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ALGEBRAIC DEGENERACY THEOREM FOR HOLOMORPHIC
MAPPINGS INTO SMOOTH PROJECTIVE
ALGEBRAIC VARIETIES

YOSHIHIRO ATHARA anp SEIKI MORI

§1. Introduction

The famous Picard theorem states that a holomorphic mapping f: C
— P'Y(C) omitting distinct three points must be constant. Borel [1] showed
that a non-degenerate holomorphic curve can miss at most n + 1 hyper-
planes in P™(C) in general position, thus extending Picard’s theorem (n = 1).
Recently, Fujimoto [3], Green [4] and [5] obtained many Picard type theo-
rems using Borel’s methods for holomorphic mappings. In [3] and [4],
they proved that a holomorphic mapping f: C™ — P*(C) omitting any n + 2
hyperplanes in general position must have the image lying in a hyperplane,
especially Green showed that the same result holds under the condition
that hyperplanes are distinct. Furthermore, in [5] he proved that a holo-
morphic mapping f of C™ into a projective algebraic variety V of dimension
n omitting n + 2 non-redundant hypersurface sections must be algebraically
degenerate. On the other hand, in the equidimensional case, Carlson and
Griffiths [2] obtained a generalization of Nevanlinna’s defect relation for
holomorphic mappings of C™ into an n-dimensional smooth projective
algebraic variety V. By their results, a holomorphic mapping f: C* —
P*(C) having the Nevanlinna’s deficiency d(D) = 1 for a hypersurface D C
P*C) of degree = n + 2 with simple normal crossings, must be degenerate
in the sence that J, =0 on C*. While, Noguchi [6] obtained an inequality
of the second main theorem type for holomorphic curves in algebraic
varieties, thus a holomorphic curve f in an algebraic variety V which has
the Nevanlinna’s deficiency 6(2) = 1 for hypersurfaces 2 with some condi-
tions in V must be algebraically degenerate. In this paper, we shall show
that for n+2 ample divisors {D,};:} with normal crossings, any holomorphic
mapping of C™ into an n-dimensional smooth projective algebraic variety
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which has 6(D;)) =1 (j=1,---,n + 2) must be algebraically degenerate.
Hence a holomorphic mapping of C" into P™(C) with 6(H) =1 (G =1, ---,
n + 2) for hyperplanes {H,}7:} in P"(C) in general position must be linearly
degenerate. Our method is different from that of Fujimoto and Green.

The authors express their thanks to Professor T. Katsura for his helpful
conversations.

§2. Notation and terminology

Let z=(z, ---, z,) be the natural coordinate system in C™. We set
l2If = 227122, B(r) ={zeCm™||z|<r}, 0B(r) = {zeC"||z|=17r}, d°=
(V' =1/47)@ — ), = dd° log | 2|, 7.=75 A - - - A 7 (k-times) and ¢ = d* log || 2|?
VANE/

For a divisor D(%0) in C™, we write

n(D, t) = f

DNB(t

7nes and ND, 1) = f (D, O)(dtt) .

Let V be an n-dimensional smooth projective algebraic variety and L
a line bundle over V. Let {U,} be an open covering of V such that the
restriction L|,, is trivial. Then L is determined by the 1-cocycle {f}
which are nowhere vanishing holomorphic functions in U, N U, satisfying
foo=Fyfs in U, NU,NU,. A metric h in L is given by positive C*
functions h, in U,, where h, = |f,;['h; in U, N U,. The curvature form o
of h is given by o = w, = dd°log h, which represents the first Chern class
¢(L) of L. A holomorphic line bundle L on V is said to be positive, if
L has a metric 2 whose curvature form is everywhere positive definite.

Let f be a holomorphic mapping of C™ into V. Let L be a positive
line bundle over V and A a metric in L. We define

TAL, 1) = j 0 (dt/t) me*m A Tms

and call it the characteristic function of f with respect to L, where f*w
denotes the pull-back of the form w = dd°log h under f.

(x) We note that T,(L, r) is independent of the choice of a metric h
in L up to O(1)-term. (See Carlson and Griffiths [2], p. 537).

A holomorphic section ¢ = {¢,} of L— V is given by holomorphic
functions ¢, in U, where ¢, = f,,¢, in U, N U,. For a section ¢, its norm
|¢| is given by |4 = |@.[*/h, in U, which is well defined on V. A holo-
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morphic line bundle whose sections defines a projective embedding is called
very ample.

Let I'(V, O(L)) denote the space of holomorphic sections of the line
bundle L on V and |L| denote the complete linear system of effective di-
visors on V given by the zeros of a holomorphic section of L — V, i.e.

IL| = {(p)lg e I'(V, O(L))} ,

where (¢) denotes the divisor given by the zeros of ¢.
Let De|L| be an effective divisor given by the zeros of a holomorphic

section ¢ e I'(V, O(L)) with |[¢] <1 on V. Assume that ¢(f(2)) 0. We
define the proximity function of D by

mD,n = logWUskf@NE (0.

Carlson and Griffiths [2] proved the following:

TueoreEM A (Carlson-Griffiths). Let De|L| and f: C™ — V be a holo-
morphic mapping such that all components of f*D are divisors. Then

N(f*D,r) + m(D,r) = T«(L,r) + OQ) ,

where O(1) depends on D but not on r.

In the case where f*D passes through the origin, the definition of
N(f*D, r) must be modified by means of Lelong numbers.

In the case that V' is an n-dimensional complex projective space P*(C),
Stoll [7] and Vitter [8] proved the Nevanlinna’s second main theorem for
meromorphic mappings of C™ into P*(C) in the following form.

TaEOREM B (Stoll, Vitter). Let f: C™— P™*(C) be a meromorphic map-
ping such that f(C™) is not contained in any hyperplane in P*(C). Let H
be the hyperplane bundle over P*(C) and H,, ---, H,e|H| distinct hyper-
planes in general position in P*(C). Then

(@—n—DT(H,r) < z N(f*H, r) + S(r)

where S(r) < OQog (r-T/(H, r))) for r — co outside a set of finite Lebesgue
measure.

For a divisor De|L| on V, we define the deficiency of D by
6D, r) =1 — limsup (N(f*D, r)/T«(L,1)).
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Let f be a holomorphic mapping of C™ into a smooth projective alge-
braic variety V such that f(C™) is not contained in any divisor belonging
to |L|. Let D, ---, D, (D;e|L|) be divisors on V given by the zeros of
holomorphic sections ¢,, -« -, ¢, ¢, = {$;.} € ['(V, O(L)) with |,/ <1 (=
1, ---, £) and the system (¢, - - -, ¢,) has no common zeros on V. Then the
function h = {h,}, h, = 335.,|¢;.[ is a positive C~ function on V and satisfies
h, = |ful'hs, in U, N U,. Hence we may take h as a metric in L.

Note that, if 4, and v, are two holomorphic sections of L — V, then
its ratio /v, is a global meromorphic function on V.

By Theorem A, we have

T(L,7) = N(f*Dyy 1) + m(Dy 1) + O
(1) = N(f*Dy7) + [ log (h(F@)$.l(F@No(@) + O

= N(F*Dyr) + [ 1og (S 16f@NulF@F)o@ + OM) .

§3. Statement of results

Let V be a smooth projective algebraic variety of dimension n and
L — V a fixed positive line bundle over V. We shall prove the following
theorem which yields an algebraic degeneracy of holomorphic mappings
into V under some conditions on the Nevanlinna’s deficiencies.

THEOREM. Let f: C™ — V be a holomorphic mapping of C™ into V.
Let D, ---,D, ., D,e|L%), (I, Z*), be divisors on V such that 6(D,;) =1
(G=1,---,n+2) and

n+1
(2) ’qupijkz ﬂ for every {jly ""jn+1} c {1a 7n+ 2} .

Then f must be algebraically degenerate.

Here 4(D;) = 1 — lim sup,_.. (INM(f*D,, r)/T«(L*, r)) for D, e|L"| and Z*
denotes the set of all positive integers.

We note that the condition (2) is satisfied for divisors {D,}3:} with
normal crossings.

CorOLLARY. Let S, ---,S,,, be hypersurfaces with (M!S, =8 in
P*(C) for every {j,, - -, Jai} € {1, -+, n + 2}. Then any holomorphic map-
ping f: C™ — PYC) which has 6(S))=1 (=1, ---,n + 2) is algebraically
degenerate.
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Remark. In this theorem, the condition (2) can not be replaced by a
condition that D,, ---, D,,, are non-redundant, i.e.

supp D, & | supp D; for any j .
%7

ExampLE. We consider a holomorphic curve f: C — P*C) given by
f=(@1,¢e, ze) and four hyperplanes H, = {w = (w,, w,, w;) € P*(C)|w, = 0}
(=1,23) and H, = {we P(C)|w; — w, = 0}. Then we see that N(f*H,, r)
=0 for j =1, 2 and N(f*H,,r) = o(T,(H, r)) for j = 3, 4 and hence (H,)
=1for j =1 to 4. But f is not algebraically degenerate.

Remark. We can construct an example of a non-constant holomorphic
curve in P*(C) which satisfies the conditions of the theorem for not all
hyperplanes in P*C).

§4. Two lemmas
In order to prove the theorem, we shall use the following two lemmas:

LEmMMA 1. Let L — V be a very ample line bundle over V and 4, - - -,
Vet ¥y = {V.} € I'(V, O(L)) holomorphic sections satisfying

n+1

(\supp D, =@,

Jj=1
where DJ = ("ﬁ'j) (.I = 15 ce, 4 1)- Then ‘P‘la <y Yayy are algebraically
independent over C.

LemMA 2. Let v, - - -, Yrprs, ¥y € I'(V, O(L)) be holomorphic sections of
a very ample line bundle L — V such that

n+1
(3) qupij;‘ = ﬂ fO" every {jl’ : ”jn+1} C {19 R (1 + 2} )

where D;, = (Y;) (B=1,---,n+1). Let R(Y,, -+, Ynio) = D151 B; =0 be
an algebraic relation of an irreducible homogeneous polynomial of degree k
in ¥’s among v, -+, V... Then

{peVIR(p)= - =R, (p)=01=10
for every {j,, ---,j,.. < {1, ---, s}

Proof of Lemma 1. Let &, ---,{y be a basis of global holomorphic
sections of L. Since L is very ample, the mapping @, = (&, - - -, {y) gives
a projective embedding of V into P¥(C). We identify V with @,(V). By
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means of this embedding, we can identify L with the restriction of the
hyperplane bundle H over P¥(C) to V. Hence for each 4, € I'(V, (L)) there
exist global holomorphic sections v; € I'(P¥(C), O(H)) such that ¥,|, = ¥,.

We set ({,) = 131 (j=1,---,n+1). Hence the dimension of the
algebraic subvarieties

Vi = supp ﬁ, NsuppD, N V

in V is not less than (n — 1) + (N — 1) — N = n — 2, that is, dim V;, >
n — 2. Similarly, we see that the dimension of

Viee = Vi N supp DNV
is not less than n — 3. Repeating the same argument as above, we have

dim (supp D;, N --- N supp D,,) =0,

that is,
supp Dy, N --- Nsupp Dy, # @ .
Suppose that 4, - - -, ¢,., have an algebraic relation R of homogeneous
polynomial of degree & in +,, - - -, V., represented by

Bipy - bai) = Cominnidl o VAT = 0.

1t ting1=k

Then we see that ¢,...,, = 0, since ,,,(p) #+ 0 for a point pe V with ~(p)
= .+ = 4,(p) = 0. Thus the term +%,, is not contained in the relation
R. Similarly, we find that none of the terms ¥, - - -, 4., belongs to R.

We next consider the curve & = {pe V|y(p) = - - = ¥,..(p) = 0}
For any point p € #, we see
(4) 20 Comotntn i Vim Prinit = on &Z.
intin+1=k

We may assume that all c,...;;,,, are not zero. Then we can rewrite (4)
in the form

LR A e R e A - = i B

on %, where r, = mini, (k=n,n+1) and &k,,,,, =k — (r, + r...), (= 0).
Since ¥, Y,.1 & 0 on Z, we obtain

"]"ﬁ:ﬁn+l + - 4 ct’)---o“‘!";:"'"ﬂ =0 on & — {(‘!"n = O)U(\!’nﬂ = 0)} .

By Riemann’s extension theorem,
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(5) Phamtt 4o 4o i =0 on £

We now take a point p, € ¥ with +,(p,) = 0. Then we see v,.,(p,) =0
by (6). This is a contradiction. Thus any c,...;,s,,, €quals to zero, that is,
no terms - init are contained in R. Similarly, we see that no terms

i.qpi¢ are involved in R for any i, i, We next consider the subvarieties

SGs k, €) = {pe V|¥(p) = -+ = ¥4(p)
= =@ = = D) = = (D) = 0}
and
L(j, k) = {pe V|{(p) = -+ = ¥4(p)

where the A over the ¢, means that this terms is to be omitted. Then
the similar argument to the above implies that no terms of products of
three +’s are involved in R. - Repeating the above argument, we have the
fact that all coefficients c;,...;,,, in R are equal to zero, that is, y, - -, Y,
are algebraically independent. This completes the proof of Lemma 1.

Proof of Lemma 2. From the condition (3), the mapping ¥': V— P**'(C)
given by Vop = (¥(p), - - -, ¥,.(p)) € P**(C) is well defined and holo-
morphic. By Remmert’s proper mapping theorem, ¥ (V) is an analytic
subset of P**'(C), hence it is algebraic in P**'(C). We note that any n + 1
¥’s in 4y, - - -, V.., are algebraically independent by Lemma 1. Then using
elimination theory, we see that ¥ (V) is an irreducible hypersurface R in
P*(C). We write the R in P"*'(C) as
(6) Ry, - i) = 25 G X G =

T1+eer+int2=k

for a homogeneous coordinate system (x,, - - -, x,,,) in P"**(C).

We now consider the point (1,0,---,0)e P**/(C). Then we see
(1,0,---,0) 2 R from the hypothesis (3) in yr, - -+, ¥,

Thus we see ay..., = 0. Similarly, we have

GOk...o # 0, AR ao...Ok :,é O .
Thus we can rewrite (6) in the form
R(xl’ Tty xn+2) = ako-nox{c + -+ ao...()kxfz+2 + “(xn Yy xn+2) 5

where a(x,, - - -, x,,,) are the remainder terms of R. Hence we obtain
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R(\I’n ) 1!’n+2) = ako---o\b‘f + -+ aomo:c‘/fﬁw + “(‘lfn Tty ‘l’mz)
ER1+"'+Rn+2+Rn+3+"'+R:, (SaY),

where R, = ay...§{)...0% and do...éi?,...o #0(=1,---,n+2). Therefore we
see {pe V|R,(p)= --- = R,,_(p)=0} = @ for every {j;, - -+, j,.i} {1, - - -, 8}
by means of {pe V|R,(p) = --- = Ry, (p) = 0} = 0 for every {i,, - - -, is.:}

c{l,-.---,n+2} and s = n + 2. This completes the proof of Lemma 2.

§5. Proof of Theorem

By the definition of divisors {D,}, there exist holomorphic sections g,
e I'(V, O(L%)) such that D, = (4,) and |§,/ <1 for j=1,---, n+ 2. Let
by=lem. (4, -, ¥4,,,) and £ = N¥, for some Ne Z* so that the line bundle
L’ becomes very ample. We set ¢, = ¢%. Then ¢, belongs to I'(V, 0(L*))
(=1,---,n+2), and {¢,/¢,} are global meromorphic functions on V.
Since V has a transcendence degree n, there exists a relation R of an
irreducible homogeneous polynomial in ¢,, - -, ¢,.,. We write

(7) R(¢1,-~-,¢n+z)E§R;EO.

Then for every {j, ---,j,.} {1, ---,s}, (Ry, -+, R;,_) has no common
zero points by Lemma 2 (say, {R,, - - -, R,_,}), since L¢ is a very ample line
bundle over V and supp ((¢,)) = supp ((¢,)). Furthermore, it is clear that
R, e I'(V, O(L%)) for some de Z*. Weset A= Zi|R,. Then h is a positive
C~ function with A, = |f,,[*h,, where L? = {f,;}. Thus A is a metric in the
line bundle L? — V. We note that from (x) and the definition of T(L, r),.

(8) T(L%r)=d-T(L,r) + OQ1)

for any choice of a metric 4 in L°. From (1) and (8), we have
(9) TAL%r) = an log (f*h/|f*R,[)e + N(f*(R), r) + OQ)

where (R,) denotes the divisor in V given by the zeros of R,, f*(R,) denotes
the pull back divisor of (R,) in C™ and f*R, is the pull back of the section
R, under f.

Now we consider a holomorphic mapping from C™ into P*-*C) with
the representation F = (f*R,, ---,f*R,_): C™ — P*¥C). Let H be the
hyperplane bundle over P*-*C). Taking the Fubini-Study metric in H,
we see from Theorem A
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§—1

) TAE) = [ log(FIFRIFRE) + NFHR), ) + OW) .

j=1
Hence from (9) and (10), we have
T«(H,r)= T,(H* 1)+ 0Q) .

We now consider the following s hyperplanes H,, - - -, H, in P*~*C) in
general position; for a homogeneous coordinate system ¢= (¢, -- -, ¢,_,) in
PC), Hy={te P**(C)|t,=0}(j=1,---,s—1)and H,= {te P*"¥C)| 25\ ¢,
= 0}. The hypothesis §(D,) = 1 — lim sup, .. N(f*D,, r)/T (L%, r) = 1 implies
that

N(F*H,, r) = o(izl N(*D,, r)) - o(Zj T, (L%, r)) — o(To(H, )

forj=1, -, s—1and
NF*H,, r) = N(f*(R,), ) = o(Tx(H, 1)) .

Suppose first that F is rational. Note that Fis rational if and only
if To(H,r) = O(logr). Then N(F*H,, r) = o(T¢(H, r)) implies that F(C™)
NH=0@G(=1---,58). Thus f*R,/f*R; #+ 0 and is rational on C™, and
hence it is constant on C™. Thus f*R; — cf*R, = 0 for some constant c,
that is, f(C™) lies in the hypersurfaces R; — cR, =0 in Vfori,j=1, .-, s.

Finally, we assume that F is transcendental. Suppose that F is not
linearly degenerate. Using Theorem B with s = ¢ and n = s — 2, we have

Te(H, r) < o(T(H, 1)) + Olog (r- Tx(H, 1))

for r — oo outside a set of finite Lebesgue measure. This is absurd. Thus
F is linearly degenerate, that is, there exist constants (¢, -- -, c,_,) € C*?
— {0} such that

of*R + -+ + ¢, f*R,_,=0.
Hence the image f(C™) lies in the hypersurface given by
R+ -+ +c,,R_,=0.

Therefore f is algebraically degenerate. This completes the proof of the
theorem.

Remark. The theorem holds for a meromorphic mapping of C™ into a
smooth projective algebraic variety V.
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