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CONSTRUCTION OF FUNDAMENTAL SOLUTIONS OF
HYPOELLIPTIC EQUATIONS BY THE USE
OF A PROBABILISTIC METHOD

T. MATSUZAWA

§1. Introduction

A. Friedman, [5] has constructed the fundamental solutions for a
class of degenerate parabolic equations of the second order by making
use of a probabilistic method and obtained the estimates for the funda-
mental solutions, especially near the degenerating manifolds (obstacles)
of given operators, where a probabilistic method plays an important
role.

Being suggested by this method, we shall discuss the case where
the operators are hypoelliptic. Such a case is rather simple to be dealt
with since there is no obstacle in the sense of A. Friedman. We shall
consider the differential operator

n az
L=3 ay®s 5

i,j=1 xiaxj

+ il bj(x, )] (aij = Oy) ,

where a;;(x,s) and b;(x,s) (4,7 =1,..-,n) are real valued, infinitely
differentiable functions defined in a neighborhood £ of R™ x [0, T], and
assume :

I. The matrix (a,;(x, s)) is nonnegative definite for all (z, s) e £.

II. The coeflicients a,;(x,s), D,o(x,s), Dia;(x,s), b,(x,s) and
D.,b,(xz,8) (4,§ =1, ---,n) are uniformly bounded in R" x [0, T].

III. The operators

0 d
L+ ’ L* — —
08 08

are hypoelliptic in £, where L* is the formal adjoint operator of L.
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104 T. MATSUZAWA

Our first aim is to construct the fundamental solution of the equa-
tion

a1 Lu + 9% — o
a8

under the assumptions I, II and III. For this purpose, we introduce
the auxiliary equation

e>0.

1.2) Lu+%%—0, L=L+ed, d4=32_|
08 =1 0x;
For the equation (1.2), being uniformly parabolic in R™ x [0, T], the
classical fundamental solution K*(x,s;y,t) is constructed by the para-
metrix method [38]. In §2, we shall show that the fundamental solution
K*(x,s;9,t) of (1.1) is obtained by taking the limit of K*(x,s;y,t) as
e — 0. Let c(x,t) be a bounded measurable function in R* x [0, T]. We

shall construct the fundamental solution for the operator L + ¢ + 9

08
in §3. In §4, as an application of the properties of K* obtained in
§2, we shall prove the continuity of bounded generalized solutions of
the equation

(1.3) [L+c+§§.]u:f,

where f is a given bounded measurable function, which is a main
result of this paper. More restricted results have been obtained by the
different method in [1]. In §5, we shall investigate the Cauchy pro-
blem (backward) for the equation (1.3). Finally in §6, we shall give
some remarks on a first boundary value problem (Fichera problem).

§2. Construction of fundamental solution

As is mentioned in §1, the fundamental solution K*(x, s;y, t) is
constructed by the parametrix method [3]. It satisfies the followings:

@.1) LE*+ 9 Kx =0
0s

inR* (0<s<t<TD for (y,?) fixed in R" X [0, T] .

We have K*(x,s;y,t) >0 for 0<s<t<T, K¥z,s;y,t) =0 for
0t<s<Tand
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jRn K¥*(x,s;y,t)dy =1 for (x,s,t) fixed in R* X [0,T]% s<t,
2.2) v

I K*(x,s;y,t)de =1 for (y,s,t) fixed in R* x [0,T], s<t.
R

For any bounded continuous function f(z) the function

2.3) uz, s) = f K@, s; 0,0/ dy  0<s<t<T
R}
satisfies
ou .
Lu+ == =0 in R* X [0,t), 0<t<T,
2.4) + 08 [0, %) -

w(x, s) — f(x) as s 't.
Now there exists uniquely, [2] a nonnegative definite matrix o(z, s)
= (04;(, 8)) such that
30(x, 8)" = (ay(@,8) , (@, 8)eR” X [0,T].

Each element of o¢(x,s) is Lipschitz continuous in any compact subset
of R" x[0,T]. Set b =(b,---,b, and consider the n-dimensional
stochastic differential equations

@2.5) {df(t) = a(&@®), Oydw(t) + b(&(®), Hdt 0=s<t=T,
' &) ==, xeR",
where w(t) = (w,(t), ---, w,(t)) is the n-dimensional Brownian motion.

It is well known (c.f. [4]) that this system has a unique solution &(%)
= &, (&) for any initial conditions &(s) = z e R". The process &(t) defines
a diffusion process and gives the transition probability measure

(26) 70(3, Z, t) A) = Px,s(g(t) € A) = P(Sx,s(t) € A) ’

where e R*, 0 <s<t<T and A is a Borel set in R*. We shall de-

note by B(R") the o¢-fleld of the Borel sets in R* and introduce the
notation

S = {(z,8) e R" x [0, TT; det (a;,(x,8)) = 0} .

THEOREM 2.1. Under the assumptions I, II and I1II, there ewists
a function K*(x,s;y,t) infinitely differentiable in the complement of
diagonal set of (R: x [0, T)] X (R: x [0, T]) with the following properties:
2.7 K*x,s;y,t) =lim K*(x,s;y,t) in 2(R: x [0, T1 x R x [0, TD ,

s—0
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from where we have K*(#,s8;4,t) =0 for 0 <t <s << T.

The convergence in (2.7) is uniform in any compact subset of

2.
@.8) RRXRXO0=s<t=TDN{xs;y,1);s)eS, ¥ t)eS}.

2.9) P,@®ecd) = f K*@,s;9,0dy,  (@,8)eR" x[0,T],
0<s<t=<T, AcBRY,

in particular,

2.10) IK*(x,s;y,t)dyzl @, ) e R X [0,T], s<t<T.
R}

(2.11) (Lx + —;—)K*(x, s;9,0) = —dlx —y,t —9),
S
2.12) (L5 - )@ sint = —s@—vt =9,

where L* is the formal adjoint of L.
If the coefficients a,; b; are independent of ¢, then K*(x,s;y,?)
= K*,0;y,t —s) = K(x,t — s,¥); K(x, t,y) satisfies the equation

@.13) (L - _aat_)K(x t,y) = —8(@ — y,t)  in R* x R X [0, T] .

THEOREM 2.2. Let a,,b, be independent of t and in addition to
the assumptions I, II and III we assume that S, = {x € R*; det (a;,) = 0}
is a compact set in R". Then for any compact set F in Ry X R\S, X S,
and for any positive numbers T and e, we have

2.149) 0L Kz, t,y) < Ct @, eF, 0<t<T,

(2.15) 0§K(x,t,y)§CeXp<:t£> @pelF, |lv—ylze, 0<t<T,

where C and ¢ are positive constants. If S, consists of finite isolated
points (2.14) and (2.15) hold for arbitrary compact set F in R X Ro.
Furthermore, for any compact set E in R", we can take p sufficiently
large so that we have

2.16) ogK(x,t,y)gcexp[—ﬁ'_:ﬂi] yeE- |g|>p, 0<t<T,

where C and ¢ are positive constants depending only on E and T.
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THEOREM 2.3. Under the same assumptions as in Theorem 2.2, we
have for sufficiently large p

@.17) 0§K(x,t,y)§0exp[——cltilz] weE, |y>p, 0<t<T,

where C and ¢ are positive constants depending only on E and T.

We shall prove the above theorems in the following. First the
proof of Theorem 2.1 will be given in several steps.
For each ¢ > 0, consider the n-dimensional stochastic system

d&(t) = o*(&:(1), DHdw(t) + b(& (), Ddt 0=s<t=T,
SE(S):x, rER",

(2.18) {

where ¢* is a matrix such that }o*-o° = (a;; + €0;;).
The solution &(t) = &; (¢) defines a diffusion process with the differential

operator L, + 0 L+ ed - i Since L, + 9 is uniformly para-
08 as as
bolic (backward) in R* x [0, T] we have (c.f. [4])
2.19) P& ed) = | Kx@siy by
A
z,YyeR", 0<s<t<T, AcBR".
It can be shown that for any N > 0 we have

2.20) sup E, &) —&t)—0 as ¢—0. (cf. [4], Vol. 1. Ch. 5)

0=s<t=
lz|=N

As easily follows from the relation (2.19) we have for any ¢ e Cy(R™)

(2.21)  E,; JpE@)N] = j K¥(x, s; 9, Do(y)dy reR", 0=s<t<T.
R}
Now setting

ol — y) for t =s

K*(x,s;9,t) =
( v.1) { 0 for t <s,

we have for any o(y, £) € Cy(R* x [0, T

@2 [ B.leeomnd = [ K@ sy e, Haydt .

Then we have from (2.20)
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U B fo(e'), Dldt — R COR
< j ..l @), 1) — ole®), t)| dt
<Clp)-T-sup E|& () — &, —0 ase—0,

where C(p) is a Lipschitz constant for ¢. Thus we have for any
pe Co(R* X [0, T])

@29 [ | K@ s 0o, tdydt - [ B.Joe@, 01dt s e 0,

(2.24) sup

(z,8) € R*x[0,T]

T
(7] Kr@siv e, 0t < T _sup ol
o Jr2 R

7 x[0,7]

On the other hand, it is well known that
0
(-3

% )K:“(x,s;y, t)=0 for (y,%) +# (x,s),

where L* is the formal adjoint of L,. As a consequence of the above
consideration, there exists a distribution K* such that

(2.25) (L;k — %)K*(x $19,8) = —a@ — y,t — 8) .

Similarly we have

(2.26) (L. + gL)K(x $3U8) = —d@ — Yt —3).
S

By the assumption III and (2.25), we have for any fixed (x,s) e R* x (0, T)
K*(xz,s;y,t) is infinitely differentiable in (y,?) in R" X (0, T)\{(x, s)}.

Now we can show that K*(x,s;y,t) is infinitely differentiable in
the complement of the diagonal set of (R X (0, T)) X (R X (0, T)) by the
similar argument as in [1], §6. Take two disjoint bounded open sets
U and V in R® x [0, T]. Considering (z,s)eV as an parameter,
{K*(z,s;9,1); (®,8) € V} is bounded in 2'(U) by (2.24). Furthermore by
assumption IIT it is bounded in C=-topology in U (c.f. [1], Cor. 5.1).
For each T e &'(U) set

K*T(x,s8) = (T, K*(xz,8; -, - ) (x,8)eV.

Take a sequence ¢,(z,t) € Co(U) such that
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0, — T in &(U) as n— oo .

We have
K*p,(x, s) = j j _ K*(@,539, 0., dydt € C(V)
0 7
and

<L + i)K* ,=0 inV: (2.26).
as

On the other hand, we have K*¢,(z,s) — K*T(x, s) for each (z,s)eV as

n — oo, furthermore by the above consideration K*¢,(x,s) converges

boundedly to K*T'(x, s) from where we have

(Lx + i)K*T -0 inV.
s

Thus we have
K*:6'(U)— &) .

In such a case, by the results on distribution kernels given in [10], we
have K* ¢ C~(V x U).
We note that from (2.23) we have for any ¢ e C7(R"™)

@.27) B Jpe®)] = [ K539, o)dy

from where we have K*(x,s;y,t) = 0 and we can prove (2.9). In fact
it is sufficient to prove (2.9) in the case where A is an open ball. Take
a sequence of functions ¢,(x) € Cy(R™) such that suppe; C 4,7=1,2,---,
and ¢;(x) /1 for all xe A as j — co. Then we have the relation (2.9)
in such a case taking the limit as 7 — oo for each side of (2.27) with
¢ replaced by ¢;. The proof of Theorem 2.1 is completed except the
assertion (2.8) which is proved by almost the same method given in [5].
We shall merely give the proof of (2.8) for a simple case in the proof
of Theorem 2.2.

Now we are going to prove Theorem 2.2 and Theorem 2.3.

a) We shall first prove (2.14). Let B be any bounded open set
with BN S, =@. Then K,(x,t,v) is a fundamental solution for L, —

_aa? in the cylinder @ = B X (0, o). Since L is non degenerate outside
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of S,, we can easily see from the manner of the construction of K, (c.f.
[3]1, p. 24) there is a constant C independent of ¢ (0 <e¢ < 1) such that

(2.28) 0< K,[(2,t,y) < Ct~* z,yeB, 0<t<T.

Thus for any sequence {¢,},e, — 0 as m — oo, and for any compact set
W in (R2\S,) X (0, o0) X (R2\Sy, K, , is uniformly bounded in W. On the
other hand we have

em

(Lw +Lr, — 2_%)1{%(96, ty)=0 in W

and L, ,+ L,, — 2% (e > 0) is uniformly parabolic in W. Then by

the Schauder type interior estimates (c.f. [3]) applied to K, as a func-
tion of (z, t, ¥y) we conclude, by diagonalization, that there is a sub-
sequence {e,,} of {e,} such that

2.29) K(@,t,y)=limK, (2,t,y) 2eR\S,, yeR"\S,, 0<t < o,

m—co

where the convergence is uniform in any compact set in (R?\S,) X (0, o)
X (RI\S). This proves the assertion (2.8) in such a case.

Next let @ be any compact set in R¥\S, then by (2.28) and (2.29)
we have

(2.30) 0 < K(z,t,y) < Ct— re@Q,ye@Q, 0<t<T,

where the positive constant C depends only on @ and 7. Hence the
estimate (2.14) is obvious if the estimate (2.15) is proved.

b) Now we shall prove (2.15). For any compact set ¥ with E N S,
= Qf,'We can see by the way of construction of K, (c.f. [3], Ch. 1) that

2.31) o0<K,(xt,y =< Cexp(—i—) xeE,yel, |z —yl=e, 0<t<T

where C and ¢ are positive constants depending only on E,¢ and T.
Then by (2.29) we have the estimate (2.31) with K, replaced by K. Let
M and E Dbe arbitrary bounded open sets in R® such that S, C M,
M N E=¢. Suppose that the boundaries of M and E are smooth.
Then by the argument given above we have

2.32) 0§K(x,t,y)§0exp(~%> xecoM , yelE ,0<t<T.
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For any fixed y in F consider the function

vz, t) = Kz, t,y) in (xz,)eM x (0, 7).
Then we have by (2.32) and (2.7)
0 < v(x,t) < Cexp (-%) (@, t) el x (0,T),
(x,0) =0 rxeM,
.(L - gt_)v(x, £=0 in M x(0,T).

Hence by the maximum principle it follows that

Ogv(oc,t)gCexp(—%) (x,)eM x (0,T),

i.e.,

2.33) OgK(x,t,y)gCexp(—%) reM,0<t<T,yckE.

Next take any bounded open sets M and E suchthat S, C Eand M N E
= @ and consider the function

v(t,y) = Kz, t,y) in (¢, e0,7) X E

for any fixed x ¢ M. Then by the similar way as above we have the
estimate of type (2.33). Combining these investigations we have (2.15).
It is clear, from the method given above, that (2.14) and (2.15) hold
for arbitrary compact set F' if S, consists of finite isolated points.

¢) We shall prove the estimate (2.16) by the similar way as in [5],
§4. Let B, ={reR";|z|<m}, m=1,2,---. Denote by G, .(z, ¢y
the Green function for the operator

+ 3 b0 b ed— O
j axj

n 2
L—-2 =% a2

‘Tt Sh drdx, | = ot

in the cylinder @,, = B,, X (0, ). Therefore G, (z,t,y)c C=(B,, X (0, =)
x B,) and as a function of (x,¢) we have

LG, — aa—tGm" =0 in (z,t)eQ, (y fixed in B,),

Gn.—0 ast—0 ifx+y, xeB,,
Gn.=0 ift—-0, xedB, .
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Furthermore, for any continuous function f(y) with support in B,,, the
function

u(x, t) = IB G, (2, t, y) f(y)dy

satisfies:

0 .
Lux,t ——u=0 n m
(@, t) o Q

(2.34) wz, t) — f(x) ast—0, zeB,,,

wx,t) =0 for t -0, xecoB,, .

It is well known (c.f. [3], p. 82) that such a function G, , is constructed
by using K, = K*(2,0;t, ¥y) and is uniquely determined by the above
properties. We have

23) 0<G,.=G,,. =Kty if (x,0)ecQ,, veB,,
(2.36) K(z,t,y) = lim G, (x,t, ) z,YyeR", t>0.

The inequalities in (2.35) are proved by the maximum principle. In
fact for any continuous and nonnegative function f,(y) with support in
B,,, we have

0< j Gty < [ G t, 9 @)y

Bm+1

< j K.z, t, v)/)dy
R}

by the maximum principle. Taking a sequence f, converging to the
Dirac measure at y € B, the inequalities in (2.35) follow. Now we can
use the Schauder type estimate as in a) to conclude that the following
limit exists:

(2~37) G;(xy t, 2/) = lim Gm,e(x, t, y) z,yeR", t>0.

The convergence in (2.17) is uniform in any compact set of R? X (0, o)
X RE. Setting

olx — y) for t =0

Gz, t,y) =
(%) { 0 for t -0,

we can easily see that
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(Lz,.r - -aqt_)G‘(x’ tv y) = B(x - Y, t) .

Recalling that K, has the same property as G., we have for any fixed
¥ € R* that

(Lw— %)(G, —K)=0 t>0,

(Gs - Ks)b=0 - 0 »

|G, — K| £ 2K, .
Hence we have G, — K, = 0 by the well known uniqueness theorem for
the Cauchy problem for uniformly parabolic equations. This proves
(2.36). After these preparations we can prove the estimate (2.16).

Consider first the case where £ N S = @. For any positive integers p
and m, m > p, let

Np,={xeR;;o<|x|<m}, 4, ={x;|x|=p0, 4= {2;2|=m}.
We shall compare the function v(x,t) = G, (z,¢,¥) (y fixed in E) with
a function

(2.38) w(zx, t) = Cexp (—%lez)

in the cylinder N,,, X (0,T). We have

tZ(La - ;"—t)w(x t) = { (@ + b))y — zrt[i (@4 + ©)
izl

4 >
i,j=1
+ 35 b | = 71aP Cexp (~Ljaf) .
=1
We have Low — w, <0 for (z,{)eN,,, X (0,T) if we take y sufficiently
small and p sufficiently large which can be taken independent of y and

e by the assumption II. With p now fixed, we further decrease r (if
necessary) so that

Wz, t) < w(x, t) for xed,, 0<t<T

for some positive constant C in (2.38), which is possible by virtue of
(2.31). Notice that v(x,0) =0 by (2.31) and applying the maximum
principle, we get

Gm,e(x’ t’ ?/) = v(x, t) é ’M)(x, t) for (x, t) € Nm,p X (0’ T) .
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From this the assertion (2.16) for such a case follows by taking first
m — oo and then ¢ — 0.

Now let E be any compact set in R*. Let I be a sphere contain-
ing both ¥ and S, in its interior 4. From what we have just proved
we know that for zeN,,,

(2.39) Gn. (2,0, y) < wx, ) (y,0)ed x(0,T).

Considering as a function of (y,t), w(x,t) satisfies:

(L:‘;y _ ;_t)w = (é(y) - |x|2>w(x, £ <0

if p is sufficiently large and ye4, 0 <t < T. By using the maximum
principle we have (2.39) also for yed, 0 <t <T. Taking m — o and
then ¢ — 0, (2.16) follows.

d) As easily seen, we can apply the proof of Theorem 2.2 to the
adjoint L* of L and obtain Theorem 2.3.

§3. Fundamental solution for the operator L -+ c(z, s) + ai
s

1. Let L satisfy the assumptions I, II and III given in §1. Let
c(x,t) be a bounded measurable function in R* x [0,T] and we shall
construct a solution of the equation

GD (L4 e@s) + ) @i vt = 0@ —yt = 9.
s
First we suppose ¢(z,s) = 0 and we try to find I"* in the form

8.2) I, s;9,t) = K*@, 839, 0 + H K*(z,8; & 0)D*E, 03y, )deda
s R?
0<ss<tgrT,

and we define I'*(z,s;4,tH)) =005t <s<T.
The integral in the right hand side of (3.2) has a meaning by the
Chapman-Kolmogorov’s equation if we have

(3.3) 0 < O*(z,8;9,t) < CK*(x,8;9,t) 0=<s<t<T,
where C is a positive constant. Suppose there exists such a solution

I'*, then if we operate L + c(x,s) + ai for both sides of (3.2) in the
s
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distribution sense we have
—0x —y;t—8) =—d@—y;t— s+ c, )K*(x,s;y,t)
13
— D*(a, 539, 1) + @, 5) j j K*(2, 83 & 0)0*(E, 03 v, )dedo .
s R?

Hence the problem is reduced to solve the integral equation

O*(x,s;Y,t) = c(x, s) [K*(oc, s;Y,t)
3.4) t
+f I K@, 556, 000%, 059, t)dsda] ,
s Rf

which will be solved by recursive approximation. Define
OF(x, 859, 1) = c(x, )K*(x, s; Y, t)
and
D, 539, 8) = o, 9) j jE K@, 558 00f (& 039, deds  h=1,2, .- .
sJ RE
Then we have

(3.5) 0 < Ok, 530, t) < M_(t_;'_s)_K(x s;ut),

where M = sup ¢(z,s) in R* x [0, T]. Hence the solution @* of (3.4) is
obtained by

(3.6) 0%, 539, 1) = 3 OF(, 859, 1)

and we have

3.7 0 0*x,s;y,t) < Me=9"K*(x,s;9,t), 0s<tsT.

Thus we have obtained the fundamental solution 7I'* of the operator

L + c(x,s) + ai and it holds that
s

3.8) 0=TI*x,s;y,t) < e ""K¥*x,s;9,1), 0<=s<t=sT.

Now let c¢(x,t) be an arbitrary bounded measurable function in
R" x [0, T] then we can construct as above the fundamental solution

I'# for the operator L + c(x,s) + o + -aa— with g = —inf ¢(z, s) in R™ X
s

[0, T]. By (3.8) we have
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0= TI'¥ax,s;y,t) < e 2K*x,s;9,8), M= sup ¢x,s).

R™X[0,T]

The fundamental solution of the operator L + ¢ + —aqs— is given by I'*

= ¢ 9% and we have the estimate

3.9 0 I'*(x,s;9,t) < e 2K*(x,8;y,t) 0s<tgT.

n 2 n
2. Let L= 3} a,x) ¢ + >, bi(x) be independent of ¢ and sat-
§,7=1 ox,0x;  i=1

isfy the assumption in Theorem 2.2 and let c¢(x) be a bounded measur-
able function in R*. We shall construct a fundamental solution for the
operator L + ¢(x) — 2 in R™ where A is a real number such that 1 >
sup c¢(x). We note that the fundamental solutions K(z, t, y) = K*(x,0; v, t)

ZER™

and I'(x,t,y) = I'*(x,0; y,t) for the operators L — -g—t— and L 4+ ¢ — gt-

have been constructed in the paragraph 1. For any positive numbers
t and s, we have

(3.10) K@t + s59) = | K@, t, 0K 50 1)ds .
3

Let E be any compact set in R* then by applying (2.10) and (2.16) in
the right hand side of (3.10), we have

@311 O0=K@t+ s,y =M, (x,t)eR*X(0,o), yeck,

where M, is a positive constant depending only on E and s,. Therefore
the function

(3.12) G, y) = J: e~ #['(x, s, y)ds

is well defined for & = y by virtue of the fact that K(z,t,y) e C*(R* X
(—o0, o) X Ri\{x =y, t =0}: Theorem 2.2 and 0= 7I'(z, ¢ y) <
e (x, t,y) t > 0: (3.9). As is easily seen, it holds that

(L + c(@) — DG, y) = —d(x — y) .
Hence —G(z,y) is a fundamental solution for the operator L + c(x) — 2
in RY.
Finally we note that the singularity of G(z,y) is uniformly integr-
able, that is,
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1

I Gz, y)dy = J Jw e K (x, t, y)dydt < reER.
R} R} Jo A

§4. Continuity of bounded generalised solutions

Let 2 be a bounded open set in R". We shall consider the con-
tinuity property of solutions of the equation

“.1) (L + o, 8) + -a%)u(x, $) = fz,8) inQx©T),

n a .
b;(xz,s)—— satisfies the
0x,0%; + JZ="1 « )axj '

conditions I, IT and III given in § 1 in 2 X [0, T'] and c(z, s) is a bounded
measurable function in £ x [0, T'].

where the operator L = ijlau(x, 8)

i,j=

THEOREM 4.1. Let u and f be bounded measurable functions in
2 % (0, T) which satisfy the equation (4.1) in 2 X (0,T) in the sence of
distributions. Then u is a continuous function in 2 X (0, T).

Proof. It is sufficient to prove the theorem in the case ¢ = 0 since

we have (L + aa—s)u = —cu + f and the right hand side is bounded

measurable in 2 x (0, 7). For simplicity we assume that 2 is an open
ball BY = {z e R"; |z| < N}.

We shall first treat the case where supp. f € BY x (0, T). We note
that the coefficients a;;, b; (3,7 =1, - - -, ) can be extended to be infinitely
differentiable bounded functions in € R" X [0, T'] so that L is elliptic in
(R"\BY) x [0,T]. Then the conditions I and II are satisfied for extend-
ed L, and by the same proof as in Theorem 2.1 there exists a distribu-
tion kernel K*(x,s;y,t) such that

K* is infinitely differentiable in the complement of the diagonal

@2 et of (BY x [0, T1) x (BY x [0, T1) ,

4.3) <L +%>K*(m,s; U t) = —6@ —y,t —s)  in BY x [0, T],

44 P ewed = K@siyhly 0=s<t=T,
A
for any (z,s)e BY x [0,T] and AeB(BY), AC B¥.
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Consider now the function
T
u@,g) = —[ [ K@ s;v.00@ 0ddt (5,9 B X [0,T].
0 JBY

Clearly we have by (4.4)

lullze@yxro,ry = T IS llze@xo,ry -

We shall show that
.5) (L + %)u(x $) = f(,8) in BY x [0, T}

in the sense of distributions. In fact, take a sequence of functions
0,(x, 8) € Cy(By X [0, T]) such that
lim ¢,(z, s) = f(z, s) (xz,9)eB¥ x [0,T],
jooo
leillze < 11fllze s i=12....

Then we have by (4.3)
(L + 9 )uj(x, s) = ¢y, 8) ,
08

T
uj(x’ S) = —J f K*({L’, s Y, t)soj(y’ t)dydt ’ .7 = 1: 2, Tt
0 JBY
”uj“L"o = ”f“L°° -7 =12 ... ’
lim u(z, s) = w(x, s) (x,8)e BY x [0,T1,

oo

from where (4.5) follows. We get the continuity of wu(x,s) as follows.
For 0<s5,<s<T and z,2¢eB?,

w(@, 8) — g, 8,) = —LT LN K*(z, s; 4, Of(y, ydydt
t ro LN K*(@y, 505 9, ) (W, t)dydt
=[] (=K@ 5500 + K*Go 805 3, D17, Odydt
+ I; LN K*(x, 805 Y, ) f (y, t)dydt = I, + I, .

By (4.4) the last term I, will be arbitrarily small if we close s and s,
sufficiently. We have for small 6 > 0
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S+0
L= [ KA s, — K 030, 0117, D) dydt
T
+ [ |5yt — Koy s, 0117 @, 0 dydt

The first term in the right hand side becomes arbitrarily small if we
take § (independent of (x,s) e BY x [0, T]) sufficiently small. Finally for
any fixed 6 > 0, we have K*(x, s; v, t) — K*(x,, Sy; ¥, t) — 0 uniformly in
(x,8), (y,t) e BY X [0, T] as (x, s) — (x4, So) if t — s, = 0 by virtue of (4.2).

Now we shall consider the general case where % and f are as in
Theorem 4.1. For any (z,s,) e BY X (0,T), take a function a(z,t)e
Cy(BY x (0, T)) with ¢ = 1 in a neighbourhood of (x,s,). Then by the
argument given above the function

T
u (@, 8) = —j [ E*@ 530, batw, 7@, ayat
0 BN
is continuous in BY x (0,T). On the other hand we have

(L+§;>(z¢—ua)=f~af=(1—a)f in BY x (0,7T).

Since L + ai is hypoelliptic in B¥ X (0, T), we have « — u, is infininitely
S

differentiable in a neighbourhood of (z,%¢,) where o« =1. We get
Theorem 4.1 since (x,, t,) is taken arbitrarily in BY x (0, T).

§5. The Cauchy problem

Under the assumptions I, IT and III, we first consider the Cauchy
problem:

(5.1) Lu(z,9) + S-u(,9) =0 in B*x 0,1,
S

5.2) li/m u(x, 8) = o(x) in 2(R") ,

where L is the operator given in §1.

THEOREM 5.1. Let ¢(x) be a bounded measurable function in R,
then the solution of the Cauchy problem (5.1), (5.2) is given by

(5.3) @, 5) = B o@D = | K@, 530, Dow)dy ,
(z,9)eR" x (0, T).
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We have we C*(R* X (0, T)) and
(5.4) sup |u(®, s)| = sup |p()] .

R x(0,T) Rn
Furthermore if o(x) is continuous at x,€ R", then
(5.5) w(x, 8) — o(x,)  as (x,8) — (%, T) .

Hence, if ¢(x) is a bounded continuous function, u(xz,s) is a classical
solution of (5.1) and (5.2).

Remark 5.1. The uniqueness of the solution of the problem (5.1)
and (5.2) follows from the Ité-formula and the assumptions I, II and
III1.

Proof of Theorem 5.1. The second equation in (5.3) is obtained by
the standard argument by using (2.9). For any bounded measurable
o(x) with compact support in R*,

w(z, 8) = j K*(x, s; 9, De(y)dy
Rﬂ.

is a solution of (5.1) and we have ue C~(R" X (0, T)) by (2.11) and the
assumption III. Now let ¢(x) be merely bounded measurable function
in R*. Let

o(x) x| = m,

S""‘(w):{o @ >m, m=12,..

and

Un (%, 8) = E; Jon(8(T)] = Ln K*(x, 8; 4y, Den(8)de
(z,8)eR* x (0, T) .
Then for each (x,s) € R* X (0, T) we have

Un (@, §) — Uz, 8) = I K*(@,s;9, Dely)dy  as m — oo
Rﬂ

and we have
(5.6) (L+ 2 m@o=0 mrxoOD,
S

(5.7 sup |un(x, 8)| < sup |e(@)] , m=12,---:(210),
R™X(0,T) R
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Hence by the Lebesgue bounded convergence theorem w%,, — % in
L. .(R" x [0,T]) as m — oo, which means u, — % in 2/(R"* x [0,T]) as
m — oo. By the assumption III and by (5.6), we have uwe C*(R* x (0, T))

and Lu + aiuz 0 in R* X (0, T).
S

The estimate (5.4) follows from (5.7).
By Theorem 2.1 we have

K*(,s;9,T)—o6(x —y) as s—T in 2'(RY)

for any y € R*, whence we have wu(z, s) — ¢(x) in 2'(R") as s /" T.
Finally, let x,e R* be a point of continuity for ¢(x). Let us re-
member that

.8) £o(D) = o + f " b, (0, DA + j " o0 s, Ddw() .
From (5.8) we have easily
(5.9) E8,.(T) — 2, < Cz — 2 + (T — )

for some positive constant C independent of x and s. Hence &, (T) —
x, in probability as * — z, and s — T, i.e. for any 6 > 0,

(5.10) P&, (T) — x| > 86)— 0 as x—x,, t—>T.

On the other hand for any ¢ > 0, there exists 6 > 0 such that
lo(@) — p(z)| e if |z — ] =5

Thus we have

lu(w, 8) — o(xy)| = |E, [p&(T) — E, Je(x)]]
§ Sup[@‘P(le,s(T) - xol g 6) + €.

By (5.10) and since ¢ is arbitrarily taken, the left hand side can be
made arbitrarily small as (z, s) — (x, T). Consequently » is continuous
at (z,0). Q.E.D. :

Next we shall consider the Cauchy problem:
(.11) Lu + %?i = f(@,5) in R"x(0,T),
s

(5.12) w(z,0) =0 on R".
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THEOREM 5.2. Let f(x,t) be a bounded wmeasurable function in
R* x (0, T), then the solution of the Cauchy problem (5.11), (5.12) is
given by

w(z,s) = —E,, j FE®), bt
(5.13) f

= _ITI K*(, s; 9, O)f(y, t)dydt .
s R™

We have uwe C(R® x [0, T]) and

®.14) jux,9)| = (T — S)Rf'xl(lopm | f(z, D), (x,8)eR" X (0, 7).

Therefore u(x, s) satisfies (5.12) in the ordinary sense.

Proof. The second equation in (5.13) is obvious by (5.8). The
estimate (5.14) follows from (5.13) and (2.10). Now let f(x,f) be a
bounded measurable function in R* x [0, T] and let

S, t) lz| = m,

f’"(x’t):{ 0 le|>m, m=1,2 ..

Then, as in the proof of Theorem 4.1, the functions
T
Un (T, 8) = —J J K¥z,s;9, Dfn(y, )dydt , m=12,...
s JR®

satisfy (5.11) with f = f,, in the weak sense and (5.12) in the ordinary
sense. We have u,(z,s) — u(x,s) as m — co and

lum(.’l’},S)léT sup |f(x,8)|, m:1’2"" .
R"x[0,T]
By the Lebesgue convergence theorem we have u,(x, s) — u(x, s) in

2'(R* x [0, T]) as m — oo, hence u satisfies (5.11) in the weak sense and
% 18 continuous in R" X [0, T] by Theorem 4.1.

Now let c(x,s) be -a bounded measurable function in R™ x [0, T].
We shall finally consider the Cauchy problem:

(5.15) Lu + oz, syu + aa_“ = f(z,s) in R % (0,T),
S

(5.16) li/m w(x, 8) = ¢(x) in 2'(R™) .
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THEOREM 5.3. Let f(x,s) and ¢(x) be bounded measurable func-
tions defined in R™ X [0, T] and in R™ respectively. Then the solution
of (6.15) and (5.16) is given by

GAT)  w@,s) = B, p&(T)) exp U ), x)dz]
~E..| "7, b exp [ e, pazat
= Ln I'*(z, 85y, De(y)dy

- Jj J;eﬂ F*(x’ S5 Y, t)f(?/, t)d'ydt , (x, 8) R" X (0, T) s

where I'* is the fundamental solution for L + ¢ + % constructed in
1 3s

§3. u(x,s) is continuous in R™ X [0, T] and we have by (3.9)

(5.18) !u(x,sngeff-w(supigo(xn + (T — ) sup If(x,s)]),
R R X[0,T]

where M = sup c(z,s).
R7x[0,T]

Furthermore if ¢(x) is continuous at x,€ R", then we have
(5.19) u(x, 8) — o(x,) as (x,8) (2, T) .
Proof. We set

wa,9) = [ I 550,000y — [ | 1@ s50,070, Oayd .

Then by almost the same way as in the proof of Theorem 5.1 and 5.2
and by using the estimate (3.9) we can show that u(z,s) is a solution
of (5.15) and (5.16). wu(x,s) is continuous in R® x [0, T] by Theorem
4.1. It remains to prove the equality of two expressions in (5.17).
We shall merely prove the case where f = 0, i.e.

u(, ) = Bop@(@) exp || e, 0dz] = [ 15w, by

The remaining part can be proved similarly. First take two series of
functions such that
cn(@, 8) e CHR" X [0, TD,  on(®) e CYRY,
lem(@, )= < e, 8)||Le ”Sf’m(a’;)”Lco = lle@ e m=1,2,---,
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lim e, (z, s) = ¢(x, 8) (xz,s)e R X [0, T],

Mm— oo

i{t@t} on(@) = o(x) xeR".
By the results of [8], there exists C?-solution u, of the problem
(5.20) Lu + en(®, $)u + g_”;‘ =0 inR x0T,
(5.21) wzx, T) = on(x) in R*.
As an application of It6-formula to the function

Un(Ez,5(2), 2) €Xp [f c(&(o), o)da]

and the process (2.5), we have

Un(, 8) = KB, 0n(8(T)) exp Uj Cn(E(D), z)dz] .

We can easily show by using the Lebesgue convergence theorem that
for any Brownian motion w

(5.22) on(EenD) exp || entenst, 1]
converges boundedly (in w) to
e exp || ole@, 1] .
Hence we have for each (z,s) e R* x [0, T],
n@,8) = (e, 5) = Bo @) exp [[ e, 0d2]  m— oo

Obviously this is a bounded convergence in (z,8)e R* X (0, T). Hence
u# satisfies (56.15) with f =0 in the sense of distributions. (5.16) is
proved as in the proof of Theorem 5.1.

§6. Remark on the Fichera problem
Let

n aZ
L= ;; a;4(x)

+ i} b,(x) xeR"
1,7=1 ox,0x, 7=t
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be independent of ¢ and satisfy the assumptions in Theorem 2.2. Let
G be a bounded domain in R* and for simplicity suppose the boundary
9G is smooth: G c C®. As in [9], we denote by 2, the set of G where

b(w) = (bj(x) - %L)», <o,

n
Jak=1 "

where (vy, - --,v,) is the interior normal vector at xedG. The set of
boundary points where

a’ij(x)giéj > 0 S € Rn ’ {: i 0 y

n
%,7=1

will be denoted by 2,. Let c¢(z) be a bounded measurable function in
G and c(x) <0 xeG. We shall consider the first boundary value pro-
blem:

6.1) Lu+cu=7f in G,
(6.2) =g on 2, =23,U2%,,

where f is a given bounded measurable function in G and g is a given
continuous function on 2,; = 2, U 2.

Under the assumption that either c(x) be uniformly negative or

6.3) sup F,r < oo,

ZEG

where ¢ = inf {t = 0; &, (%) ¢ G}, the solution satisfying (6.1) in the sense
of distributions and (6.2) in the ordinary sense is given by

69  ue) = F.gCe) exp [ econas]
~E. [ e e[ ceonds|as s 1.

By applying our results obtained in §4, we have w(x) e C(G U 2,).
Furthermore by (6.3) and (6.4) we have the estimate
(6.5) %llo,e = CUlGllw, 20 + 1/ llere) »

where C is a constant independent of f and g¢.

REFERENCES

[1] Bony, J.-M., Principe du maximum. Inegalité de Harnack et unicité du probléme
de Cauchy pour les opérateurs elliptiques dégénérés, Ann. Inst. Fourier, Grenoble
19(1) (1969), 277-304.



126 T. MATSUZAWA

[ 2] Freidlin, M. I, On the factorization of nonnegative definite matrices, Theor.
Probability Appl. 13 (1968), 354-356.
[ 3] Friedman, A., Partial differential equations of parabolic type, Prentice-Hall

(1964).

[ 4] ——, Stochastic differential equations and applications, Vol. 1, 2, Academic Press
(1975).

[ 6] ——, Fundamental solutions for degenerate parabolic equations, Acta Math. 133

(1974), 171-217.

[ 6] Ichihara, K. and Kunita, H., A classification of the second order degenerate elliptic
operators and its probabilistic characterization, Z. Wahrscheinlichkeitstheorie
verw. Gebiete 30 (1974), 235-254.

[ 7] Matsuzawa, T., On some degenerate parabolic equations I, Nagoya Math. J. 51
(1973), 57-717, II, Nagoya Math. J. 52 (1973), 61-84.

[ 8] Oleinik, O. A., Alcuni risultati sulle equazioni lineari elliptico-paraboliche a deri-
vate parziali del secondo ordine, Rend. Classe, Sci. Fis. Mat. Nat. Acad. Naz.
Lincei, Ser. 8, Vol., 40 (1966), 775-784.

[ 9] Oleinik, O. A. and Radkevich, E. V., Second order equations with nonnegative
characteristic form, American Math. Soc., Providence, 1973.

[10] Schwartz, L., Théorie des noyaux, Proc. International Congress of Mathemati-
cians, Vol. 1, 220-230, American Math. Soc. Providence, 1952.

[11] Strook, D. and Varadhan, S. R. S., On degenerate elliptic-parabolic operators of
second order and their associated diffusions, Comm. Pure Applied Math., Vol. 25
(1972), 651-713.

Department of Mathematics
Nagoya University





