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FOURIER COEFFICIENTS OF SIEGEL CUSP FORMS

OF DEGREE TWO

YOSHIYUKI KITAOKA

Our purpose is to prove the following

THEOREM. Let k be an even integer > 6. Let

f{Z) = Σ αCF)e(tr TZ)

be a Siegel cusp form of degree two, weight k. Then we have

a(T) = O(\T\k/2-1/4+ε) for any ε > 0.

This was announced in [3] where we put an assumption on estimates
of generalized Kloosterman sums. Here, we give a complete proof with
a proof of that assumption.

Every cusp form of degree two, weight k > 6 (k = 0 mod 2) is a linear
combination of Poincare series [1,4]. Using their rather formal Fourier
expansion given in [1], we prove our theorem.

Notation. By Z, Q, R and C we denote the ring of rational integers,
the field of rational numbers, the field of real numbers, and the field of
complex numbers, repsectively. H denotes the upper half-plane of genus
two:

H = {Z = X + ίYeM2(C)fZ = Z,ImZ=Y>0}.

We set Γ = Sp2(Z) = {Me M^fMJM = J} where J = ( 1? V A =

{S e MIZ^S = S}, and Λ* = {S = (sυ) e M2(Q)\8it e Z, 2s12 = 2s2] e Z}. e(Z)
means exp(2ττi2) for a complex number z.

In this section we prepare two arithmetic lemmas.
Let CeM2(Z), \C\ ψ 0. For P, TeΛ*, we set
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150 YOSHIYUKI KITAOKA

K(P, T;C) = Σ e(tr(AC-'P + C
D

where D runs over {D e M2(Z) mod CA\(X D ) 6 ^ a n d AeM^Z) i s

matrix such that (Λ p) e Γ. If D' ΞΞ D mod CA, and Cάj p] e Γ, then
we have A Έ i mod AC. Hence a generalized Kloosterman sum K(P, T; C)
is well-defined. One of our aims in this section is to prove

PROPOSITION 1. Let CeM2(Z), \C\ΦO and C= U'1^1

 Q\V~\ U,Ve

GL(2, Z), 0 < d|c2. Then we have

K(P, T; C) = O(clcl/2+ε(c2, t)
ι/2) for P, Te A*,

where ε is any positive number and t is the (2, 2)~entry of T[V]. Moreover
K(P, T; C) = K(T, P; ίC) holds.

LEMMA 1. Let C = (Cί

 Q \ d|c2, ct > 0 and C = FH where F = (Jι \

H= (hl ^J, Λ|/2, h,\h2, ft, k > 0, (f2,h2) = 1, For m^erβ s, ί w itΛ s/2

+ th2 = I,2 ^e seί Xj = s^F"1, Z2 = th2H~\ Then (Λ ^\ eΓ if and only

(HA HB - X^ADX (FA FB - XJADγ (HA HB - X^ADX (FA
11 \ F X2D y \ H Γ

Proof We note that Cά; fy e M4(Z) is in Γ if and only if 'AD - ιCB
= 12, and ^ C , ^Z) are symmetric. The "only if "-part is proved directly.
The "if"-part follows immediately from

A = X2(HA) + X,(FA), D = H(X2D) + F^D) and

B = 2X1X2

ίA# + Xi(Fΰ - Z2

eAD) + X2(HB - XJAD).

LEMMA 2. Let C, F, H, X1 and X2 be those in Lemma 1. The mapping

D mod CA -> (Z2D mod FA, X,D mod iϊ/ί) from {D mod C^ί |^ ^ 6 Γ} to

{D mod FA \ (p p) e Γ) X {D mod ίf/1 i ( ^ Z>) e Γ ^ is bίJective

Proof The mapping is obviously well-defined. Suppose that X2D1 =

X2D2 mod FA, XXDX = X,D2 mod HΛ, then we have X2D e FA, X,D e HA where

D = A - A- Hence D = H(X2D) + F(X,D) e CA follows from FH = HF

= C. Conversely suppose (* ^ Y ( ^ ^ J 6 Γ. We set Z) = HD, + FA

Then Z2D - A = F(th2H'ιD2 - s/.F^A) e F i and ^ D - A = Hisf.F-'D,

— th2H~ιD2)eHA imply the surjectiveness of the mapping if ί^ Ϊ J e Γ.

To show ί^ D ) 6 ^ w e ^ a v e o n ^ t o P r o v e ^ a t C"1!) is symmetric and

(C, D) € M2,4(Z) is primitive. The first follows from C'D = F ^ A + HιD2.
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If a prime p does not divide c2 = f2h2, then C is in GL2(ZP). If p | h2, then

rk«C, D) moάp) = r k ( ( ( / Λ

 Q ) , (Λ* Q ) A + FD2) modp) = r k ( ( ( Λ l

 Q ) , FD2)

modp) = rk((ίf, D2) modp) = 2. Similarly for p|/2, we have rk((C, D) modp)

= 2. Thus (C, J5) is locally and hence globally primitive.

LEMMA 3. Let C, F, H, Xt and X2 be those in Lemma 1. Then

K(P, T; C) = K(P[XZ], T; F)K(P[XA, T; H) holds.

Proof. Suppose („ tλeΓ. Then we have

tr(AC-ψ + C-'DT)

= tΐ((X2HA + XiFA)F1H-ιP + F-'H-^HX^D + FX^T)

= tr(X2HAF-1H-1P + F-^DT) + trζXJAF-'H-ψ + H-'X.DT)

X2H)H~Ψ + H

= tr(HAF'Ψ[X2] + F-%DΓ) + trίFAtf-'PK] + H-'X.DT)

+ tc(XtHAX1H-1P + X.FAF-'X.P).

Moreover we have XJHAX.H' = t^AX.H'1 = AX,X2 = sf^AC'1 e Λ and

e A.

Thus tx(AC-ψ + C-'JDΓ) = tΐiHAF-ΨΆ] + F-ιXJ)T) + tr(ί!AH-«P[XJ

+ H-'X^DT) mod 1 follows for P, Γ e ^ * , and then Lemmas 1,2 complete

the proof.

LEMMA 4. Let p be a prime and 0 < ex < e2. T%en we have

κ(p, T;(pCl ) \ = O(p2e^/2(pe% ί)1/2)

where t is the (2,2)-entry of T.

Proof* Put C = (^βl

 pe), D = ( * * ) . Since (ζ*D)eΓ if and only

if C^D is symmetric and (C, D) is primitive, ί p n ) e j ^ ^ a n ( ^

c/3 = pe*~e*d2 and (i) ^ = e2 = 0, (ii) ex = 0, β2 > 0, p |d 4 , (iii) 0 < et < e2,

dt or (iv) 0 < ex = β2, p K ^ ^ — d^.

DmodCJ is equivalent to c ,̂ d 2modp e i, d4modp e 2. Suppose that

This proof was suggested by Prof. Y.-N. Nakai.
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(A 'D - ^C1"' 6 M*(z) f o r A €

Then we have (f, ( A 'Dp 1 ) C Λ 6 Γ since A <£> - {(A <D - 1)0-'} 'C = 12,

A'KA'D-1)C-'} and C D are symmetric. Set P = (Λ, Pll2\ T =
\PzlΔ Pi j

\ * in + ) 6^1*. When βx = e2 = 0, the lemma is obvious. Suppose eι — 0
XHJΔ tA ) /0 0\ -

< ez. Then we may suppose D = ί ̂  Ĵ (dmodp^jP/fcί). Denoting by cί

an integer n which satisfies nd = lmoάpe\ we can take yl Hj as A.

T h i ί ( P T C) Σ ((d d Q ) i d i K l
Thus iί(P, T; C) = Σ e((dpA + dQp'62) is an ordinary Kloosterman sum

d mod «β2

and the lemma holds in this case. Suppose 0 < eγ < β2. Let d be an

integer such that d(dxd, -pe*~eίdϊ) = lmodp6 3 and set A = df ^ ~ P ^ " l

Then fAC is symmetric and (A'D — ^ C " 1 e M2(Z). Hence we have

, Γ; C) = Σ e(d(diPlp-e> - d2p2p~^ +
d ^ d β

Σ
2 mod pβi

4 mod pβ 2

Set δ = rf^, - pe2-eidl then d5 = 1 modp*2 and d4 ΞΞ dtδ +

where d,d, = 1 modpβa. Then K(P, T; C) equals

di,dz mod pβ!

since the last sum on δ is an ordinary Kloosterman sum.

Suppose 0 < ex = e2 — e. Set ^ = dxd± — d\ and let d be an integer

such that dδΈΞlmoάp*. Then we can take d ( ^ ~^\ as A. Thus

, Γ; C) equals

,px - d2p2 + dlPi) + d,^ + d2t2 + dJ4}p'e) = Σx + Σ2,

where d2 in Σx is supposed to be p\d2 and d2 in Σ2 is supposed to be p)(d2.

We have 2Ί = O(p2e"1+e/2(ί4,p
e)1/2) quite similarly to the case (iii). Now we

estimate Σ2. We define integers δ19 δ4, δ by dx ΞΞ d2δu d4 = d2^4, δiδ^ — 1)

= 1 modp e; then δ ΞΞ d2

2d mod pe, and Σ% equals

Σ Σ e({δd2(δ4Pl -p2 + δlPi) + (δA + t2 +
d { ) δ δ ( f i )
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where d2 is an integer such that d2d2 = lmodp 6 . Hence we have

x = Oiii + t2 -\- d4ί4 moclp

Set ps = (t4, p
e). If s = e, then the lemma holds trivially. Hence we assume

s < e. Set ί4 = ups, (u,p) = 1. Since x = 5^ + ί2 + ̂ 4ί4 modpe implies

x = 5^! + t2 modp s, we have

δ4 = (x — δA — Qp-' mod p δ

Σ Pst{^. modp lίA + ί2 ΞΞ ς p - ' modps})
( ΐ )

= O(pe+S Σi P"ί/2#{^i modpe, 1; moάp'lpJfυ, δά + t2 = ι;pβ-* modp5}).

If ordp ίj, ord^ ί 2>s, then we have

Σ2 = O(pe+S Σ p-^ 2 ^^)

If ordp ίj > 5, α2 = ordp ί2 < s, then ^ + t2 = upe~* modp s implies α2 = β — i

and v = t2p-a* modps~a\ and hence

s-(e-α2)/2 + e+(e-α2)-(s-α2)\

= O(p5 e / 2 + α 2 / 2) = O(p5 e / 2 + s / 2)

If αx = ord p ^ < s, α2 = ord p ί2 < au then ^ ^ + t2 = up6"* m o d p 5 implies α2

= e — i and £2p~α2 = umodp α i ~ α 2 , and hence

e-α2)/2 + e-α2-(αi-α2) + e-(ί-αi)\

Suppose αi < 5, α2 > α1? then ^^ + t2 = ι;pβ"€ modps, p^u imply e — i> ax

and δ^p'*1) = (ypβ"* — ί2)p~αi modp s"α i . Hence we have

Thus we have completed a proof of Lemma 4.

The former of Proposition 1 follows easily from Lemmas 3, 4 and

K(P, T; U-'CV-1) = K(P['U], T[V]; C).

The latter is proved as follows:
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K(P, T;\C) = Σ ΦiAC-ψ + C-'DT))
D mod CΛ

= Σ e(tr('D 'C-Ύ + 'C'1 ιAP)),
D d CΛ

and (£ ζj e Γ if and only if (^ ' | ) e Γ. Suppose (£< ^«) e Γ (i = 1, 2)

and D, = A modΌJ, then we set A = D2 + CS, S e A. (j? p ) (I ^) =

(^ p\ implies A2 = Λ, + SC for some S e i . Thus D, = AmodCΛ

implies Άj Ξ '^2 mod 'CΛ. Hence we have

K(P, T;C)= Σ e(tr((Z) *C-χT + ' C '
ί^ mod tCΛ

= K{T,P;tC).

For G = (gtj) e yl* we set e(G) = fen, ^22, 2^12). Set

For a fixed natural number 7i we define an equivalence relation — in S

by the following:

for an integer w prime to n. Set S(n) = S/~, then another aim in this

section is to prove

PROPOSITION 2. For PeA* we have

1)1'2) /or any e > 0 .

LEMMA 5. Let m, n be relatively prime natural numbers and P e Λ*.

Then we have

^ (P[x],mny<><( Σ (P[x],my<%
xeS{m) yeS(n)

Proof. The mapping x e S(mή) »-> (x e S(m), x e S(n)) is injective. From

(P[x], mή) = (P[x], m)(P[x], ή) follows the lemma.

Hence we have only to prove Proposition 2 when n is a power of a

prime p.

LEMMA 6. Let p be a prime and e a natural number.

Put S' = b,deZ, (b, d, p) = l} and
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(3)«(SW3) H S
for an integer w(^ Omodp). Then we have

Σ (P[χ],Pe)iβ= Σ
eS(e) s'/

Proof. The lemma follows immediately from the following fact: if
(b,d,p) = l, then there exist B, De Z such that B = bmoάpe, D = d
moάpe and (B, D) = 1.

If VeM2(Z), pJ(\V\9 then we have V(S7«) = S7«. Hence we may
assume

( i ) p = ^ uvpa^, 0 < a, < a2, p \ uv,

(ii) P = 2 (jJ2 V®), a > 0 (p = 2), or

(iii) P = 2"(^ 2 ^ 2 ) , α > 0 (p = 2).

It is easy to see that we can take as S7~

(J)(nmodp ), ( j ) ( p I ^ n modp*"', t = 1, 2, . . . , β).

Set ©(P,pe)= Σ (^M,Pθ1/2 and P = ( A

/ 9

 A / 2 V NOW we prove
tfΘS(pe) \A/^ Pi I

Proposition 2.
(1) Suppose that P is of type (i) and ax > β.

In this case ©(P, pe) < pe/2(pe + φ{pe^) + + φ(ΐ)) = O(p3e/2).
(2) Suppose that P is of type (i) and aγ < β.

, p e) = p α i / 2 Σi (χl + vxlpa2~ai, pe~aψ2

Pα i / 2 Σ ( p V
( i )

If α2 = α2, then

Σ Σ (π,2

l<t<e w(pβ-ί)

G1/2 Σ (n2 + u,pe-βl)1/2 + P α i / 2 + e " 1 + P α i / 2 Σ

= p α i / 2 Σ ( ^ + y,p e-α i) 1 / 2 + 2p α i / 2 + e ~ 1 .
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If aλ < α2, then

<5(P,pe) = pai/2φ(pe) + pai/2 Σ (P2n2 + vpa2-a\pe-ai)1/2 + p**/**-1.
n(pe-i)

Hence we have only to prove the following lemmas.

LEMMA 7. Σ (n2 + v,pe-aψ2 = O(epe) = O(pe(1+ε)) if a, < e.

LEMMA 8. Σ (P2™2 + vpa*-a\pe-ai)1/2 = O(pe(1+ε)) i/ α, < α2, ^ < e.

Proof of Lemma 7. If p is odd and (—v/p) = — 1, then Lemma 7 is

trivial. Suppose that/? is odd and (—υjp) — 1, then there exists an integer

g eZp such that g2 + i; = 0. If rc2 + i; = 0 modp, then there exist m e Z*,

s > 1 such that n = ± g + mp\ Then we have ps\\(n2 + u) since n2 + v

= Ps(± 2gm + m2ps). Thus we have

in2 + υ9 p
e-aψ2 = Σ (^2 + ^Pe"α i)1 / 2

< 2 Σ Σ
l d

Σ
( β )

Σ ( P O P
m mod pβ-s

pjm

= 2 Σ Psftψ(P"s) + 2 Σ pie-a')/2ψ(Pe's) + Pe

l^s^e-αi e-αi<s<e

Suppose p = 2. If v ^ 7 mod 8, ra2 + i; =έ 0 mod 8 for odd n, and so Lemma

7 is obvious. Assume v ~ 7 mod 8 and take an integer g e Z2

X such that

g2 + L> = 0. Let w be an odd integer and n = g + 2rm (r > 1, 2 Jf m).

Since τι2 + v = 2r+\gm + 2r~1/n2), we have

Σ (*8 + ι;, 2-α01/2 = Σ (22fem + m2),2e-α01/2+ Σ Σ (2'+1, 2-β01 / 2

w(2«) m(2β-i) 2<,r<e m(2e-r)
1\n 2|m 2|m

= Σ (22n, 2e"αi)1/2 + Σ 2e~r-\2r+\ 2e~ai)1/2

n(2e-i) 2<r<e

= Σ 2e-2~ r(22 + r, 2 e 'α i)1 / 2 + Σ 2e~r-1(2r+\ 2e-ai)1/2

l^r^e-l 2<r^e

= O(e2e).

Proof of Lemma 8. Suppose α2 > e, then we have

Σ (pW + i5j« -«>,p«—)'/* = Σ (P*n\pe-ay<2

n(pβ-i) n(pβ-i)

= Σ v<p-1-r)(p'+lr,p-βI)1/ι

0 < l

Suppose α2 < e, then



(pV + vpaz

= βsr<( Σ β i _ i ) /

+ v,p
e-a*yβ

= O(ep°)+τ

= O(epe) + p

+
(<X2 ~ ί

V 1

(α2-αi-2;

SIEGEL

αAl/2

l-r^pl + 1

u _ Σ < r

)/2

90P*-1

CUSP FORMS

'+ Σ
r = (α2-αi-2)/2

~r) by Lemma

157

( 3) Suppose that P is of type (ii).

If α > e9 then @(P, 2e) = O(2Se/2) follows as in case of (1).

Suppose a < e. Then we have

@(P,2 ) = Σ M A

Σ
)= 2α/2 # S(2e) = O(2α/2+e).

( 4 ) Suppose that P is of type (iii).

Similarly to the above we may suppose a < β, then we have

= Σ (2α^, 2e)1/2 + Σ Σ (2 α + ί ^, 2e)1/2

n(2«) l < ί ^ e w(2«-ί)
2|n

- Σ K 2 e ~0(2 α + ί , 2e)1/2 + Σ 2 e"£-1(2α + ί, 2e)1/2 + (2a+e, 2e)1/2

= O(e2a/2+e).

Thus we have completed a proof of Proposition 2.

§2.

In this section we give a formal Fourier expansion of Poincare series

[1]. Let k be an even integer > 6, and Qe Λ*, Q > 0. We set

j(M, Z) = \CZ + D\ for M = (£ ^ ) e Γ = Sp2(Z), ZeH,

and Λ(oo) = ί ( l 2 S )
v \\) J-2

We define Poincare series g(Z, Q) by
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Σ e(tr QM{Z})j((M, ZY\ ZeH.
r ( ) \ r

It is known ([1], [4]) that any cusp form is a linear combination of Poincare

series. Hence we have only to prove our theorem for Poincare series.

Let ϊ) be a complete system of representatives of P^oo^Γ/Γ^oo), Θ(M) =

ίSeΛ\M(l2 QM-'eΓ^oo)} for MeΓ.

LEMMA 1. Γ^MΓ^oo) = (J Γ^MI1* f) (disjoint).
SeΛ/θ(M) \ J-2/

Proof. It is obvious.

Thus we have

g(Z, Q) = Σ Σ e(tr Q M(Z + S))j{M, Z + S)-«.
Mei) seΛ/β(M)

Setting H(M, Z) = £ e(tr Q-M(Z + S))j(M, Z + S)-k

SSΛ/S(M)

= Σ MM, Γ)e(tr TZ),

we have

h(M, T) = f H(M, Z)e( - tr TZ)dX,
J X mod 1

where X = ίXl XΛ is the real part of Z and dX = dx^dx^x^. If we set

(Z, Q) = Σ 2α(Γ)e(tr TZ), then we have
Λ*T0

a(T) = Σ KM, T) for 0 < Te A* .

Now we determine §, Θ(M) explicitly.

LEMMA 2. M = („ jΛ e§ is parametrized by C and flmod <

Proof. For M = ί p jΛ and S l5 S2eΛ, we have

12/ \ 12/ VG Co 2 + lJ/

This implies immediately Lemma 2.

C7
LEMMA 3. As IM= („ Dj eϊj|C = ol we can choose if

GL(2, Z)j and Θ(M) = Λ.

Ue
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Proof. It is trivial.

LEMMA 4. As <M — („ jΛ e Ij|rkC = 1> we can choose

Af =
1 U L

\0 0

t/e{(* *) e GL(2, Z)}\GL(2, Z), Ve GL(2, Z)/{(J *) e GL(2, Z)

Cj > 1, dt — ± 1, (c,, d j = 1, du dt mod ct

and Θ(M) = ( s e J | S [ F ] = (^ °)) for the above specialized M.

Proof. Let ilί = ( 4 |f) with rk C = 1. Set C = 17"'(ft 2V V, ί7, Ve

GL(2,Z), c,>l. We can take Ue l(l *) e GL(2, Z)|\GL(2, Z) and F e

GL(2,Z)/{(J :)eGL(2,Z)} since (j ; ) ( j °)(J J) = ± (§ g). Set 2) =

[/"Ίi 1 ^2)Vr"1. Since C O is symmetric, we have dz = 0. The primitive-

ness of (C, D) implies that (Λ1 Λ Γ\ J] i s primitive. Hence d4 — ± 1, and

(d, dj) = 1 hold. D mod CJ is equivalent to du d2 mod cx since

o o/ \o o/ IV o o

From Λf- = (_Jg " ^ follows ilfg Q M - = ( _ c ^ c 1 + J )
Thus Θ(M)BS is equivalent to C S ( - fC, £A) - 0 and so CS = 0. Since

CS = 0 means ί ̂  rλS[V] = 0, we have completed a proof of Lemma 4

except the uniqueness of U, V, cu dit

Suppose C=U^ ty'V^U;^ ty'V* D=Uςf* J ) v r =C71-'(* ^ F , -
where l/i, Vt, • • • are supposed to be representatives. Comparing elementary

divisors of C, we have c, = c[. Set U = U2Ur\ 'V = ιV2'Vr\ then

£7(J J\ - (J J W holds and this implies U = ( j *) and hence Ut = Z72,

Ϊ7= 12 (J J) = (I θ}V i m p l i e s y== (J *) a n d t h e n Fl = Vz T h u s

dt = d̂  holds.

LEMMA 5. As JM = ί 4 ^j e ζ| |C| ^ θ| we can chooseJM = ί4 ^
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{(c *D)eΓUc\*0>

and Θ(M) = {0}.

Proof. The former follows from Lemma 2. The latter follows from

M(h S\M.1=f * *\ f o r M = = /* *\
V V X-CS'C */ \C */

§3.
Hereafter we fix 0 < Q, TeΛ*, and we assume that T is Minkowski-

reduced without loss of generality since a(T) = a(T[U]) for UeGL(2,Z)
(a(T) is a Fourier coefficient of g(Z, Q)). In this section we estimate

Σ MM, T).
"-Co •>*

(ίΓT \

τj.,1, UeGL(2,Z), then we have

fl(M, Z) = e(tr Q-M(Zy) = φQ['U]Z)

by Lemma 3 in Section 2. This yields Σ h(M, T) = 0(1). Next we
consider the case of rk C = 1.

LEMMA 1. Lei M = TT-I/CJ 0 \ α / τr-i/di c^XT7_i I e T7, ίϋ/iere U, Ve
\U \0 Oj K ϋ \0 dJV J

GL(2, Z), d, = ± 1, cs > 0.

% If) = ^ -̂
an integer such that a^ = lmodcj. Then we have

h(M, T) = ( - /

I f ) = ^ ^ - ί and « denotes

X e({α!S4di - {a.d^Pi - s^d^/c, + (axpx + d.s^/c, - dip2s2l(2c1si))

x </*-3/2(

where δ is the Kronecker's delta function and J is the ordinary Bessel
function.

( tTJ \ /t

ττ_i)M0(

a 0 6 0\
c 0 d 01 a d ~ bc = 1? c > α T h e n ^ M ' T ) e q u a l s

0 0 0 1/

ΛT
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f H(M, Z)e(-tr TZ)dX
J X mod 1

= f Σ e(tr QM(Z + S})j(M, Z + S)-«e(-tr TZ)dX

= f Σ e(tr Q['U] -M0(Z[V] + S[V]})j(M0, Z[V]
J X mod 1 SGΛ/Θ(M)

χ e ( - t r TZ)dX.

Setting W= X+ ίlmZ[V], X= (*' **), we have by virtue of Lemma 4

in Section 2,

h(M, T) = L f Λ ϊ e Λ β(trQ[ίC7
J α̂4 mod 1

Since M0<W> = f < α ^ + bKcw. + d)^ * \ ( J | f

= cî i + d where WΓ= (Wl W2\ we have

J a?4 mod 1

— P*(u>ι + c^dy^wl — s^Wi — s2w2 — S2M;4)(CU;1 + d)~kdx1dx2dx4:

= δpt,ne(PiΦ) I e(-AC-2(H>i + c^d)" 1 - ^ ^ ( c ^ + d ) - * ^

X β( — pSwi + cιdyιu\

Since we know

ί e(aw2

2 + βw2)dx2 = e( - β2l4a)^-Wϊ[a for a, β e C (Im a > 0) ,

setting α = — pA(wί + c~ιd)~\ β = p2c~\wx + c " ^ ) " 1 — s2> we have

Λ(M, Γ) = ^ 2 - M P 4 l # A - 1 / 2 c - * e ( - s2p2K2cs4))e((Pla + Sld)/c)( - l)fc/2

X ί e( - S Γ Ί ^ Γ I ^ I - ^ c

It is easy to see

Γ e ( _ α i ι ; i _ bwr1)(wjΐ)-k+1/2dx1 =

for α, 6 > 0.

Thus we have
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h(M, T) = V^πlQl^-^d^T^-^s^c-^ei - />2s2/(2cs4))( - If'2

X e((Pιa + s1d)/cV

Now we come back to the general case.

Let C = £/-'(£ JJ) V, D = U-^dι fjVΛ Then C =

= Q[{£/], S = (*j2

 S2J2\ = TYV-1] as in the statement of Lemma 1, then

we have β f ( C ' " S * )

Applying the former, we have

h(M, T) = v^|Qr-*% t,J7T / 2- s /V / 2cί- 3 / 2( - I)1"2

X e(- (p2dt - 2pid2)sj2c1si)e((p1 - ptdϊdi + p4ΐ)a.ι + sidled

x J,_

X {eίKs^2 - (αjcί4p2 - sjdj/d + (α^! + diS /̂c, - dt

X J

Hereafter Met) is supposed to be parametrized by U, V, c1( dly d2, dt

as in Lemma 4 of Section 2. From Lemma 1 follows

, T)\

since Σ ^((αn2 + 6n)/c) = O((a, c)I/2cI/2).
dΣ

mod c
Since U is parametrized by the second row up to sign, we have

2-J I 2_ι ">\1V19 -L )\ %. 2-ι VQMSA1 I S 4 VS4> cΰ

U d\ mod cι d% modci >>i=(u*\

where we set ί7 = ( ),
\U3 Ui/

since the number of solutions u to Q[u] = s4 is O(sl) ^ is parametrized

by the first column and s4 = τ\~~v*\ for V = ίυ' υ \ Thus we have



SIEGEL CUSP FORMS 163

Σ Σ I Σ HM,T)\
U, V d\ mod ci di mod c\

( d ) l

where A(m, T) = # {(£)|(w., υj = 1, r[jj|] = m}.
We prepare the following

LEMMA 2. Let t, m be natural numbers. Then

Σ (m, c)1 / 2c1 / 2 = O(ί 3 / 2 m- 3 / 2 + ε )
l /

^ (m, cY/zc3/2-k =Σ
c>t/m

and Jk-m(x) = O(min(xfc-3/2,1/Vx)) /or x > 0.

Proo/.

( \l/2 1/2 X/1 \"' V ι

m, c) c <^ 2 J Z_ι
s. r |m s^t/mr

Σ
Σ r Σ s1/2 « Σ Σ
r |m s^,t/mr r\m r\m

Σ (m, c)"2^2-* « Σ Σ :
c>t/m r\m s>t/mr

'k Σ
>/

~k < Σ
s>t/mr r\m

The estimates for the Bessel function is well known.

From Lemma 2 follows

Σ ( m , c1)
I / 2 |J,-3/ 2(W

« Σ (m, c^fem/Vm)1'2 + Σ (m, c,)1

Thus we have 2 Λ(M, T)| < \T\k/2-ίfi Σ ^ ( ^ T)m-Z/M\ We assumed
rkC=l

that Γ is Minkowski-reduced, then T > m(jΓ)l2 holds where m(T) =

min ^[w]. Hence we have

< mίϊ1)-3/2^6 = 0(1).



164

Hence

§4.

In

we have

this section
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| Σ h(M,T)\ = O(\T\>
rk C=l

we estimate 2 h(M, T).
MGϊ)
\C\Φ0

LEMMA 1. Set P(ή) = jYjf b\ e GL(2, Z)\b ΞΞ 0mod n\. Then

{CeM2(Z)\\C\Φθ}={u->(Cl V 1

I \ c2/ 0 < C!|c2

GL(2, Z)IP(c2lc^) corresponds bίjectίvely to Siczlcj in Section 1,

mapping V H-> ί/ιe second column of V.

Proof. Set V - β 1 ^ e GL(2, Z). Then

fc W-> = |V|C Ό* - W A / C Λ / C , \
V c 2 / V— y3c2/cj ϋj A cj

holds, and so (C l

 c W " 1 e GL(2,Z)(Cl \ if and only if VeP(cJcd.

Suppose that C = J71"
1(Cl J Vf1 = ^ Γ 1 ^ c/) Vi"1, t7«, V, 6 OL(2, Z), 0 < c, | c2,

0 < c[\ci and that V,, V"2 are representatives in GL(2, Z)IP(c2lct). Comparing

elementrary divisors, we have

c < = c\ (i = 1, 2) and E/f^1 ) = ί1

This implies VςιVx ePiCJCJ. Hence V, = V1 and so ί7, = U2 hold. The

second assertion is obvious.

Let M=($j pY |C| =£ 0. By Lemma 5 in Section 2 we have

, T) = f fl(Af, Z)e(- tr TZ)dX
J X mod 1

= ί Σ e(fx Q M(Z + S))j(M, Z + S)-*β(- tr TZ)dX
Jjmod 1 SeΛ

I I - 1 +
x f Σ β(- MQ'C-xz + s + c-

JXmodl SeΛ

+ T(Z + C
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(since M(Z) = AC1 - ιC~\Z + C'ιD)'ιC'1)

= \C\-*e(tr(QAC-1 + TC~ιD))

X f e(-tr(Q[tC-1]Z-1 + ΓZ))|Z|
Jx

For positive definite matrices P, S e GL(2, R) we set

J(P, S) = ί e(- triPZ'1 + SZ))\Z\~kdX.

Then it is known ([1]) that

J(P, S) does not depend on Im Z, and

J(P, S) = WRψ-^JiPlR'1], S['R\) for R e GL(2, R).

For a positive definite matrix P, we denote by VP a matrix A such that
A2 = P, A > 0. Then we have, for P, S > 0,

= |P|3/2-fc|S[Λ/P]Γ/2-3/v(VsϊvT],

where we set J(P) = J(P, P) for 0 < P e GL(2, i?).
Since J(P[F]) = J(P) for every orthogonal matrix Fe GL(2, i?), J(P)

is determined by eigen-values of P.
It is easy to see that for 0 < S e GL(2, R)

Jd^S) = 2(2ττ)-3|2-1Sr3/2Afc_3/2(4-1S2),

where Aδ(M) is a generalized Bessel function defined in [2], and it is
known

π Jo

Thus we have, for s1( s2 > 0,

j((Si )) = 2"V« f Π J*-w(4jrS
\ \ 52// Joί=i,2

Hence we have, for M = (t, j£\ e Γ, \C\ φ 0,
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h(M, T) = 2-1π-i\Qf/i-k/2\T\k'2-s<i\\C\\-3/2e(tr(AC-1Q + C-ιDT))

Jθi=l,2

where sl9 s2 are eigen-values of ' ']], and so

r, T) = /clTf'-^WCW-^KiQ, T; O

Γ Π J,-Wi^stt)t{i - ty^dt,
J0 ί = l,2

X

where K = 2~1τr"4|Q|3/4"A:/2 and i£(Q, Γ; C) is a generalized Kloosterman sum
defined in Section 1 and sl9 s2 axe positive numbers such that si, si are

eigen-values of Γ QpC"1]. Since T = \ ι *) is supposed to be Minkowski-

reduced, we have T ^ ί ! . V that is, there are constants, κl9 κ2 such that
τ > ^ 1

 t \ τ < tit*1 Λ If A > 0, B ^ A > 0, then tr AB = trV^JSVA"

W/ ! holds. Hence we have trT-QVC1] = tr TIC'1] >Q

[C"1] From theseX tr T[C"!] X tr r JtC-1] and IΓ QpC"1]^

follow si X s(, si ^ s'2 where sj, Sg are eigen-values of ί x . jtC"1]. Set P =

T7-Ql'C-1], then t r P < 1 implies s? + sl< 1 and sj < 1, si < 1. t r P < 2 |P |

implies (s? + sl)/slsl < 2 and βj > 1, s2

2 > 1. If t r P ^ 1 and tr P ^ 2 |P | ,

then we have either s? I> 2/3, s2

2 ^ 2 or sj < 2/3, si > 1/3. Since Jk-z/2(x)

= O(min(Λ;fc~3/2, 1/Vx)), we have

II,
{\P\«

iftrP<l,

if t rP < 2\P\,

otherwise .

Thus we have

h(M, T) I «

X

Ί p i Jfe/2-3/4

ίp |*/2-3 p\ (l-k)/2

- 2- 1 + s(c 2, Γ M ) 1 ' 2

if t rP< 1,

if t rP<2|P | ,

otherwise.

where C = U^ί*1 \v~\ U, VeGL(2,Z), 0 < cx\c2 and P = Γ QPC"1],

and u is the second column of V.

Fix 0 < d|c 2 and V e GL(2, Z) and let v be the second column of V.
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We suppose that A = T\V( ' \ UA is Minkowski-reduced for Ut e

GL(2,Z). Set C = U-'UΓ1^1 \v-\ then {T-Ql'C'1]] = \Q\\A\χ\A\ and

?[ίC-1] X M Γ - l ^ C " 1 ] ) = tr A[U]. Thus we have

UGGL(2,Z) DmodCΛ

where

UβGL(2,Z) UGGL(2yZ)

LEMMA 2. Lei A(2) > 0 6e Mίnkowskί-reduced. Then we have

f(A) < m(A)εmax(l, (A|)(3- f c ) / 2 + ε |A| f c / 2-5 / 4-ε,

where m(A) = min A[x],
OΦxez*

Proof. Set A = ί ? J. Since A in Minkowski-reduced, A X ία j ,

| A | ̂  αc, m(A) X α, a ̂  c, and we have only to prove Lemma 2 for ϋ" =

^ α

 c ) instead of A. First we estimate # {Ue GL(2, Z)\tvH[U] < 1}. For

U = (Uί U2) e GL(2, Z) and n e Z, it is easy to see
\U3 U4/

= a{u\ + uΐ){n + (Uίuz + Ulu,){ul + i^)"1}2

+ c(ul+ uξ) + a(ul + MJ)-1.

Hence tr#(£7] < 1 implies c ^ C(M| + MJ) < 1 and a(μ\ + MJ)(Λ + *)2 < 1.

For relatively prime numbers uz, u^ we fix U = (* * ), U' = (* * j e

GL(2,Z) with |C/| = 1, | £ / ' | = - 1 . Then any element in GL(2, Z) is

uniquely decomposed as ί ?)[/ or ί ?)ϋ ' / for n e Z . Thus we have

# {C/e GL(2, Z) |tr H[U] « 1} < Σ # {n e Z\(n + *)2 « a'\u\ + ^D"1}
( W 3 l M 4 ) = l

« Σ α-'^uj + uD"I/2

(Ws,^4)=l

< Σ α-1 / 2m-1 / 2 + δ < α" 1 / 2 c- 1 / 2 - e .
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Thus the first sum in f(A) is O(α*/2-5/4c*/2-5/4-e) if c < 1, or 0 otherwise.

From (α <Ξ)c < 1 follows

Xmax(l, |A|)<*- 3>/ 2- s«l.

Next we estimate #{J7e GL(2, Z)\trH[U] < \H)}. tr2f[£7]< |ff) implies

u\ + u\ < α, (w + *)2 < c{u\ + uξ)'1. Similarly to the first sum, we have

#{[/€ GL(2, Z)\trH[U] < \H\} « Σ wε(c/m)1/2 < ( W 2 ^ .

w2 + w2 < α implies 1 < α < c. Thus the second sum in f(A) is O(α1/4+ec1/4)

if 1 < α or 0 otherwise. From 1 < α <̂  c follows

X (αc)3/2-fc/2+εmax(l, |

Lastly we estimate the third sum in /(A). Set

X= 2 | A|fc/2-3/4(tr A[Uψ-k)/2.
UeGL(2,Z)
tvAlΐΓ]>l
tτAίU~]>\A\

Then

X < (αc)*/2"3'4 Σ (tτH[U]yι-k^
UGL{2Z)

Z76(?(2,Z)
tr B[E7]>max(α-i,c)

havewhere we set JB = ( ,V d = c/α ( ^ 1). Hence we

X « α-1/4^2-3/4 Σ (ul + ulY1-^2 Σ Σ §(n, uu u2, u39 u^-^ ,

where g(n, ul9 u2, w3, w4) = {n + {u,uz + u2u,)(ul + ul)-1}2 + (w3

2 + ul)~2 + d, w3,

w4 run over relatively prime integers and for given uιy uk we take integers

uu u2 such that u^ — u2us = ± 1 and {(u^ + u2u^){ul + uξ)'1] ^ 1/2, and

n runs over integerr such that g(n, uu u2, u3, w4) > maxία"1, c)(ws + u^)'1.

(GL(2, Z) is parametrized by uu u2, u3y u± and n.) It is easy to see

g(n, ul9 u2, u3, uj^n2 + d,

since Kz/jZ/g + u2u^){u\ + υ%)~ι\ ^ 1/2 and d ^ 1. Hence we have

X « α-1/4c*/2-3/4 Σ ("J + ^ ( 1 " f t ) / 2 Σ Σ £(*, ̂ , Mi, uz, u4r-k»2

( l
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where ne Z must statisfy n2 + d > maxία"1, c)(u\ + u2)'1. Hence we have

X < cr1/4cfc/2-3/4 Σ m(1~fe)/2+ε Σ (n2 + d) ( 1" f c ) / 2.

We prove

If d >̂ a, then

<ξ^ (X ~j~ I (̂ Ĉ ~p (Xy CtX <ξ^ ίX —p CL

Jo

If cί < a, then, denoting by m the least positive integer n that satisfies

n2 -{- d ^ a, then we have

Y = 2 Σ O 2 + d)^-fc)/2 = 2 Σ {fa + w)2 + d}(1~fc)/2

We note maxCα"1, c)/max(α, c~ι) = c/α = d. Hence we have

Σ ( ( }
m<max(α,c~1)

< α-1/4cfc/2-3/4{max(α, c-γt-wd1-*'* + maxίo"1,

X αβmax(l, αc)(3-fc)/2+ε(αc)fc/2-5/4-ε

X m(A)εmax(l, |

Thus we have completed a proof of Lemma 2.

Lemma 2 implies immediately

LEMMA 3.

Σ h(M,T)\€\Tr^m(τ\v(c^ VΊV
moάCΛ \ L \ C2/ J/
Σ

DmoάCΛ

X max(l, \T\(c1cJ-y-k)/2+t<*1-
k+u($2~k+3ε(c2, T[v])1/2,

where C = ί7"Ί C l IV"1, 0 < c1\c2 and v is the second column of V.

Now we can prove our theorem.
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y y
ci|c2 VeGL(2,Z)/P(C2/C:

Σ Σ \Tf-'-e

1IC2 VeGL(2,Z)/P(c2/ci)

X

Σ I Σ KM,T)\«Σ
Ί) UeGL(2,Z) D mod CΛ a\<

1 I I I TϊlflXlΊ I ̂ l / p r V2\(3-fc)/2 + εr,3-fc + 2εr3/2-fe + 3ε/ r TΓ/ IV/2

c2/ J/

maxίlJΓKcjCj-T"*^*'Σ
(2Z)/

where we used
01

 c ) Ί) < τ\v(Cl VΊ ̂
= Σt + Σ2,

where Σ, (resp. Σ2) is a partial sum such that (cjC2)
2 ^ | T\ (resp. (c,c2)

2 < | T\).

Σl<\τ\k->-"2 Σ (3-+ <ί/ι-*tt Σ c\'\φu T[ϋ\γ*
cilca VeGL{2,Z)/P(c*/ci)

( ) a ^ | Γ |

Since

we have

Σ
CllC2

) 2 ^

r|β(Γ)

X"1 ^

r|β(Γ)

Σ

r|e(Γ)

Σx < cί-2 f c + 3 εe(T)ε(Λ/|TT/cD7 / 2- f e + 3

γ C

4 + 2ε\

d | 2

(ClC2)2<|Γ|
+ε/2 Σ

Cl|C2
( ) 2 < |

^in, e(T))1/2

Since Σ «"1/2+s(«, e(T))1/2 < Σ Σ
n<β r\e{T) s<β/r

= Σ r Σ s-I/2+e « Σ
r|e(Γ) s<β/r r|e(Γ)

we have
2 < Cj-'-βίΓ)Vl 2Ί/cί)I/i+
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c-2-3 = O( |T | f c / 2 - 1 / 4 + 2 β ) .
Cl

It is easy to see that 2 h(M, T) is absolutely convergent with minor
changes. Thus we have completed a proof of our theorem.
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