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C*-ALGEBRAS
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1. Introduction.

Very recently, M. Choda, I. Kasahara and R. Nakamoto [3] extend

the concept of free action of automorphisms for C*-algebras and prove

several theorems which are hither to known for von Neumann algebras.

In the present note, we shall concern with freely acting automorphisms

on abelian C*-algebras. In § 2, several equivalent conditions for the free

action are obtained. In §3, we shall apply them to an automorphism

which has a transversal group.

2. Equivalent conditions.

Let A be a unital abelian C*-algebra and X be the character space

of A, i.e. the compact space of all characters (multiplicative states) of

A equipped with the weak* topology.

Following after [2], [3] for an automorphism α on A, an element

aeA is called a dependent element of a if

( 1 ) ax — xaa

is satisfied for every x e A if every dependent element of a is automa-

tically 0, then we say that a is freely acting.

An automorphism a of A naturally induces a homeomorphism of X

onto itself by

(2) χβ(a0 = χ(3 )

for every χeX and xeA. Therefore, we shall consider a as an auto-

morphism of A and a homeomorphism of X onto itself. For a set

U c X (resp. K (Z A) we shall denote U* = {χa χ e 17} (resp. Ka =

{x«;xeK}).
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THEOREM 1. The following conditions on an automorphism of a

unital abelίan C*-algebra A are equivalent:

(A) a is freely acting,

(B) the set of all fixed points of a in X is nondense,

(C) for any nonempty open set U c X, there is a nonempty open

set V c U such that Va Π V is empty,

(D) for any nonzero closed ideal I of A, there is a nonzero ideal

J a I such that Ja Π J = 0,

(E) for any nonzero closed ideal I of A, there is a nonzero self-

ad joint element x e I such that xax = 0.

Proof. (A) implies (B): If the set F of all invariant characters is

not nondense, then there exists a nonempty open subset W c F. Take

a nonzero element a having the support in W. Then a is a dependent

e l e m e n t o f a , s i n c e χ(axa) = χa(ax) = χ(ax) f o r χ e W a n d χ(axa) = 0 = χ(ax)

for χ g W. Hence we have a contradiction.

(B) implies (C): For a nonempty open set U d X, there is χ e U Π Fc

by the assumption. Since χ Φ χa, there are a neighborhood W of χa and

a neighborhood W of χ such that W Π W7 is empty. Since α is a

homeomorphism, there is a neighborhood Yr of χ such that V/a is contained

in W. If we put V = V Π TF' Π U, then V is the desired one.

(C) implies (D): For a closed ideal /, let U be the complement of

the set of all characters annihilating /. Then U is open in X. Hence

there is an open set V which satisfies the conditions of (C). If J is the

set of all element of A which have their supports in V, then / is an

ideal and satisfies / Π Ja = 0.

(D) implies (E): If / c / is a nontrivial ideal with / Π Ja — 0, then

there is a nonzero self-adjoint element xeJ and we have xxa = 0.

(E) implies (A): Suppose that a is a dependent element of a. If / is

the nonzero (closed) ideal of A generated by a, then there is a nonzero self-

adjoint element x e I such that xxa = 0. Hence we have ax2 — axax = 0.

Therefore, in the support of x, a is 0, which is a contradiction. Hence

a = 0 and a is freely acting.

Remark. Prof. M. Choda kindly pointed out that the above condi-

tions are also equivalent to the following one:

(F) In the subalgebra of all invariant elements of a, there is no

proper ideal of A included in it.
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3. Transversal group.3. Transversal group.

Let u be a unitary operator and {vs} be a one-parameter group of
unitary operators on a separable Hubert space H. {vs} is said to be a
transversal group for u if
unitary operators on a se
transversal group for u, if

uvs = vaSu

is satisfied for every s by a real number a with |α| ^ 1. The notion
of transversal groups for unitary operators is due to Kowada [5]. The
origin of the notion goes back to Sinai who introduced for measure
preserving transformations. By an inductive argument, we can easily
prove that un has a transversal group {vs} for every n. In this section,
we shall discuss a unitary operator u with a transversal group {vs} in
a connection with Theorem 1.

Let R be the additive group of real numbers. Then we can con-
struct a representation of the group algebra Lι(R) using the given one-
parameter unitary group {vs} by

(4) t(x) = I x(s)vsds ,

where xeL\R) and the integration ranges over (— oo, +oo).
In the next place, we assume that there exists a real number t0 such

that 1 is not contained in the proper value of vtQ.

THEOREM 2. Let A be the C*-algebra generated by the identity and
{t(x);xeL\R)}. If

( 5 ) t«(x)= [+~x(s)vasds
J - o o

for xeL\R), then a becomes a freely acting automorphism of A.

Proof. Let X be the character space of A. Then X is homeo-
morphic to a compact subset of the one point compactification of the
real line. By the Stone theorem, {vs} is represented as follows;

(6) v,= Γ"e~ίstdE(t) .
J - o o

By (4) and (6), we have

t(χ) = [*~x(8)v9d8 = Γ°° Γ" x(s)e-ίstdE(t)ds = Γ°° x(t)dE(t) ,
J-oo J -oo J -oo J-oo
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where x is the Fourier transform of x. Considering the correspondence

t —» t/a on the real line, we have the correspondence E(t) —• E(t/a). On

the other hand, we have

( 7 )

which is a consequent of direct computation. It is clear that a is an

automorphism of A and induces the homeomorphisms t —> t/a on X.

By the assumption of vH, {t(x) x e L^R)} is not isomorphic to the

complex number field. Therefore there are at least two characters

which do not vanish on {t(x) x e L^R)}. Thus we can conclude that

there exists an element s in I which is neither 0 nor oo. Since \a\Φl,

there is no fixed points up to 0 and oo. Moreover, 0 and oo are not

isolated points of X, since ans or a~ns converge to 0 and oo as n—> oo.

Hence, by Theorem 1(B), we can conclude that a is freely acting on A.

By (3), we have

(30 uvsu* = vaS

so that we have by (4) and (5)

Λ+oo Λ+oo

ta(x) — x(s)vaSds = x(s)uvsu*ds
J — oo J —oo

and consequently we have

(50 ta(x) = ut(x)u*

Therefore, we have the following

COROLLARY 3. The automorphism a of A induced by the unitary

operator u by (50 is freely acting.

Remark. Similary, we can show that an is freely acting (n =

± 1 , ±2, . - . ) .

COROLLARY 4 [3: Theorem 10]. The spectrum of the unitary operator

u is the entire unit circle.

Proof. By the fact that an is freely acting (n — ± 1 , ±2, •), there

exists nonzero self-adjoint element x such that xa~nx = 0 for n = 1,2, , k.

Take an element ξ Φ 0 in H such that xξ Φ 0. Then, we have (unxξ \ xξ)

— 0 for n = 1,2, , k. Therefore, u is nondegenerate. By the Arveson's



C*-ALGEBRAS 11

theorem [1: Theorem 1], the spectrum of u is the entire unit circle.
At this end, we wish express our hearty thanks to Mr. Takai to whom
we are indebted the proof (C) — (D) of Theorem 1.
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