕ = (ϕ1 ϕ0) ∼ ψ = (ψ1 ψ0) if ϕ0−ψ0 = ′ω
for someω : 0 → ′

1. We denote by homP the homotopy category of morP
whose objects are the objects of morP and the morphisms [ϕ] in homP are the
equivalence classes of morphismsϕ = (ϕ1 ϕ0) in morP with respect to∼. Then we
have the fully faithful and dense -linear functor Cok : homP → mod( / soc )
which assigns to an object :1 → 0 of homP its cokernel Cok and to a mor-
phism [ϕ] : → ′ the induced morphism Cokϕ : Cok → Cok ′. The categories
homP and mod( / soc ) are equivalent. See [6] or [4] in detail.

The following lemma is proved in [4].

Lemma 1.1. Let [ϕ] : → ′ be a morphism inhomP . ThenCokϕ factors
through a projective module inmod if and only if there is a morphismψ = (ψ1 ψ0) :
→ ′ in morP such that[ϕ] = [ψ] and ψ0 = 0.

By Lemma 1.1, we have an equivalence relation≈ such that [ϕ] = [(ϕ1 ϕ0)] ≈
[ψ] = [(ψ1 ψ0)] in homP if and only if Cok(ϕ − ψ) factors through a projective
module in mod . We denote by homP the stable homotopy category whose objects
are objects in homP and morphisms [[ϕ]] are equivalence classes of morphisms [ϕ]
in homP with respect to≈. Then two categories homP and mod are naturally
equivalent.

For an automorphismν of and a -module ,ν denotes the -module ob-
tained from by changing the operation of as follows:· = ν( ) for each

∈ and ∈ . Similarly, ν is defined for a right -module . We recall a
regular map attached to a selfinjective algebra. A mapλ is called a regular map of
if λ is a -linear map from to and satisfiesλ( ) 6= 0 for any nonzero element

of . A regular mapλ of is called ν-commutative ifλ( ) = λ(ν( ) ) for all
∈ . Let ϕ : → Hom ( ) be a left -module isomorphism. The right mul-

tiplication map : → 7→ induces an algebra automorphismν of such
that ϕ : → Hom ( )ν is a -bimodule isomorphism, and thenϕ(1 ) is a ν-
commutative regular map of , because{ϕ(1 )}(ν( ) ) = {ϕ(1 ) }( ) = {ϕ( )}( ) =
{ ϕ(1 )}( ) = {ϕ(1 )}( ). The automorphismν is uniquely determined by up to
inner automorphism, and is called the Nakayama automorphism of . Note that the
Nakayama automorphism always exists for a selfinjective algebra.
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Conversely, given a regular mapλ of , we have the left -module isomorphism
ϕλ : → Hom ( ), 7→ ( 7→ λ( )). Note that a regular mapλ of is a
ν-commutative, whereν is the automorphism defined byϕλ. We denote by ¯ν the al-
gebra automorphism of / soc given by ¯ν( )̄ = ν( ) for ∈ , becauseν(soc ) =
soc . Also, note that Hom (/ rad ) ≃ ν̄ soc ≃ soc Hom ( / soc ),
because is non-simple selfinjective. We also denote by¯ the residue class in
Hom ( / soc )/Hom ( / rad ) of ∈ Hom ( / soc ). We need the
following isomorphisms.

Lemma 1.2. The -bimodule isomorphismϕ : → Hom ( )ν induces the
following isomorphisms:

ϕ1 : → ν−1 Hom ( )

ϕ2 : rad → ν̄−1 Hom ( / soc )

ϕ3 : rad / soc → ν̄−1 Hom (rad / soc )

where ϕ1 is a -bimodule isomorphism andϕ2, ϕ3 are / soc -bimodule isomor-
phisms.

Proof. We setλ = ϕ(1 ) which is ν-commutative. Thenλ( ) = λ(ν−1( )) =
λ( ν−1( )) for all ∈ . Theϕ1, ϕ2 or ϕ3, respectively, is defined by{ϕ1( )}( ) =
λ( ), {ϕ2( )}( )̄ = λ( ) or {ϕ3( )̄}( )̄ = λ( ), respectively, for all ∈ and

∈ rad .

2. Stable equivalence

In this section we shall prove the theorem stated in Introduction. The idea of the
proof owes to the previous works [6] and [4].

Let and ′ be two selfinjective algebras which are socle equivalent, say :
/ soc

∼→ ′/ soc ′. Let { } =1 and { ′} =1 be complete sets of orthogonal primi-
tive idempotents of and ′, respectively, such that (̄) = ¯′ for each . For each
∈ , we choose a representative, say′ ∈ ′, of the residue class (̄), and define

a map by the correspondence induced by algebra isomorphism

˜ : → ′ 7→ ′

For ∈ , the right multiplication map from to is also denoted by
simply.

Let ϕ : → Hom ( )ν and ϕ′ : ′ → Hom ( ′ )ν′ be bimodule isomor-
phisms. It is immediate that

Hom ( −1 ) : ν̄−1 Hom ( / soc )→ ν̄−1 Hom ( ′/ soc ′ )
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is a / soc -bimodule isomorphism. From this, the composite

ψ := ϕ′
2
−1 Hom( −1 )ϕ2 : rad → ν̄′ ν̄−1(rad ′)

is a / soc -bimodule isomorphism

rad
ψ−−−−−→ ν̄′ ν̄−1(rad ′)

yϕ2

yϕ′
2

ν̄−1 Hom( / soc )
Hom( −1 )−−−−−−→ ν̄−1 Hom( ′/ soc ′ )

(2.1)

whereϕ2 : rad → ν̄−1 Hom( / soc ) andϕ′
2 : ν̄′ rad ′ → Hom( ′/ soc ′ )

are the isomorphisms in Lemma 1.2. We set = ¯ν′ ν̄−1 : / soc
∼→ ′/ soc ′ and

( ¯) = ¯′′ for each . Then,ψ( ) = ˜( )ψ( )˜( ) for any ∈ and ∈ rad ,
and we can lift{ ¯′′} =1 to { ′′} =1 a complete set of orthogonal primitive idempotents
of ′. There uniquely exists for each such that′ ′ ≃ ′ ′′ as ′-modules, be-
cause ′ is assumed to be basic.

Assumingψ( ) = ( )̄ for all ∈ rad , let us define a functor = (0 1) :
homP → homP ′ , which plays an important role for the proof of the theorem. The
object correspondence is

0( ) = (ψ( )) : ⊕ ′ ′′ → ⊕ ′ ′

for an object = ( ) :⊕ → ⊕ of homP , where ∈ rad by the
definition of morphisms in homP . Let = ( ) : → be a morphism of morP
between two objects = ( ) :⊕ → ⊕ and = ( ) :⊕ → ⊕ ,
and let = ( ) , = ( ) . The morphism correspondence is then given by

1([ ]) = [ ˜ ] : 0( ) → 0( )

where ˜ = (˜ ( ) ˜ ( )) ∈ morP ′ .

Lemma 2.1. is a well-defined functor.

Proof. We put ˜ ( ) = ( ˜ ( )) , ˜ ( ) = (˜ ( )) , and ˜ = (˜ ( ) ˜ ( )). We
shall show that 1([ ]) is a morphism in homP ′ . For this, we first claim that̃ =
( ˜ ( ) ˜ ( )) : 0( ) → 0( ) is a morphism of morP ′ , that is, the following diagram
is commutative:

⊕ ′ ′′ 0( )−−−−−→ ⊕ ′ ′
y˜ ( )

y ˜ ( )

⊕ ′ ′′ 0( )−−−−−→ ⊕ ′ ′
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In fact, it follows that

0( ) ˜ ( ) = (˜( )) (ψ( )) =

(
ψ

(∑ ))

=

(
ψ

(∑ ))
= (ψ( )) (˜( ))

= ˜ ( ) 0( )

Next, we have to show that preserves the equivalence relation ∼ in morP .
Assume that there is a map = ( ) :⊕ → ⊕ such that = = .
Then =

∑ ∈ rad because ∈ rad , and

(ψ( )) =

(
ψ

(∑ ))
=

(∑
˜( )ψ( )

)
= (˜( )) (ψ( ))

On the other hand,ψ( ) = ˜( ) + for some ∈ soc ′ by our assumption.
Moreover, we have ( ) = (ι ) (ψ( )) for some map (ι ) : ⊕ ′ ′ → ⊕ ′ ′′,
because Im( ) ⊆ ⊕ soc ′ ′ ⊆ Im(ψ( )) . It holds that

(˜( )) = (ψ( ) − ) = (˜( ) − ι ) (ψ( ))

Thus, 1 is well-defined. Now it is easy to check that = (0 1) is a functor (cf.
[6] or [4]).

Proposition 2.2. Assume thatψ( ) = ( )̄ for all ∈ rad . Then stable homo-
topy categorieshomP and homP ′ are equivalent.

Proof. We can construct the inverse functor′ : homP ′ → homP whose
object correspondence is ′

0( ′) = (ψ−1( ′ )) : ⊕ → ⊕ for all objects
′ = ( ′ ) : ⊕ ′ ′′ → ⊕ ′ ′ of homP ′ . The morphism is given by ′

1([( ′ ′)]) =

[(( −̃1( ′ )) ( −̃1( ′ )) )] for any morphism [( ′ ′)] = [(( ′ ) ( ′ ) )] : ′ → ′ of
homP ′ , where ′ = ( ′ ) : ⊕ ′ ′′ → ⊕ ′ ′ and ′ = ( ′ ) : ⊕ ′ ′′ → ⊕ ′ ′ are
objects of homP ′ . Therefore is an equivalent functor.

We shall show that the functor is stable (in the sense of Lemma1.1). If a mor-
phism [( )] : → in homP satisfies = 0, thene( ) ψ( ) = ψ( )˜( ) = ψ( ) = 0

thus the proof is completed.

Proof of Theorem. Let and ′ be socle equivalent selfinjective algebras, say
: / soc

∼→ ′/ soc ′. Note that we may identify mod (or mod ′) with
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homP (or homP ′ , respectively). Assume that there are regular mapsλ of and
λ′ of ′ such thatλ( ) = λ′( ˜ ( ) ˜ ( )) for all ∈ rad . There are bimodule iso-
morphismsϕ : → Hom( )ν and ϕ′ : ′ → Hom( ′ )ν′ such thatλ = ϕ(1 )
and λ′ = ϕ′(1 ′). Let ∈ rad . It holds that

{Hom( −1 )ϕ3( )̄}( ( )̄) = ϕ3( )̄( )̄

= λ( ) = λ′( ˜ ( ) ˜ ( ))

= {ϕ′
3( ( )̄)}( ( )̄)

Then the following diagram is commutative:

rad / soc −−−−−→ rad ′/ soc ′
yϕ3

yϕ′
3

Hom(rad / soc )
Hom( −1 )−−−−−−→ Hom(rad ′/ soc ′ )

By (2.1), we haveψ( ) = ϕ
′−1
2 Hom ( −1 )ϕ2( ) = ϕ

′−1
3 Hom ( −1 )ϕ3( )̄ =

( )̄ for all ∈ rad . Consequently, the stable homotopy categories homP and
homP ′ are equivalent by Proposition 2.2.

3. Example: Hochschild extension algebras

Let be a -algebra without oriented cycles in its ordinary quiver and =
Hom ( ). A -bilinear mapα : × → is called a 2-cocycle ifα( ) +
α( ) = α( ) + α( ) for all ∈ . For any 2-cocycleα : × → ,
we denote by ⋉α the Hochschild extension algebra of by corresponding
to α, that is, ⋉α is equal to ⊕ as a -vectorspace, and its multiplication
is given by ( )( ) = ( + +α( )) for all ∈ and ∈ . In
caseα = 0, ⋉0 is called a trivial extension algebra of by and denoted
simply by ⋉ . An algebra ⋉α is selfinjective. In [6], Yamagata proved that

⋉α and ⋉ are socle equivalence algebras which naturally induce a stable
equivalence. In this section, we shall show that these algebras ⋉α and ⋉
satisfy the assumption of the main theorem, namely, we shallconstruct regular maps
satisfying the required condition.

We consider a fixed 2-cocycleα : × → . Let { } =1, {ε } =1 and {ε′} =1

be complete sets of orthogonal primitive idempotents of ,⋉ and ⋉α ,
respectively, such thatε = ( 0) andε′ = ( ) for some ∈ as elements of
⊕ . For any elements ∈ ⊕ , we denote by or · the multiplication

in ⋉ or ⋉α , respectively. We define a -linear map : (⋉ )/ soc( ⋉
) → ( ⋉α )/ soc( ⋉α ) by ( )̄ =

∑
ε′ · ε ε · ε′ for all ∈ ⋉ .
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Lemma 3.1. is an algebra isomorphism.

Proof. We set ′ =
∑

ε′ · ε ε · ε′ for all =
∑

ε ε ∈ ⋉ . Note
that ′ ∈ soc( ⋉α ) for all ∈ soc( ⋉ ) because soc(⋉ ) = soc =
soc( ⋉α ). Then is well-defined and bijective becauseε (ε′ · ε ) = ε = (ε · ε′)ε
for each , and its inverse is defined by =

∑
ε (ε′ · · ε′ )ε for ∈ ⋉α .

Let ∈ rad( ⋉ ) and ∈ ⋉ . Note that ′ · ′ = ( )′ ([6, Lemma
3.2]), and hence ′ ·{( )′− ′ · ′} = 0. Since rad( ⋉α ) = { ′ | ∈ rad( ⋉ )},
we have ( )′ − ′ · ′ ∈ soc( ⋉α ). Consequently, is an algebra isomorphism.

Let λα andλ′α be -linear maps from ⋉α to defined byλα( ) = (1 )
and λ′α( ) = (1 )−∑ { ( ) + ( ) + α( )( ) + α( )(1 )}
for all ∈ and ∈ . Then bothλα and λ′α are regular maps of ⋉α .

Lemma 3.2. λ0(( )( )) = λ′α( ˜ ( ) · ˜ ( )) for all ( ) and ( ) ∈
rad( ⋉ ).

Proof. Let ∈ rad and ∈ . It holds thatλ0(( )( )) = ( )+ ( ).
On the other hand, we may assume˜( ) =

∑
ε′ · ε ε · ε′ for all ∈ ⋉ .

It holds that

˜ ( ) · ˜ ( ) =
∑

ε′ · ε ( )ε · ε′ · ε ( )ε · ε′

=
∑

ε′ · ε ( )( )ε · ε′

=
∑(

+ +

+ + α( ) + α( )
)

because ′ · ′ = ( )′ for all ∈ ⋉ and ∈ rad( ⋉ ) ([6, Lemma 3.2]).
Therefore, we haveλ′α( ˜ ( )· ˜ ( )) =

∑ { ( )+ ( )} = ( )+ ( ).

If a base field is an algebraically closed and a -algebra contains no ori-
ented cycles in its quiver, then any Hochschild extension algebra ⋉α is isomor-
phic to the trivial extension algebra ⋉ . However, if is not an algebraically
closed, there exists a Hochschild extension algebra which is not isomorphic to ⋉
(see [5], [2]).
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