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Dedicated to Professor Noshiro on the occation of his 60th birthday

This article is a continuation and completion of our study in the previous

one [1] in which we gave the defining equations of abelian varieties projectively

embedded by theta functions of level three. These defining equations are

nothing else the canonical generators of theta relations for theta functions

with -——characteristics. In the present article the canonical generators of

theta relations will be given for the wider class of theta functions with rational

characteristics.

Let G be a finite subgroup in Qr\Zr such that the index ]G : ---Zr\ZrΛ is odd

and H+ be the subset in -—-Zr\Zr consisting of all the elements u - ^ - , ,

-^p )(«< = 0,1 i = 1, 2, , r). Then the canonical generators of theta rela-

tions for theta functions

$laίQ\U)= Σ Q{m+a,m+a)U(m+a)2 {[a](=G)

are the following cubic and quadratic equations:

(*) $ia>i+ibtQ I t/)£-[«']+[6](Q I U)&[bίQ IU)

(**) +
) = 0

3

where the coefficients r[a'iwiQ)([a'],[c']^~-ZrlZr\ in the cubic equations

do not depend on G.
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TERMINOLOGY AND NOTATIONS

Qr : the coordinate vector space of dimension r over the field of rational

numbers,

Zr : the subgroup of Qr consisting of all the integral vectors, i.e. vectors

with integral coordinates,

Qr/Zr : the residue group of Qr by Zr',

[a] : the class of a vector a in the residue group Qr\Zr

[a] : the class of a rational number a in Q/Z,

H: the subgroup -±~Zr/Zr in Qr/Zr, i.e. #=(([-|-} ,[~r-])

βie{0, 1,-1} ( l ^ i ^ r ) ) ,

77+ : the subset in # consisting of all the elements (Γ-^-l > ["if"])

such that ^(={0, 1> (1 < f ̂  r)

[«Ί, [6Ί, [cΊ, : the elements in #,

[α+], [&+L [c+], : the elements in H+,

G : a finite subgroup of Qτ\Zr such that GDT/,

|G| : the order of G,

^iα]([«]^07^ r) : a system of indeterminates,

T[a] ([α]eQ7^ r) : a fixed system of generic solutions for

Xίai-X~M=0 ([a]t=QrlZr),

{Tia+i-\-[b+ίΓ-[a

+]+ib+i)H+xH+ i t h e 2 r x 2 r m a r t r i x of w h i c h ([α+], [6 + ] )-component is

: the | G| x2r-matrix of which ([α], [6+])-componen is

]+[6*] ([α] €= G, [6+] e JY+),

: the 2 r x2r-matrix of which ([c+], [c?+])-component

is T[α]+[c+]+[^]T[α]-[c+]+[^], ([«] e G; [c+], [rf+] e H+),

: the 3 r x3r-martix of which ([α7], [δ'])-component is

det (TVj
+].[6+])-ff+xfl* : the adojoint matrix of (T[α

+

(A«] [δ+])^+X^+ = {T[amb+ίΓ-la]+lb+i)GxH+ (T[α

+]+[6+]T-[α+]+[6+])^+ x jy+

§ 1 Formal theta functinos with rational characteristics.

1.1 We mean by {W(i a), W(j, I b)\l < i, j<r; a, b e Q} a system of

indeterminates on which rational numbers operates as follows:



ON THE DEFINING EQUATIONS OF ABELIAN VARIETIES 145

W(i;a)c=W(i;ac), W(j, I; b)c=W(j, I; be) (l^ij<r; ayb,c e Q).

Let I be the ideal in the polynomial ring Z[{W{i; a), W{j, I; b)}] generated by

W(f; 0)-l, W(j,l; 0)-l, W(j; na)-W(j; a)n, W(j,l; nb)-W(j,l; b)n,

W(i; a)W(i; b)-W(i; a+b), W(j, li a)W(j, I; b)-W(j, /; a+b\

j,l; b)-W(lJ; b)

Denote by ί/? and Q) the images of W(i a) and W(jy I b) in the resdue ring

B=Z[{W{i a), W(j, I 6)}]//, respectively. Then it follows

(l^ij,l^r; a,b^Q; n=l,2,3,

Using the briel notations

U(a) = .Π t/*4, 0(β, 6) = y Σ χ ©;,f

we have the following multiplicative rules:

U{a)c = U(ca), Q{a, b)c = Q{ca, b) = Q{a, b)

U{a) U(b) = U(a+b), Q(α+6, c+d) = Q{a, c) Q(b, c) Q(a, d) Q{b, d)

{a,b,c,d<= Qr; c e Q).

Denote by Horn (Qr Gm){B) the group of all the homorphisms of Qr into the

multiplicative group of units in the ring B. Then U and Q(a) {a^Qr) may

be regarded as the elements in Horn (Qr Gm) (B) such that

C/:c->t/(c)

Q(a) : c-+Q(a)(c) = Q(a,c) (c^Qr).

The product Q(a)U and Q(a)Q{b) mean the elements in Horn (Qr, Gm) (B)

defined by

0(α)£/:c->Q(α,c)J7(c)

i.e. Q(a)Q(b) = Q(a+b).

1.2 Similarly as the classical case first of all we shall introduce the theta
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functions with rational characteristics:

(1) $Lάi(Q\U)= Σ Q(m+a,m+a)U(m+a)2 ([α] <= Qr/Zr)
m(ΞZr

The function Ό[aiQ\U) does not depend on the choice of the representative a

of [a]. The theta zero values are also defined by

(2) «[«](0) = Σ Q(m+a, m+a) ([a] e Qr/Zr).

The theta zero-value •#[«](<?) is regarded as the specialization of $[a]{Q\U)

with respect to the replacement of U(b) {b e Qr) by 1.

From the definitions (1) and (2) it follows the following formulae:

(3) $ίaίQ\Q(DU) = Q(l, l)-ιU(l)-*$UQ\U) {I e Zr)

(4)

(5) $

(6)

(7) Aa+bίQ) = Q(b, b)&LaiQ\Q(b)).

The products of &iatQ\U)9 &ibtQ) ([«], [b] e= Qr/Zr) can be defined as series in

U and Q, hence the polynomial ring Z[{βiatQ\U),$ίbiHQ)}] is well-defined.

For each subset in Qr/Zr denote by S* the subset in Qr such that S*3Z r and

the image S*lZr coincides with S. Let us give the abstract definition for

formal theta functions.

DEFINITION 1. Let n be a positive integer and S be a finite subset in

QrlZr. Then a formal series φ(U)= Σ λmU(m)2 is called a formal theta function

of type {n S) with coefficients in a ring A if λmQ(m, m)^ (mG5*) belong to A and

φ{U) satisfies the difference relation:

(8) φ(Q(DU) = 0(1, l)-nU(l)~2nφ(U) (I e Zr).

We mean by MA{n; S) the A module of formal theta functions of type (n; S).

PROPOSITION 1. Let n be a positive integer and S be a finite subset in

QΊZr. Then for any field k it follows

dimkMk{n; S) =
n

=nr\S\

where
n

be the cardinal of the subset {[b]\n[b]^S} and \S\ is the cardinal
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Of S.

Proof Let bl9 , bn*\s\ be a system of representatives of — S in

Qr and Σ λmU{m)2 be a formal theta function of type (n; S) with coeffi-

cients in k. Put

Then by virtue of the difference relation (8) it follows

Σ ;ki+wtf(*(*+»i))2Q(w(l+ft*), Λ)2

ίz

= Q(Λ, h)-nU(h)-*n Σ Λ n ( W ^ ( * + ̂ )) 2, (Λ e= Z r )

Hence

Σ
l<EZr

= Σ ^a+A+ft^Z+^+fti)271 (ϊ e Z r).
iz

This means

λn(l+bί)Q(h, h)nQ(h,

Therefore

le=Zr

= λnhiQ(bub*)-n Σ
lZr

T h i s m e a n s t h a t t h e p a r t i a l s u m s Σ λn(ι+bi)U{n{l+bi)) (1 ̂  i^ nr \S\) b e l o n g
ι^zr

to Mk{n; S). Since &ιbiiQ
n\Un) (1 ̂  ί ^ n r 5 ) have mutually different terms in

U and they are elements in Mk(n S), we conclude that ^Mί©1*!^) (1 ̂  / ̂  «rs)

form a base of M"fc(n; S). This proves Proposition 1.

LEMMA 1. For any prime number p

(9) det{<9ia+]+[b+ίQ)$-ίa+mb

+ίQ))H+xH+^0 mod p,

where (-9[a+i+ίb+ίQ)'8-~ia+]+ιb

+ίQ))H+xH+ is the 2rx2r-matrix of which [a+]x[b+]-element

is $ia+m

The proof of Lemma 1 will be given in the next paragraph.
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P R O P O S I T I O N 2. Let k be a field such that -Θic+]+iaίQ\U)<Θ[c+]+iaίQ\U){[c+]eίH+)

belong to Mk(2 2[α]). Then $[c+]+iatQ\U)<9-ιc+i+ίatQ\U) ([c+] e H+) form a base of

Mk(2; 2[α]).

Proof Since dimkMk(2 2[α]) = 2 r , it is sufficient to shows that

^[c+]+[α](O|ί/)^-]c+]+[β](O|£/) ([c+] e # + ) are linearly independent over 4. From

(7) it follows

= Q(b+-a, b+-a)2$ίc++atQ I Q(6 + -α) £[-c++«](© I Q(b+-a))

This means that $ιc

++b+iQ) 5~[c+]+[6+](Q) is the specialization of
+ —α, 6+—α)2^]+[α](Q|ί/)^-[c+]+[«](Q|t/) induced by the replacement:

a). Hence the relation

det ($ia+Mb+ίQ)$-ia+mb+ίQ))H+xip^O mod p

implies that -9ιc

+i+iaiQ\U)&-ιc+}+iaίQ[U) ([c+] e H+) are linearly independent

over k.

§ 2. Defining equations of canonical elliptic curves.

2.1 The most beautifly explicite expressions of plane cubics are Hessian

canonical forms: Xl+Xl+Xl—3^X0X1X2=0. If Γ3 =¥ 1, the Hesse's canonical

cubics are non-singular and conversely, for the classical case, any non-singular

plane cubic is projectively transformed to a Hesse's canonical cubic.

We shall first recall that the projective locus of the formal thetas

$[i-\(Q\U), -9T-IΊ(Q\U)) is a Hese's canonical plane cubic.

LEMMA 2

for any prime number p .

Proof From the expansions
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•%>](©) = 1 + 2 Q +

it follows

mod

PROPOSITION 2. Let K be a field containing γ{Q) and q be the ideal in

K[X[o], -X[i]» -^r=i]] generated by the cubic from

Then K[X[o], XJ-I-J, Xr=i-ι]l(\ is canonically isomorphic to K[-θ[oiQ\U),

bythemapp

Proof. By virtue of Lemma 2 (%](Q|U)\ ΰ^Q\U)\ $^Λ $Q\U)Z) is a

base of formal theta functions of type (3;[0]). Since the product #[o](Q | £/)

^ ] ( Q I E/) #r=i](Q IU) is a formal theta function of type (3; [a])? there exists a

unique system (Λ[o], Λj-i-j, ^rri]) such that

Replacing t/->O(e/)C/(e/ = -^-, ~^L~)> w e o b s e r v e t h a t ^o]=%]==^[=i]==

2.2 We shall generalize Hessian canonical plane cubics to the elliptic

curves in projective spaces of even dimension.

Putting
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V1

\

we have the next Lemma:

LEMMA 3. Let [a] be an element of odd order in QlZ. Then it follows

for any prime number p

Proof Since J1

d e t

From the expansions in Q

ίQa2+

o

mod p, it is sufficient to show that

mod p.

for β<-L,

for «=J-

for

for a=-—,
o

for JL< f l^JL,
D I

for α =

for a=

for

Ό

6 '

it follows

mod j>
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for

for
ό

This means

for JL< f l <X
0 /-,

m o d

for [a] =¥ \^-\ [°]. [4-] °n the other hand

hance we have Lemma.

For the sake of simplicity we mean by the same symbol γ(Q), β[a] [0](O),

the images γ{Q)(g)zl, β[aim(Q)®zl, ^ [ ^ O ) ® ^ 1 i n t h e tensor product

Λ ] p-,(Q)](g)zGF(p), where GF(p) means the prime field of characteristic

THEOREM 1. Let n be an odd positive integer and K be a field containing γ(Q)

L e t q be the ideal i n

generated by the homogeneous elements:

Then w isomorphic to rf\_[$[aj,Q\U)\[a\ e - ^ - ^ / ^

([β] e ~^

Proof. Let p be the kernel of p i n i ^ { l | [ α ] e - i - Z / z j ] Then by

virtue of Proposition 2 p is a prime ideal such that po=pf\K[X , -^riγ - r̂=ill
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is a principal ideal {X XΓ1ΊXr-± \—r(Q){X*+Xl11+Xrzi ])) and further more
[0] LΊΓJ L 3 J [0] LΊΓJ L 3 J

pQ = q ΠK[Xr . Xτlv -Xr-i i]. Denote by a the image of X in the residue algebra
[0] L?J L s J ίai LαJ

KΠ X \[a] e - —Z/zJΊ/po and by p and "q the images of p and q in xΓί α? I

[a] e -~-Z\z\ 1 respectively. We whall divide the proof into the three steps.

Step 1° : Let us first prove pz>q.

Since $ {Q\U) = Q(b,b)U{b)2 <9 (Q\Q(b)U), it is sufficient to prove that

The products -5 (Q|£/)£ (QIC/) ([a]e-l—Zlz) are theta functions of type

(2 [0]) and « (Q | U)\ Λn(Q | C7)̂ Γ-, ,(Q I £/)} is a base of formal theta functions
[0] LSJ L 3 J

of type (2;[0]) Therefore, since ^ ] + [ i ] ( Q | t / ) = Q ( X , _L) C/(J_)2

Q(-TΓ)U\ we have a system of constants (λ , >l Γln) such that

Putting U(c)=UceQ), we have ^ 1 [ 0 ] = ^ 1 [ 0 ] ( Q ) and \aUU=βίaίlΏ(Q).

Since ^+ft](Q|[/)=Q(δ,6)ί7(δ)^w(Q|Q(6)C/), we have «

(Q\W= r(Q)

This proves

Step 2": We shall next prove that p®κK(x . x^, x^) =q®κK(x , x^ , *r_ii),

where if (a; , a;m, a;r-i-i) is the quotient field of K[x , xΓίv xt=ί-Λ. Let' ί be
£°] LTJ L 3 J [0] LTJ L a J [ ° ]

the image of a; in the residue algebra ^ΓU |[β]e -^—ZjzYjlq. Then it
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follows

Since

ι °

the map: (a? , xΓ1Ί, aJr-π) -> (f > fm, fr-π) induceds an isomorphism of

^^to/ Λ[tf ^ [ ΐ ] ] t O ^iofhiJ^]1 T h e r e f o r e ^ f [ o ί % T f [ ΐ ] ] i s isomorphic

to K[$r(Q\U), -9TUQ\U)9 <9r-iλ(Q\U)]. The products of theta functions

$la{Q\U)-9_[aIQ\U) and * [ β ] ± [ 4 ] (Ol^ β ] ± f t ] (OI^) ( t β ] e - ^ z ^ ) are not zero

and satisfy

[ ^ i u ) ϊ

Hence the elements

are not zero in / ξ
[ff

Therefore ί[β]ί_[α] and £ [ α ] ± m £ _ w ± f f l are

non-zero elements in K[ζ , fΓ1Ί, f Γ1Ί] and thus £ f[β] e -^—Z\Z) are non-
[o] Ld ~bJ [«] \ 3n /

zero divisor in the algebra /d~ίf |[α] e -^-Zlz\\ We shall prove that there

exists a system of non-zero elements {/ J in the field K(ξ , frn, fr-n] such

t h a t Assume
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(l^h^l) w i t h n o n - z e r o e l e m e n t s fUΓΊΓΊ i n K(ξ. f r n, f r - i i ] .
h\a\t[ά\ [0] LsJ Γ3J

Then it follows:

and thus

ί~l( (O)

(0) g

This proves f M = / ( ( J [ ( ] f w ( M e ^ ' = 1,2, ). Let [«] be a gene-

rator of ——Z\Z. Then, since the theta function <Θ (Q\U)1 is a formal theta

function of type (I l[a]), the theta functions -9a(Q\U), &a{Q\U)\ ,

-9 {Q\U)n are linearly independent over K(& (Q\U), &ΓUQ\U), $r-UQ\U)).

Hence ξ ^ ξ* , f are linearly independent over K(ξ , ξ^γ ξ^)

and the equation Xn—f~1 ξ =0 is an irreducible equation over K(ξ ,
^ n\a\\_a\ n\a\ ^ [0]

% ] ' ξ-Wl This means that the algebra K(ξ[oγ f[tf ξ^

is isomorphic to K(ξ , frl1, ξr-x-ύiΉKX71—f'1 ξ ) and thus isomorphic to
[0] LsJ L T J n\a\,[ά] n\a\ Γ

K(%(QIU), ϋw(QIU), ^](QIU)) [(«[β](OI^)I[β] e -\-Zlz}~\ This proves

Step 3° : Let F be any non-zero element in p. Then from Step 2° there

exists a non-zero element H in ϋf|> , ccm, a?Γ_iΊ] such that HF&q. Therefore,

if q is a primary ideal belonging to the prime ideal p then the element F itself

belongs to q because pf]K[x , ccrn, a;Γ-iΊ] = (0). Hence it is sufficient to show
[o] UJ L'3 J

that the ideal q is a primary ideal belonging to the prime ideal p. Let S3n be
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the affine (3w+l )-aίϊine space with the system ( ,X , ) of coordinates

and V(p) (resp. V(q)) be the affine variety corresponding to the ideal p (resp. q).

Since p is a prime ideal, it is sufficient to show V(p)^)V(q). Let σ-x and ab be

the linear transformation of 5 such that σ_(X ) = X_ and a AX )

= X ([b],[c]e-l—Zlz\ Then a and a leave the affine varieties V(p)
[*]+W \ 3w ' ~x t "

and F(q) invariant and the origin (0, , 0) belongs to V{p) and V(q). Let

( , -η , ) be any point on V{q) which is different with the origin (0,

, 0). Let us prove that belongs to V{ρ). After the transformation by an

element o we may assume without loss of generality that η =̂ 0 and ^M-JT^O,

because from ^ ^r1^r^i = r(Q)(^r0]+^ii+5?rrii]) the inequality η ¥=0 implies

or VmΨθ.

Since

\ Vr IΛV Γ Π J 5?Γ Λ-ΛV

/Lα+πJ /-Lα+ίJ ' L α 4 ] ~\β\

and

det

it follows that η η f= 0 or JJΓ n'ί.rα I I ^ O For each element [a] we choose

an element [β] such that [a]^=[a] mod \-Z\Z and £*£ Λf=0. We shall first
3 M -[«]

show that there exist non-zero elements g/\ /\ in the field K(η , Γ̂i-., ^rrii)

such that 7 ^ = ^ ^ ( W ^ Z / Z ; / = 1,2,3, ). Assume ^ =

ί Λ Λ ^ Γ[«]G—?—Z/Z; / Ϊ = 1 ? 2 5 3 , ? /\ Then it follows that for each

element [a] in ~~Z\Z there exist [α7] and \b'\ in -}~ZlZ such that
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From the assumption of the inductive we have

with a non-zero element # /\ ^ . If 37 57 ^=0, it follows

The coefficients ^ are uniquely determined provided η w Φθ Let us

assume that [a] is a generator of ——Z\Z such that 37 η =̂ 0. Then the

above result means that the map: / -^g (/ = 1,2,3, ) is a speciali-

zation on the specialization (£. , fΓ1Ί, fr î)->(57 > ^m» ̂ r=ii) over X. Therefore
L°J U J L 3 J [oj LEJ L 3 J

the m a p £=( , f , )-> ̂  = ( , 7̂ hΛ> ) is a specialization over

K and thus η belongs to V(p). This completes the long proof of Theorem.

§ 3. Proof of the main theorem

3.1 I n order to prove the main theorem we shall be first concerned with

product of elliptic case.



ON THE DEFINING EQUATIONS OF ABELIAN VARIETIES 157

Putting

Q r)=

we shall show the next result.

THEOREM 2. Z*f G be a subgroup in Qr/Zr such that Gz>H and [G : H] is odd.

Let K be afield containing γ^wiQ^ , Q r), βlalίc4Qx, , Qr) ([α']e;G;

[a'l[cf]tΞH\ [c+](=H+) and q be the ideal in K[{Xίa]\[a]^G}] generated by the

homogeneous elements

Then the map p : X ^ - ^ ^ ^ O j , , Or |t7!, , Ur) {[a]<=G) induces an isomorphism

of K[{XM\[a]^G}]lq onto K[$M{QU ,Qr\Ux , J7r)|[α]eG}].

Proof. Step 1°. Let us first prove Theorem under the assumption that

Theorem is valid for the special case -~—Zr\Zr with an odd n. Let n be an
OYl

odd positive integer such that Ga^—Zr\Z\ Kf be the field κ(\β +(Qα,
JjfZ \ I L"j» Lc J

, Qr)\[a]^Λ-ZrlZr, [ C ] G F 1 ) and q be the ideal in K'Πx |[α]e
3n J/ LI [α]

-^—Zr\Zr generated by the homogeneous elements:
on J - l
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Then it follows that q®ΛUL/ = qΠiΓ/[{X |-α:i|[α]eG}]. From the assumption the

map p: X[al-ϊ<9[al(Ql9 , Qr\Ul9 , Ur) ([α]e—ί-Zr/Zr^ induces an

a isomorpihism of Kr\\Xr \[a]^~ZΊZr)\ and K'\{$ (Q^ 9Qr\Ul9
L{ la] 3fi )J LI [σ]

,Ur)\[a]<=^-ZrlZr\~\, hence the restriction of p on K'[{X |[α]sG>]
on ' -J M

induces an isomorphism of K'[{X |[c]εG}]/q onto iη{# (Q1? ,Qr\Ul9 ,
[α] [α]

WI[β]eC}l.

Step 2°. We shall prove Theorem for the case G=-~-ZrlZr. Let pt be
Ol

the kernel of the morphism Pi : ̂ [ {x . β | [«]e-ί-Z/z}] onto

la]<=Ξ~Zlz}~\ such that ^(Z. )=$ (QAUi) and p be the kernel of the
on

morphism /,: ^ [ {^IM&-^-Z r lZ r j ] onto if[(«M(Qi, , Qr\Ult , Ur) |

la\<=-±-ZrlZrf] such that f»(^β])=•»„(&> » Orlί/i, , ^,) ([β]e

-^-Z'lzr). Let Λ be the morphism of K\\x | [ β ] e J L z r / Z r f l into

^ Π ^ ' 1 ^ ^ ^ w e i r H ] s u c h t h a t λ{\«* ιJ=xw X,M

and p* be the inverse image of the ideal JJK\ \Xira-\l^i> We~o—Z\Zy$i

by the morphism .̂ Then from the definitions it follows that p* coincides

with p. From the definitions of r nΓfcn(0i> > Or) and θ (©!, ,0 r )
[α'J [6'] [α], [c+]

the ideal q is contained in p, hence it is sufficient to show that

Since

X X
< [ l C 3 ) ( M [ A ] )
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and β[alίc4Qi)=βHaUc4Qi)> we may conclude that if {[αi],[ftt]>={[c4],[d<]}

< l ^ ί ^ r ) , it follows

X(l«il M> X ( ίh l . itrΊΓ Xdcil .lcrj>
X([da , μj) m o d <*

This means that q contains the kernel of λ . By virtue of Theorem 1 the ideal

Pi is generated by

ί, [&]"" Σ ^[α'],[c'J (Qi) -̂ Q,[c']

\' \\zιz

Σ

-y^/2T; \a\ [b]

Since

] [0].[α,Ή0l .CO]). ©I'] ib/J)

] [01 [βj, [0] [0]), ([<V] [cr+])(

([a/I [b/]^ZlZ; [otle-

the image of q by λ generates the ideal Σ # [ ί Xj^lφi, [a] e -J—

and thus cp*q. This completes the proof of theorem.

3.2 By virtue of Lemma 2 for any prime number p it follows

d e t

0 m o d ί ϊ

Since -#[α](Qi, >OrIί̂ i> >Ur) is the specialization of $ta]{U\Q) over the

replacement Qΐj — 1 (ί^y a^Q). Hence we may conclude that for any prime

p it follows
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d e t(W/°Ww«(%χ« ί 0 m o d *•
Therefore we may put

Then ^ [ ^ ( d , , Or) and ftβl [<?+](Oi, , Or) are the specializations of

ϊlaΊlc'iQ) and β[α]> [c+](Q) over the replacement O*/ = l ( ί ^ / ; βeQ), respectively.

From Lemma 3 for any prime p it follows

= d e t ^«]+Ce*l OT(0lH{[oj,H]}x{[o],B]} d e t ^ J + t ^

^0 mod 2?

This means that

d e t W J W ( ( ? 1 ) ^ ) ( F ^° m o d

and proves Lemma 1 in § 1

3.3 Finaly we shall give the proof of the main theorem:

THEOREM 3. (The main Theorem). Let G be a finite subgroup of odd order in

Qr\Zr such that Gz)H^=~-ZrlZry Let K be a field containing Twιw{Q), β[alic,β

([«]> [cf] e H; [α] G G; [c+] e H+) and q be the ideal in the polynomial algebra

K[{XM\[a]^G}] generated by the homogeneous elements:

X~ίal+[bf

([α],[6]EG;[α]eS).

Then the map: XM ->^[α](OIU) ([α]eG) induces an isomorphism of K[{XM\[α]eG}]/q

/*. Step 1°. Let p be the kernel of the morphism:
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Since

det (VWβ)1 W*=°> det (V W

and

) = Q(b,

it follows that {.$W}(Q\Uy\[a]<=H} and {$ίa+1(QU)\$Ha+1(Q\U)\[a+]^H+} are

the basis of the modules of theta functions of type (3; [0]) and (2; [0]),

respectively. Hence there exist λ,r, ,c,, and μ,,..+, such that

Putting U=Q{&) or U=Q(c+) {[c']<=H; [c+]^H+)y we have

This proves

Step 2°. Let k be a subfield in K such that r [βΊ [cΊ(0), i5M[c+](O) ([α7], [C ; ]G

i ί ; [α]GG; [c+]eίί+) are transcendental over k and put K ^ / c t f r ^ ^ Q ) ,

Plaiίc4QW a n d F = W M I ^ ' ^ ) , ί[α]i[c+](ft, ,0r)». We denote

by q' and p' the ideals in ff[{X[β]|[α]εG}] such that q ^ q n ^ K ^ H α J e G>]

and p7=pΠKn[{XM\[a](=G}l We mean by q" and p7/ the ideals in K"[{XM|

[α]εG}] which are the specializations of q' and pr over the replacement 0<y = 1

(z^i, flEQ). Then by virtue of Theorem 2 we have p/ /=q/ /. Let qw' and pή

be the ϋί^submodules in qr and p ; consisting of all the elements of degree n,

respectively. Then it is sufficient to prove pΛ'=qn'. Let us denote by q«'(=#,'•)

the K^-submodule of q//(=p//) consisting of all the elements of degree n.

Since q/; is the specialigation of q'? it follows

If we denote by g the order of G, then from Proposition 1, Theorem 2 and

Step 1° we have
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lg+n-l\ lg+n-l\
gnr = [ -d im p;= -d im

\ n I \ n I

lg+n-\\ lg+n-l
^ -dim κ$ή>\

\ n I \ n

This means that pή=qή {n=l,2, ) and thus i)/=q/. This completes the proof

of Theorem.
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