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RATIONAL DOUBLE POINTS ON A NORMAL
OCTIC K3 SURFACE

LI-ZHONG TANG

0. Introduction

Let S be a normal surface of degree % in P]é, where (n,k) = (4,3), (6,4) or
(8,5). People try to describe all possible combinations of singularities on such
surfaces. The case (4,3) is already very complicated. Using properties of K3 sur-
face and elementary transformations of Dynkin Graphs effectively, Urabe [17] was
able to solve the problem partially when all singularities are rational double
points.

In the following, we consider the case when (#,k) = (8,5). This paper only
concerns normal octic K3 surfaces in P°. But such a surface may not be a com-
plete intersection. In this paper, we use Urabe’s method to obtain a result concern-
ing some possible combinations of rational double points on the class of surfaces
with isolated singularities as its only singularities. We also give a criterion con-
cerning only a simple combinatorial condition determine when an octic K3 surface
inP’is a complete intersection.

We assume that every variety is algebraic and is defined over the complex num-
ber field C.

DeriNITION 0.1. A disjoint finite union of connected Dynkin Graphs of type
A, B, D or E is called a Dynkin Graph. The following procedure is called an
elementary transformation of such a Dynkin Graph:

(1) Replace each connected component by the corresponding extended Dynkin
Graph;

(2) Choose in an arbitrary manner at least one vertex from each component
(of the extended Dynkin Graph) and then remove these vertices together with the
edges issuing from them [4].

Note that any connected Dynkin Graph of type A, D or E corresponds to a
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singularity on a surface [6].

If a Dynkin Graph G contains @, connected components of type A,, b, compo-
nents of type D,, ¢,, components of type E,, and d, components of type B, (k =
1,124, m=6,7,8, n=1), we denote

G=2aA, +2bD + 2c,E, + 2d,B,.

MaIN THEOREM 0.2. Let G = 2 a A, + 2 b,D, + 2¢c,E,, (a finite sum) be a
Dynkin Graph with components of type A, D or E only. Set r = 2ak + 22b,] +
22Cm. Then the following conditions (A) and (B) are equivalent.

(A) There exists a normal octic K3 surface in P° whose combination of singula-
rities corresponds to G, and moreover ome of the following conditions <1, <2>, <3),
{4) holds for the root lattice @ = Q(G) of type G.

1) »=17, 2dQ € Q™ and &,(Q) =1 for every prime number p,

2> r=16, ¢,(Q) = (=2, d(Q)), for every prime number p,

3> r=15, —2d(Q) & Q:‘z or &,(Q) = (—1, — 1), for every prime number p,

4y r < 14.

(B) G coincides with a Dynkin Graph which is obtained from one of the following
19 basic Dynkin Graphs by elementary transformation repeated twice.

2E,+ A, Dy, + A,, Ay, Dy, + E,, 2E,, Dys, D, + Dy, 2D, Es + D,
24, + 2E,, 24, A, + A, Ay, A, + 2D, A, + A, + Dy, A, + D,, Ay,
E, + A, E,+ D, + A,.

(C) In particular, if the Dynkin Graph G satisfies condition (B), then there is a
normal octic K3 surface which is a complete intersection of three quadrics in P° whose
combination of singularities corresponds to G.

Remark and explanations

1. # = rank @ = The number of vertices in G;

2. The symbol ¢,(Q) € {+ 1, — 1} is the Hasse symbol of the inner product
space @ ® Q over Q. The symbol (,), is the Hilbert symbol. Q, is the field of
p-adic numbers and sz ={d’|lac Q,, a # 0} [14]

3. If there is a normal octic K3 surface in P°, whose combination of singular-
ities corresponds to G, then » < 19,

In Section 1, some notation and terminology are stated. Section 2 is devoted
to the geometry on K3 surfaces. We owe essential ideas in this section to
Saint-Donat [13]. Theorem 2.15 is the goal of Section 2. To show it we used the
theory of integral bilinear forms. In Sections 3, 4 and 5, we explain this theory. It
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is explained in Section 3 why the elementary transformation of Dynkin Graphs is
essential. In Section 5 the conditions on isotropic elements written with the Hasse
symbol and Hilbert symbol are discussed. The proof of the converse of the main
Theorem 0.2 is given in Section 6.
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1. Notation and terminology

A free Z-module L of finite rank is called a quasi-lattice if L is supplied with
a symmetric bilinear form L X L— Q. If all possible values of the bilinear form
are integers, then L is called a lattice.

For a quasi-lattice L, set R(L) = {x € L| 2" = 20r1}. We say that L is a
root module and R (L) is the root system of L if the following two conditions are sa-
tisfied

(R)) For every @ € R(L) and every x € L, % €Z,

(R,) For every a, B € R(L), (a, B) € Z.

If L is a root module, then the sub-module Q(R(L)) = 2 ,cpp Za of L is a
lattice, called the root lattice of the root system R (L). The elements in R (L) are
called the roots. A root a is a long root if a’ = 2, a short root if a’=1

If a root module L is positive definite or negative definite, then there are only
finitely many roots. Every finite root system can be decomposed to a direct sum of
irreducible root systems, and every irreducible positive definite root system with-
out short roots is of type A, D, or E.

Let p be a rational double point on a surface X, 7 : X— X be the minimal re-
solution of p. The intersection matrix of the exceptional set 7 ' (p) is negative de-
finite. If we reverse the sign of every entry of this matrix, the lattice generated by
the irreducible components of 7 (p) is a root lattice, which is of type A, (k = 1),
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D, (k=4) or E, (k=6, 7, 8). The sets are exactly the irreducible root lattices
without short roots.

2. Geometry of K3 surface

In this section, we will reduce the problem of determining the combination of
rational double points on a normal octic K3 surface to a purely combinatorial
problem. The main result is Theorem 2.15. First, we make some preparation.

LemMa 2.1 ([13] Proposition 3.2). Let | D| be a complete linear system on a
K3 surface, then | D| has no base point outside its fixed components.

LemMma 2.2 ([13] Proposition 2.6). Let D be a divisor on a K3 surface S such
that | D| is non-empty. Assume that | D | has no fixed components. Then either

(1) D* > 0 and the general member of | D | is an irreducible curve of arithmetic
2

genus % + 1. In this case hl(Os(D)) =0; or

(2) D* =0, then D is linearly equivalent to KE, wheve k is a positive integer
and E is an irreducible curve of arithmetic genus 1. In this case, h' (O(D)) = k — 1
and every member of | D| can be written as a sum E, + E, + -+ + E,, where E; €
|E| fori=1,...,k. Thus| E| is also base point free.

LEmMa 2.3 ([18]). Let D be a nef dwisor with D*=2n on a K3 surface S
where w is a positive integer. Then h’ (Os(D)) =n+2 and h' (05 (D)) =
1’ (05(D)) = 0. Moreover, the following three conditions are equivalent.

1. The complete linear system | D | has a base point.

2. | D| has a fixed component.

3. There is a smooth elliptic curve E and a smooth rational curve A such that
w+DE+A€|D|,EA=1,E'=0and A= —2.

Proof. Kawamata's vanishing theorem [9] implies that A’ (O (— D)) = 0.
Meanwhile, — DH < 0 for every very ample divisor H, for D is nef. Thus
1’ (Og(— D)) = 0. Hence h'(05(D)) = h’(04(D)) = 0 by Serre duality. Then
Riemann-Roch Theorem implies that hO(OS(D)) = n + 2 immediately. The equiva-
lence of 1 and 2 is clear by Lemma 2.1.

2 =3 Write D=V + F, in which F denotes the fixed part. Suppose that
V?>0. Then D*=V?+ VF+ DF > 0. Since dim|V|=dim|D]|, the first
part of this lemma implies Vi= Dz, thus VF + DF = 0. Since both VF and DF
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are non-negative, we have VF = F?= 0, which is a contradiction. Thus V?is
zero. By Lemma 2.2 there is a smooth elliptic curve E and a positive integer k
such that V is linearly equivalent to kE, since h°(O(kE)) =k +1=
ho(Os(D)) =+ 2, k must be equal to # + 1. Note that VF > 0, otherwise
F*= 2n, which would contradict Hodge index theorem. Since 2un = = VF +
DF > VF = (n + 1)EF, we have EF =1 and so F*= — 2. Write F = 3, F,
where F}'s are the irreducible curves. We may assume that EF; = 1 and EF, =0
for i # 1. Every F, must be a smooth rational curve, otherwise F; =0 and
dim| F,| = 1 by Riemann-Roch Theorem. Denote F, by A and F — A by B. It
suffices to show that B = 0. Suppose that B # 0. Let A, be an arbitrary compo-

nent of B. Thus FA, = DA, >0, since F*=3,FA, = — 2, we must have
FA < — 2. Note that AB > 0, for A is not a component of B. Thus FA = A* +
AB > A’ = — 2, hence AB = 0, which means that A does not meet B. Since the

intersection matrix for the components of B is negative definite, there exists a
component A; of B such that A;B < 0. So A;D < 0, which contradicts the assump-
tion that D is nef.

3 = 2 Assume that D is linearly equivalent to (# + 1)E + A, where E is
a smooth elliptic curve and A is a smooth rational curve on S with EA = 1, then
D’ = 2n. Hence h’(05(D)) = n + 2 by the first part of the Lemma. Easy calcula-
tion shows that 4°(Os((n + 1)E)) = n + 2, which implies that A is a fixed com-
ponent of | D|. Q.E.D.

Some facts (see [13] Sec. 4 p. 614)

Let L be an invertible sheaf on a K3 surface F such that L’ > 0 and | L| is
base point free. By Lemma 2.2 L = 0,(C) where C is an irreducible curve. We
shall denote by ¢, the map F— P*" defined by | L|. Note that dim ¢, (F) = 2
and ¢, (F) is not contained in any hyperplane. The degree of ¢, (F) is at least
p.(L) — 1, so we see that only two cases can occur:

Either (i) ¢, is of degree 2 and its image has degree p,(L) — 1;

or (ii) ¢, is birational and its image has degree 2p,(L) — 2.

In the first case, we shall say that L is hyperelliptic: In the second case, L is
non-hyperelliptic.

Lemva 2.4 ([13] Theorem 5.2). Let | L| be a complete linear system on a K3
surface F, without fixed components such that L* > 4. Then L is hyperelliptic only in
the following cases.

(i) There exists an irreducible curve E such that p,(E) = 1 and EL = 2

(ii) There exists an irreducible curve B such that p,(B) = 2 and L = O.(2B).
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Lemma 2.5 ([13] Proposition 5.6). Let B be an irreducible curve on a K3
surface F such that p,(B) = 2 and let L = O (2B). Then ¢, (F) is the Veronese
surface in P’ In fact, = u, ° dp, where u, : P’ — P° is the Veronese embedding.

LEMMA 2.6 ([13] Theorem 7.2). Let | L| be a non-hyperelliptic complete linear
system on a K3 surface F without base point and L* > 8. Let I be the kernel of the
canonical surjective map

S*H (L) = ,.,H (L".

Then the graded ideal I is generated by its elements of degree 2 and 3. I is generated
by its elements of degree 2 except in the following cases:

1) There exists an irreducible curve E such that p,(E) = 1 and E-L = 3.

i1) L = 0,(2B + I') where B is an irreducible curve of genus 2, and I is an
irreducible vational curve such that BI' = 1.

We denote by €, be the set of irreducible curves 4 such that LA = 0; It
follows from Hodge index Theorem that such a curve is rational and non-singular.
Moreover ¢, is finite. Let (¢}),_, y be the connected components of ¢, Hodge
index Theorem implies that the intersection matrix of 52 is negative definite. If
ei =A4,,...,4, we defined the fundamental cycle EZ having for support e;_ by the
following conditions: Ej = >1_, m, 4;, E}A, <0 for all i, m, = 0, the m, are the
smallest.

Then there exists (M. Artin [1] p.638), by contraction of the EZ a normal
surface F; having only rational double points and a map 6, : F— F; such that

(i) 6,(c}) is a point p,,

(ii) 6, (p,) = E; as schemes for all A,

(iii) 6, : F\ U6, — F\ Up, is an isomorphism.

Furthermore, using Zariski’'s main Theorem we can say that ¢, admits a
factorization ¢, = u; ° 6, where u; : F, — ¢,(F') is a finite morphism; Morever,
F, is the normalization of ¢,(F) in the function field K(F).

Now assume that L° > 8, | L|is a non-hyperelliptic complete linear system
without base point. Then ¢, induces an isomorphism onto its image outside ¢; (see
[13] (6.5.13) p.625). Thus %, is an isomorphism, so ¢,(F) is normal.

LEMMA 2.7 ([17] Proposition 1.9)). Let L be a numerically effective line bundle
on a K3 surface Z withdeg L = L* > 0.
(1) For every M € Pic Z with M> = — 2, either M or its dual M* and only one
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of them is effective.

(2) Set R={M € PicZ| M’ = — 2, ML = 0} and

A = {0,(C) € Pic Z| C is an irreducible smooth vational curve, CL = 0, C?
= — 2}.

Then R is a finite root system whose fundamental root system is A. Any irreduci-
ble components of R is of type A, D, or E.

Lemma 2.8 ([17] Corollary 1.10). Let E, dewnote the union of curves C such
that 0,(C) € A. Every connected component of E, coincides with the exceptional curve
in the minimal resolution of a rational double point. Let p : Z— X be the contraction
morphism sending each commected component of E; to a normal singular point. X has
only rational double points as singularities and their combinations is descvibed by the
number of components of each type A, D, E in the irreducible decomposition R = DR,
of the root system R.

Next, we state further properties related to numerical effectiveness.
The bilinear form induced by the intersection form on

H"(Z,R)=H*Z,R) N H'(Z, 23
has signature (1,19) for a K3 surface Z. Thus the positive cone
X={x€H"(Z,R)|2*> 0}

has two connected components. Let 2., denote the component containing the
Kidhler class k, the other one is 22_ = — 2,. Let M € H?*(Z,7Z) be an element
with M? = — 2. We can define a linear isomorphism Syt

S, H*Z,Z)—>H*Z,1Z)

by Sy (P) =P+ (P- M)M, we call S,, the reflection with respect to M, Sy
induces an isomorphism

Sy:PicZ—PicZ

if M € Pic Z. By Proposition 3.9, in [2, Chap. V], we have the following.

PrROPOSITION 2.9. Let L be a line bundle on a K3 surface Z with deg L =
L*> 0, such that L belongs to 2.,. Then there are a finite number of elements M,
M,,....M, inPic Z with M = — 2 for 1 < i < 7 so that S, Su, (L) are numer-
ically effective.
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Here we recall the theory of periods for K3 surfaces.
Let A be an even unimodular lattice isomorphic to the second cohomology
group of a K3 surface with the intersection form. It is known that

A=Q(—E) DQ(—E) DHOHDH.

The above Q (— E;) is a free Z-module of rank 8 with the bilinear form
which is — 1 times that on the root lattice Q(E,) of type Ey. H = Zu + Zv is the
hyperbolic plane. H is a free Z-module of rank 2 and W= = 0, uv = vu = 1.
A pair (Z, a) where Z is a K3 surface and a: H*(Z, Z) — A is a linear iso-
morphism which preserves bilinear form, is called a marked K3 surface.

For any marked K3 surface (Z, a),

H*Z,R)®C=H*Z,C)
has the Hodge decomposition
H*(Z,C)=H*Z,0,)®H'(Z, 2;) DH (Z, K,).

We have a nowhere vanishing holomorphic 2-form ¢ in H'(Z, K,), since the
canonical line bundle K, is trivial. The 2-form ¢ is unique up to the multiple of
non-zero complex numbers. Thus the point

[a()] = a($) mod C* € P(AR C)

is uniquely determined by the pair (Z, a). The point [a(¢)] is called the period of
(Z, a). Set

R=Alw]l €EPRC|I0FweEARC, ww =0, wd = 0}.
Then the point [a(¢)] € Q.

The 20-dimensional complex manifold £ is called the period domain.

THEOREM 2.10 ([2]). For every point [w] in Q, there is a marked K3 surface
(Z, @) whose period agrees with [w].

Lemma 2.11. PicZ={x € H*(Z,Z) |z ¢ = 0}.

LEmMa 2.12 ([11] Corollary 5.13). If X C P" is an irreducible projective
variety and X is not contained in any hyperplane, then

deg X = codim X + 1.
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ProposITION 2.13. Let L be a numerically effective line bundle of degree 8 on a
K3 surface Z. Then the following two conditions are equivalent.

(1) | L does not define a morphism ¢p,—XC P’ to an octic surface X.

(2) There is an element M € Pic Z either with M* =0, ML =2 or with
L=2M.

Proof. (1) = (2) First of all, we assume that |L| has a fixed point. Then
Lemma 2.3 (3) holds. Then L= 0,(5E +TI),E[=1,E*=0 and "= — 2.
Let M = 0,(2E), then M satisfies condition (2) above. Next assume that | L | has
no base points. Since £°(L) = 6 by Lemma 2.1, we have a morphism ¢, Z— P’
By (1) we know that | L| must be hyperelliptic. Then by Lemma 2.4 either there
exists an irreducible curve E such that p,(E) = 1 and EL = 2, or there exists an
irreducible curve B such that p,(B) = 2 and L & 0,(2B). Then M = O,(B) or
M = O,(E) satisfies the above condition (2).

(2) = (1) We shall deduce a contradiction assuming that (2) holds but (1) does
not hold.

Case 1, 3 M € Pic Z with M* = 0, ML = 2. Let M™ denote the dual line
bundle of M. By Riemann-Roch Theorem,

o+ > +2>2.

MZ
2
Since LM = 2, (M) >2 Le¢e D+ Abea general member in the linear system
| M|, A being the fixed part. Now D*>0 and oy |D is a generically one to one
morphism, since the condition (1) does not hold. Note that every irreducible
component of D has positive arithmetic genus by Lemma 2.2. If LD = 0 then
D*<0 by Hodge index Theorem. Thus LD > 0 since L is nef. By the same
reason LA 2 0. Since 2 = LM = LD + LA, deg ¢,(D) = LD < 2. Let D’ be an
irreducible component of D. We have deg ¢,(D’) < 2. By Lemma 2.12 we have
¢, (D) in P®. Hence ¢,(D") = P". Since ¢,
isomorphic to Pl, which is a contradiction.
Case 2, 3 M € Pic Z with L = 2M. We claim that | M| is base point free.
Otherwise by Lemma 2.3, | M| =|2E + A|, where E is a smooth elliptic curve
and A is a smooth rational curve, such that EA = 1, note that 1’ (E) = 2. Since
LE = 2, this implies | L| is hyperelliptic by Lemma 2.4, which contradicts the
above hypotheses. It follows that | M| is base point free. By Lemma 2.5 Py =
@aar) defines a double cover. QED.

o is generically one to one, D is
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TueoREM 2.14. Let | L| be a non-hyperelliptic complete linear system on a K3
surface Z without base point and L = 8, and ¢,: Z— ¢,(Z) < P° be the associated
wmorphism. Then the following two conditions are equivalent.

(A) ¢,(Z) is a complete intersection of three quadrics;

(B) There exists mo F € Pic Z, F*= 0, LF = 3.

Proof. Let CE|L| be a generic member of |L|. Then C is an irreducible
curve.

(B) = (A) is obvious by Lemma 2.6.

(A) = (B) Let FE PicZ, F*=0, LF = 3. We will get a contradiction.
Note that hO(F) > 2.

Case 1, |F| has no fixed part. By Lemma 2.2, there exists a positive integer
k, so that | F| = | kE |, where E is a smooth elliptic curve. Hence 3 = LF = kKLE.
If k=1, then LE =3. Then C has a g;, which contradicts that ¢, (Z) is a
complete intersection (see [3] Ex.11, Ch. ). If k=3, then LE =1, W (E) =2.
CE =1 implies C = P' which contradicts C* = 8. Thus Case 1 can not occur.

Case 2. Let F= M+ T, where T is the fixed part of | F|. Then we have the
following subcases:

(1) LM =0, then M*< 0, which contradicts M?>0.

(11) LM =1 or 2. Note that every irreducible component D’ of the general
member D of | M| has positive arithmetic genus by Lemma 2.2. Since

b |D’ :D/“’QSL(D/) = Psv

is generically one to one and deg ¢, (D’) < 2, it implies that ¢,(D’) is a curve in
P° with degree less than 3. So ¢, (D’) € P’ by Lemma 2.2. Thus ¢, (D’) has an
irreducible component which is isomorphic to P*. Since @,

o 1s generically one to
one, D’ isomorphic to Pl, which is a contradiction.

(ii1) LM = 3. Since L* > 0, L’M* < (LM)? by Hodge index theorem. So we
have obtained 8M* < 9. Thus M* = 0 since M? is neither negative nor odd. It re-
turns to Case 1.

Finally, we have proved (A) = (B). Q.E.D.

TueoreM 2.15. Let G = 2a A, + 2b,D, + 2¢,E, be a Dynkin Graph with
components of type A, D or E only. The following conditions are equivalent.

(1) There is a normal octic K3 surface in P° with only rational double points as
singularities, the combination of singularities corresponding to G,

(2) Let @ = Q(G) be the voot lattice of type G. Let A denote the unimodular even
lattice with signature (19,3). The lattice S =Z1 D Q (22 = — 8, orthogonal divect
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sum) has an embedding S C A satisfying the following conditions (a) and (b). Let S
denote the primitive hull of S in A.

@ Ifn €S, nA=0and n’° =2, thenn € Q.

(b) S does not contain any element pt either with /1,2 =0 and uA = — 2 or with
A= 2u.

Proof. (2) = (1) First we reverse all the sign of bilinear forms in (2). Thus
in the sequel A has signature (3,19). 2= 8, 1]2 = —2in(a)and A = 2g or pd =
2, uz =0, in (b) Let T be the orthogonal complement of S in A. T has signature
(2, t — 2) (t = rank 7). Choose a base e,,...,e, of T with . >0. Let ¢,,. . .,&,_,
be real numbers so that ¢,,...,6_;, 1 are linearly independent over Q. Let €, be a
sufficiently large rational number. Set ¢ = Z;=1 ge; € T®R. Since

2 t=1 2 t-1 2 2
w = (Z siei) + 2 2 e, (eie) + ¢ e,
i=1 i=1

we have ¢ > 0. Pick 2 € A, since (z, ¢,) € Z,
t ~
(Z, ) =0— 2 ¢g,(x,¢) =0—(z,¢) =00=1,2,....H —z € S.
i=1

Set T"={u€ TOR|uy=0}. T" is an R-vector space equipped with a
bilinear form with signature (1, ¢ — 2). Pick # € T’ with u = gzz. Set w = +
V—T1u€ARC. Now o’ = =’ +2V—1 =0 and @ w=p*+u* =
2¢4° > 0. Thus [w] € 2. Here S = {z € A| (x, @) = 0} since

Sclized|@, w)=0=&cA| @, w=(&,u =0 CS.

Let (Z, a) be the marked K3 surface whose period is [w]. Let ¢ be a
non-zero holomorphic 2-form on Z. We identify ¢ with the cohomology class de-
fined by it. There is a non-zero complex number ¢ with @(¢) = cw. By Lemma
2.11, a induces an isomorphism a : Pic Z— S. We consider the line bundle L =
a”'QQ), L* = deg L = A* = 8. Note that (Z, @) and (Z, — a) defines the same
period. Thus considering (Z, — @) instead of (Z, @) if necessary, we can assume
that L and the Kahler class k belongs to the same connected component of the
positive cone in H™* (Z, R). Then by Proposition 2.9, there are finite elements
M,,...,M, in Pic Z with M/ = — 2 (1 < i < #) such that S, - - - Sy, (L) is numer-
ically effective. Now for M € Pic Z with M*= — 2, (Z, B) and (Z, Bs,,) defines
the same period. Thus by considering (Z, @y Sy, . . . Sy,) instead of (Z, a), we
can assume that L = a”'(Q) is numerically effective. By condition (b) and Proposi-
tion 2.13, the morphism ¢, : Z— P°® to a normal octic K3 surface in P’ is defined.
Let o : Z— X be the contraction morphism defined in Lemma 2.8, then ¢, (Z) =
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X. The singularities on X are described by the root system
R={M€PicZ| ML =0, M* = —2}.

Condition (a) implies that R has the type corresponding to the original Dynkin
Graph G. Hence the desired surface exists.

(1) = (2) First, we will show that the assertion obtained by reversing all
the sign of bilinear forms in (2) holds under (1). Now let X € P’ be the normal
octic K3 surface with singularities as G. Let p : Z— X be the minimal resolution
of singularities. Then Z is a K3 surface. Set 4 = {0,(C) € Pic Z| C is an irre-
ducible component of an exceptional curve of o}. 4 is a fundamental system of
roots of type G. Let Q C Pic Z be the free module generated by 4, set R = {M €
QIM?= —2}. Qis a lattice isomorphic to Q(— G) and R is a root system of
type G. Let L=p % 0,(1). L is a numerically effective line bundle such that
L’=8and LQ=0. Let " = {M € Pic Z| ML = 0, M* = — 2}. By definition
R C R/, let o’ : Z— X’ be the contraction morphism defined as before associated
with R’. By the preceding notation, we have X = X’, thus R = R’. Next take a
suitable isomorphism a : H?(Z, Z) — A, where A is an even unimodular lattice
with signature (3,19). The lattice S = ZA D Q(G) (1* = 8, orthogonal direct sum)
has an embedding S C A such that A = @(L) and @(— G) = a(Q). We have only
to check that the embedding satisfies the conditions corresponding to (a) and (b).
Take n € S with n°= — 2, A =0, then M = a ' (1)) belongs to the primitive
hull of ZL D Q in H*(Z, Z), since H*(Z, Z) /Pic Z has no torsion, M € Pic Z.
Moreover since M> = — 2 and ML =0, one can conclude that M E R" =R C Q.
Thus n = a(M) € a(Q) = Q(— G). The condition corresponding to (a) is sa-
tisfied. By Proposition 2.13, the condition corresponding (b) is satisfied. Then re-
versing the sign, we have (2). Q.E.D.

Remark. 1f S in (2) satisfies another additional condition: there exists no ¢ €
S with ,uZ = 0, uA = — 3, then the normal octic K3 surface obtained in P’ is a
complete intersection.

3. Theory of bhilinear forms and elementary transformation

By Theorem 2.1, describing possible combinations of singularities on octic
K 3 surfaces is reduced to the theory of integral symmetric bilinear forms. In this
section we explain this theory. We free use the standard terminologies in [10],
[12], [14]. Consider a quasi-lattice L of finite rank. Denote
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O(L) = {f € Hom(L, L) | f is bijective,
foranyx,y €L, (x,y) = (f@), fy)}.

Now let L be a lattice. The correlation morphism ¢ : L— Hom (L, Z) is
defined by ¢(x) = (x,-). This map is injective if and only if L is non-degenerate.

Next we explain the concept of discriminant quadratic forms due to Nikulin
(see [12]).

Let L be an even non-degenerate lattice. The dual module L*=
Hom (L, Z ) can be identified with L*={z € L® Q| (z, y) €EZ for every
y € L}. The quotient L*/L is called the discriminant group of L. The discrimi-
nant form ¢y : L*/L— Q/2Z of L is defined by ¢;(x mod L) = z2° mod 2Z for
2 € L¥. Let L’ be another even non-degenerate lattice. Then ((12, Corollary 6.2]):
there is an isomorphism ¢ cL*/L—L*/L of group such that g, - ¢ = — ¢, if
and only if there is an embedding L @ L’ <, I into some even unimodular lattice
I' such that L and L’ are the orthogonal complement of each other in I

LemMa 3.1. (1) Let L be a non-degenerate quasi-lattice and M be a primitive
non-degenerate subquasi-lattice. Then M* = C (M, L) is a non-degenerate quasi-
lattice, too. If we denote the composition of the natural morphisms M > L—L/Muby
f, f is injective and we can define a non-degenerate bilinear form (,) on L/ M with
values in Q such that (x, y) = (f(x), f ) for everyx, y € M™.

(2) When L is a wuwimodular lattice, L/M and M e isomorphic as
quasi-lattices.

The proof is easy.

New let L be a root module. For a root @ € R(L), we set & = 2a/a” and we
call & the coroot of . We define the reflection s, : L— L with respect to & by

s,(x) =x— 2@, da/a’*=z— (x, Wa=z— (z, dda.

Then s, € Hom (L, L). The subgroup of O(L) generated by s,’s is denoted
by W(L) and is called the Weyl group of the root system R(L) or the Weyl group
of L. W(L) is a normal subgroup of O(L). We call

\%
Q(R) = X Za(c Q(R) € L)

a€R

the coroot lattice. Note that the reflection s, (@ € R) defines an isomorphism of lat-

tice s, : Q(R) — Q(R).



160 LI-ZHONG TANG

Levna 3.2 (17, Lemma 2.2)). Foranya € R, R& N Q(R) = Z&.

We say L is of finite type, if R(L) is a finite set.

Now we explain the notation of Dynkin Graphs. Let 4 = {«,, .. .,a,} be the
fundamental root system of a finite root system R. The system 4 is a basis of
Q(R), we can draw a graph according to the following rule.

(1) The set of vertices in the graph has one to one correspondence with 4.

(2) If i # 7, a;o; # 0 and a? = a,-z, then the vertices corresponding to «; and
«; are connected with a simple edge;

(3) If ¢ # j, aya; = 0O, then the corresponding vertices to @; and @, are not
connected;

(4) If i #j, a; # 0 and @ > a;, then the vertices to @; and a; are con-
nected with a double edge with an arrow directing from o; to ;.

The resulting graph is called the Dynkin Graph of R. Note that the irreducible
root system under consideration is uniquely determined by its Dynkin Graph, if it
is not of type A, or B,.

DerINITION 3.3. Let L be a root module, R (L) be its finite root system. Let
A= Aa,, ...,x} be its fundamental root system. The following procedure by
which we can make a root system R’ from R (L) is called an elementary trans-
formation of the root system R.

(1) Decompose R = @]., R, into irreducible root systems;

(2) Choose a fundamental system of root 4, C R, for 1 <i<m, set 4, =
A, U{—n;} for 1 < i < m, where 7, is the maximal root associated with 4;;

(3) Choose a proper subset A; C A~,- for1 <1< m;

(4) Set R’ = @7, R, where R’ is the root system generated by 4,

Assume that the above R is of type G and R’ is of type G’. It is clear that G’

is obtained by an elementary transformation of Dynkin Graph from the Dynkin
Graph G.

ProposiTioN 3.4 ([17] Corollary 2.6). Let L be a non-degenerate root module of
finite type and R be the voot system of L. Let x € L*® R be a point. Then

R ={a€Rl|s,(x) —x € QR))

1S a voot system which can be obtained from R by one elementary transformation. In par-
ticular, the Dynkin Graph of R’ can be obtained from the Dynkin Graph of R by one
elementary transformation.
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We would like to apply the above notions to our problem.

LEmMA 3.5. Let A be a non-degenerate even lattice and A be a primitive element
of A with * = — 8. Let My = (ZD)* = C(ZA, A)
(1) A/ZRA is a free module;
(2) Let w: A— A/ ZX denote the canowical map, and let i = w(y) ;
(a) There exists no pt in A, such that [(2 =1,

(b) If i* = 2, then %f— €z,
() Let £E A/ZA, 2 =2. Then 3 u €M, ¢* =2 such that i = z if
and only if%’2 € Z for some n € w ().

(3) Assume further that A is unimodular and denote gy to be the discriminant
form of the lattice K. Then
(&) A/ZA = M, + Z,
where w € A, wA =1, M, = n(M,). Then | det M, | =8, Qu, = — qy where N =

72, anda(DEM),aEZ@%EZ.

) Let Uy={x<€ A/ZA|2* €L}, then U, =M, + Z4® and U, is an
even lattice with discriminant 2.

(g If A has signature (I,1),12=1, then R (M,) can be obtained from
R(U),) by one elementary transformation.

Proof. (1) Obvious.

2
(2)a) If u € A, [12 =1, let @ = Au. Then [cz = (/J + %l) = 1. Hence for
2
some integer n, — 2n-= ,az =1~ %. We get a contradiction.

2
(b) If 72 =2, then 2 = (ﬂ + %2) , where @ = Ay. Thus for some integer
2

a
8

(@ UpeS,g=x then g € ' (x) and ‘%’l = (0 € Z. Conversely, if n €

(), b‘—"%’lEZ, then g = 1 + bA satisfies ud = 0, ¥ =2 and g =7 = x.

n,—2n=4y"=1-— .Wehave%EZ.

(3)(e) and (f) are easy.
(g) Since A has signature ([, 1) [ = 1. U, is an even positive definite lat-
tice of rank [ Let x,...,x, be in A such that Z,,...,Z, forms a basis of U, We

define x : U, — R, byf-HM, i=1,...,l. Thenx € U1*®R. For a € R(U),
2 i 8
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s,(@) —xr=—(xr,)a € QR(U)") if and only if (x, @) € Z by Lemma 3.2.
Moreover by (2)(c) (x, @) € Z if and only if @« € M,. Thus

R’ ={a€ RWU) |s,(x) —x <€ QRWUY"} = R(IM,).

Then the result follows from Proposition 3.4 ([17]). QE.D.

Now we would like to treat the situation in Theorem 2.15 (2). The following
proposition is the key part in this article. It explains why the elementary trans-
formation appears in our problem.

ProposiTioN 3.6. Let A be an indefinite unimodular even lattice and S be a
non-degenerate  sub-lattice. We  assume  that the  following  condition
1A, S) holds.

I(A, S): The orthogonal complement St of S in A contains an isotropic element.
Then the following hold.

(1) There are clement t € S*, u €A with Y = u*=10 and pu =1. Set
H=7Zu~+ Zu and A = A, D H (orthogonal direct sum). The following inclusion rela-
tion holds:

Sc§=P(S, A C A+ 2

(2) Let w: A— A, denote the orthogonal projection to the A,-factor. The restric-
tion | sand T | s arve isomorphisms of lattices onto their images.
(3) Set S, = m(S) C A, and S, = P(S,, A). Then S, is a non-degenerate sub-
lattice of A, and S, /7(S) is a finite cyclic group.
Now assume further that S has signature (k, 1), k € Z*. Let A € S with =
— 8, M, = C(ZA, A). Assume that M, 0 S is non-degenerate. Let 1(1) = A,. Then
4) #(M; N S) /M, N S) is a finite cyclic group, where # (M, N S) is the
primitive hull of T(M, N S) in A,.
(5) Let S’ be a non-degenerate sublattice of M, satisfying (a), (b), (c).
(a) #M, N S) € S"C A,
(b) S’ is primitive in A,.
(c) S’ is positive definite.
Then the finite root system R(M, N S) can be obtained from the finite voot system
R(S") by one elementary transformation.

Remark. S’ = #(M, N S) satisfies (a), (b) and (c).
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Proof. The proof is almost the same as that of Proposition 2.9 (4) ([17]).
QE.D.

Now here we consider the situation in Theorem 2.15 (2). By condition (a) and
(b), the root system R(S N M,) is of type G. Assume moreover that I(A, S) is sa-
tisfied. Let A, = m(1) € A,, then R(S N M,) is obtained by one elementary trans-
formation from R(S, N M,).

Assume moreover I(A,;, S)) is satisfied.

We can apply the above proposition once more and we have an even unimodu-
lar lattice A, with signature (17,1). Let 4, = m(4,). In this case M, itself satisfies
conditions (a), (b) and (c) above. Thus we can conclude that the original Dynkin
Graph G can be obtained from the Dynkin Graph of R(M; ) by elementary trans-
formations repeated twice.

Note that A = A2 = — 8, but they may not be primitive in A, and A,, respec-
tively.

. . A A L

If A, is not primitive in A, then ~2l € A, 422‘ € A, If A, is primitive in A,, but

A, is not primitive in A,, then % € A, So in both cases, M, is an even positive

definite lattice of rank 17 with discriminant 2. By the classification of even posi-
tive definite lattice of rank 17 with discriminant 2 ([5]), there are only four kinds
of such lattice as follows:

(1) 2K, D I, its root system is 2E; D A,, where K, = Q(E,), I, = Q(A));

(2) KisD I, its root system is D,z D A;;

(3) The even overlattice with index 3 of the root lattice of type A,,, its root
system is A,;;

(4) One of two isomorphic even overlattices with index 2 of the root lattice of
type Dy, + E,, its root system is D,y + E.,.

If 2, is primitive in A,, then M, is an even positive definite lattice of rank 17
with discriminate 8 and gy, = — gy, where N =172, 2> = — 8 is a free module.

The remaining parts to show (A) = (B) in our Theorem 0.2 are the following
two.

(1) To write condition I(A, S) and I(A,, S,) with the Hasse symbol and the
Hilbert symbol.

(2) To classify of R (M, ) where A, is an even unimodular with signature
(17.1), 4, € A, is a primitive element with A2 = — 8 and M;, is the orthogonal
complement of ZA, in A,
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4. Positive definite even lattices of rank 17 with diseriminant 8

There have been extensive lists of enumerations of positive definite lattices of
small ranks and small determinants in literature (cf. [5]).

As far as we know, the complete classification of rank 17 positive definite lat-
tices of discriminant 8 is still unknown. In this section we shall find the root sys-
tems for positive definite even lattices of rank 17 whose discriminant equal to 8
such that their discriminant quadratic form amounts to — gy, where N = ZA with
AF=—38

Recall that the only positive definite even unimodular lattice of rank 8 is

QE,) ={(z,...,1) ERVZ, €Z or Yz, € Z + %, Xz, = 0 (mod 2)}.
The fundamental root system of Ejy is

e, = (1,1,0%, ¢, = (0,— 1,1,0%, ¢, = (0°,— 1,1,0%, ¢, = (0°,— 1,1,0%),
es = (0,— 1,1,0%, ¢, = (0°,— 1,1,0), ¢, = (0°,— 1,1),

=<_1LZ_L5)
s 22 2 )

- |

e, (2 (i3 ey €5 €g €7
o
€g

Recall that (i), Q(4,) = {(xy, ), ...,x,) €2 1 xy+ a2, + -+ + x, = 0}
for # = 1. The fundamental root system of A, is

¢ = (—1,1,0,...,0), ¢, = (0,— 1,1,0,...,0), ¢, = (0,0,— 1,1,0,...,0),...,
e, = (0,0,...,0,— 1,1).

€1 €2 €3 €n-2 €n-1 €n

(i) QD,) ={(x, x,,...,x,) €EZ": 2, +x,+ -+ + x,even), for n > 4. The
fundamental root system D, is
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el = (07--~y0911_ 1)7 ez = (07---1011,— 1,0), e3 = (Oy---’OyI’_ 1y010)y---7
e,, = (1,—1,0,...,0), ¢, = (= 1,— 1,0,...,0).

n

Lemma 4.1. Let Q(A;) < Q(Ey) be a primitive embedding of the root-module
of type A, into the root-module of type Eg. Then

(1) There exists an automorphism of the lattice Q(Eg) such that the image of the
seven vertices of A, in Q(Ey) is {e}, e,,...,e.};

(2) The root system of the orthogonal complement of Q(A,) in Q(E,) is empty.

Proof. (1) By the transitive property ([7] Table 11, p.149) of the auto-
morphisms group of Ej acting on root sub-systems of E,, we may assume that the
images of the 7 vertices of A, in Ej are {e,, e,,...,e,)}.

(2) It is only due to a trivial calculation. Q.ED.

Remark. The composition @(A;) < Q(E,) < Q(E,) defines an embedding,
but it is not primitive. Thus the above assumption that the embedding is primitive
is essential.

LemvMA 4.2, (a) There is an embedding QA < Q(A,) if and only if
n=7;

Now assume that Q(A,) < Q(A,) (n = 7) is an embedding

(b) There exists an automorphism of the lattice Q(A,) (m = 7) so that the image
of the seven vertices of A, is {e,, €,,...,¢,};

(¢) The root system of the orthogonal complement of A, in Q(A,) is A,_,.

Proof. (a) Obvious.
(b) Let the image of the seven vertices of A, be ¢, ¢;, ¢, e, e, ¢, €;.
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O - Z O
e e e ey es €s éq
4,
Since Q(4,) = {(xy, x,,...,x,) €L 12y + 2, + ... +x, =0}, we may
assume that e{ = ¢, = (— 1,1,0,...,0).
By e], e; = — 1, so either
Case (1).

e; = (0,—1,0,...,0,1 ,0,...,0)

3<i<nt+1
or
Case (2).
e, = (1,0,...,0,—1 ,0,...,0)
3<i<n+1
Case (1). If ;= (0,— 1,0,...,0,1

,0,...,0), then there is a permutation ¢

3<i<n+1
of the coordinates of @(A4,) such that ¢; = ¢, is invariant under ¢ and

¢e£ = (Oy - 1’]-y0,. . .,0) = ez.
Case (2). Ife;,=(1,0,...,0,—1 ,0,...,0)

then there is a permutation ¢
3<i<nt+1

of the coordinates of @(4,) such that ¢(e])) = ¢(e) = (1,~— 1,0,...,0) and

#(e;) = (0,1,0,...,0,—1 ,0,...,0).

3<i<n+1

Now let ¢ be the automorphism of the lattice @(A,) defined by the negative
unit matrix — I,,,.

Then ¢@(e])) = ¢¢(e) = e, and

¢oley) = (0,—1,0,...,0,1 ,0,...,0).

3<i<n+l

Then Case (2) comes back to Case (1).
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Thus in any cases, we may assume that e¢; = e, ¢, = e, Since ¢; ¢; = 0, ¢,¢;
=—1,

¢,= (0,0,— 1,0,...,0,1 ,0,...,0).

4<1<n+1

Obviously, there is a permutation ¢ of coordinates of Q(A4,) so that e, e, are
invariant under ¢ and ¢(e;) = (0,0,— 1,1,0,...,0) = ¢,

By similar discussion, we conclude that e; = e,, e; = e, €5 = €5, €, = ¢€,.

(c) By (b) we may assume that the image of the seven vertices of A, is {e,,
€y ...}, SO

QAN ={(zxy.... 2, ) EZ iz, + -+, =0, x,=2,= " =x,}

whose root system is obviously A,_g, for # > 9 (we denote A, = A_, = ¢). QE.D.

Lemma 4.3. (1) There exists an embedding. Q(A,) < Q(D,) if and only if
n=8;

(2) There is an automorphism of the lattice Q(D,) (n = 8) such that the image
of the seven vertices of A, in D, is {e,e,,. . .,e) ;

(3) The root system of the orthogonal complement of A, in Q(D,) is empty if
n=28,9;24, ifn=10;A4,ifn=11; D, 4 ifn = 12,

Proof. (1) Obvious.

(2) Since QD,) = {(xy,...,x,) €EZ": x, + - -+ + x,even}, we may assume
that ¢ = ¢, = (0,...,0,1,— 1). Since ¢] ¢, = — 1, ¢} is either
Case (1).

©,...,0,£1 .0,...,0,—1,0)

1<isn—2

or Case (2).

1<:<n—2
Case (1). Since the two elements (0,...,0,£1 ,0,...,0,— 1,0)
1<i<n—2
are different up an automorphism of the lattice @(D,), we may assume that

e = 0,...,01 ,0,...,0,—1,0).

1<i<n—2



168 LI-ZHONG TANG

Obviously there is a permutation ¢ of coordinates of @(D,) so that e] = e, is
invariant under ¢ and ¢(e;) = ¢, = (0,...,0,1,— 1,0).
Case (2). With the same reason as above, we may assume that

e, = (0,...,0,1 ,0,...,0,1).

1<1<n—2

Obviously, there is a permutation ¢ of coordinates of @(D,) so that e{ = e, is
invariant under ¢ and

¢ley) = (0,...,0,1,0,1).

Then the permutation of the last two coordinates defines an automorphism « of the
lattice Q(D,) so that a(e]) = ale) = (0,...,0,— 1,1) and

a- ¢l = (0,...,0,1,1,0).

Then there exists another automorphism § of the lattice @(D,) defined by the
matrix

-1
=1/ nwxmn

so that B a(e]) = B - ale) =e¢ = (0,...,0,1,— 1) and
Bea-¢le) =e=10,...,01,—1,0).

4

Hence in both cases, we may assume that e, = e, Since e;e; = 0, e; ¢, =
— 1, e; is either
Case (a). (0,...,0,£1 ,0,...,0,— 1,0,0) or Case (b). (0,...,0,1,1).

1<i<n—3

Case (a). We may assume that ¢; = (0,...,0,1 ,0,...,0,—1,0,0).

1<1<n—3

Obviously, there is a permutation ¢ of coordinates of @(D,) so that e; and e,
are invariant under ¢ and

¢(ey) = ¢, = (0,...,0,1,— 1,0,0). Thus we may assume that ¢; = e,

Case (b). e¢; = (0,...,0,1,1). We shall prove that this case can not occur.

r o —

Since e; e; = — 1, e; must be one of the following forms:
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©,...,0,+1 ,0,...,0,—1,0) or (0,...,0,=£1 ,0,...,0,—1).
1<i<n—2 1<:1<n—2

But in both cases, we get e;e; # 0 or ¢, e; + 0, which is a contradiction.
Thus Case (b) can not occur.

By a similar discussion, we may assume that e¢; = e,, e, = €, ¢; = ¢, €; =
e,.

(3) QU ={(x,...,.x) €EZ"'| X' 2, even and x,_, = -+ = x,).

Then the assertion of (3) is obvious. Q.E.D.

Now suppose that a primitive embedding ZA < A, is given. Let M denote the
orthogonal complement of ZA in A,. Here consider the lattice K = Q(4,). Let N =
ZA with = — 8. Then K*/K and N*/N are both cyclic group of order 8.
K*/K is generated by the image of

o= (e, + 20, + 3¢, + de, + e, + b, + 7e) € K*

in K*/K, N*/Nis generated by the image of%] € N*in N*/N.

7 3 9 _7
() = g qN(§ X) =—3= -gmod 7).

Let o :K*/K— N*/N be the isomorphism defined by o (@) = %2‘ Then

dx = qy ° 0, where g denotes the discriminant quadratic form. Thus there is an
isomorphism ¢ : K*/K— M™ /M with dy ° ¢ = — qx. We can conclude that for
some positive definite even unimodular lattice I" of rank 24 and for some primitive
embedding K < I', M is isomorphic to the orthogonal complement of K in I

Conversely, associated with such an embedding of K in I, we can make a
primitive embedding ZA < A, with C(K, I") = C(ZA, A,). Each one I' is unique-
ly determined by its root system. These root systems are listed as follows ([5]
p.427):

@, 24A,, 124,, 84,, 44,, 34, 2A,,, A,,, 6D, 4D, 3D,
2D, D,,, AE;, 3E,, 4A;, + D,, 2A, + 2D,, 2A, + Dg, A5 +D,,
E,+ Dy, 2E,+ D, E, + A,;, E,+ D, + A, 6A,.

The candidates of I" have been listed in the above. Moreover, since the root
system of I' has to contain a root sub-system of type A,, we can consider only the
following of 14 isomorphism classes.
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34,, 24,5, Ay, 3Dy, 2D,,, D,,, 3E,, 24, + 2D,, 24, + D,
Ay, + D,, E, + Dy, 2E, + Dyy, E, + A,,, E; + D, + A,,.

PrOPOSITION 4.4.  The root system of every positive definite even lattice of vank 17
and discriminant 8 such that their discriminant quadratic forms arve equal to — qy as
above is one of the following 15:

24, Ay, + A,, Ay, 2Dy, Dy + D,, Dy, 2E,, A, + 2D,
A, + A, + D, A, + D,, Ay, E, + Dy, 2E, + 24, E, + A, E, + D, + A,

Proof. By Lemmas 4.1, 4.2, 4.3 and the statement above, our results are
obvious. QE.D.

CoROLLARY 4.5. There is a primitive element 2 € QQ2Ey) @ H = A with
A* = — 8, such that the root system of M, = C(ZA, A) is of type G if and only if G
is of one of the following 15:

2E,, Ds, D, + Dy, 2D,, E, + Dy, 2A, + 2E,, 24,, A, + A,, Ay,
A,+ 2D, A, + A, + Dy, A, + Dy, Ay, A, + E,, A, + E, + D,

5. Theory of bilinear forms

In this section we denote by d(L) € Z the discriminant of a lattice L.

Let V be a finite-dimensional vector space over Q, equipped with a symmetric
bilinear form V X V— Q. We can define the discriminant d (V) and the Hasse
symbol &,(V). d(V) € Q/Q™. d(V) = 0 is equivalent to that V is degenerate. If
V is non-degenerate, the Hasse symbol ¢,(V) € {4 1, — 1} is defined for every
prime number p and p = oo (Serre [14]). Obviously for any lattice L,

dL®Q) = d(L) (mod Q™).

We use the Hilbert symbol (.), in the sequel (Serre [13]).

LEmMMA 5.1. Let A be an even unimodular lattice with signature (a, b) and S be a
non-degenerate sublattice of A with signature (v, 1). Let A € S with 2= —8. Set
T=C(S,A)=S",Q=NZi =CZ\S).

(1) d(D) = (—1)"d(S) (mod Q™),

(2) &(D = £,(9) (=D, d(9)), (=1, =1,

(3) d(T) = (= 1)""'2b(Q) (mod Q™),
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4) &(D =&, (@ ((— 1’2, d(@),(— 1, — 1); 7"
(5) The following three conditions are equivalent
(D = (— 1, — d(D),,
EI,(S) = ((— 1)17’ d(S))p(— 1, — 1);17-1)@—2)/2’
(@ = (= D™, d(Q),(— 1, — D&+,
(6) The following three conditions arve equivalent
&(D=(—1,—-1),
EP(S) = ((— l)b+1y d(S)),(" 1, — 1);b+1)(b+2)/2,
&,(Q = (— 1’2, d(@),(— 1, — 1),
Proof. 1t is known that ,(A) = (— 1, — 1);',(1’_1)/2 ([(14]). The Lemma is an
easy consequence of this equality. QED.

PrOPOSITION 5.2. Let A be an even unimodular lattice with signature (a, b) and S
is a non-degenerate sublattice of A with signature (v, 1). Set T= C(S, A) = S*.
The following 4 conditions are equivalent.
(A) I(A, S) is satisfied, i.e. T contains an isotropic element.
(B) TQ Q contains an isotropic element.
(C) a > r, b > 1 and moreover one of the following (1), (2), (3), (4) is satisfied.
(1) a+b=r+3and —dD € Q”
(2) a+b=r+4and e,(T) = (— 1, — d(T)), for every prime number p,
BYa+b=r+5and d(D & Q* or &, (T) = (= 1,— 1), for every prime
number P,
(4) at+ b= +6.
(D) a > 7, b > 1 and moreover one of the following (1), (2), (3), (4) is satisfied.
(1) a+b=r+3and (— 1) d(S) € Q™
2)a+b=r+4 and
=1 (b-2)/2

£,(S) = (=1, d(9),(— 1, — 1),

for every prime number p,

3)a+b=r+5and (—D"d(S) Q;" or
5;,(5) = ((— 1)b+1, d(S))p(— 1, — 1);b+1)(b+2)/2

for every prime number p,
4 at+b=r+6.
If 32E€S with 2>=—28 or — 2, then the following condition (E) is also
equivalent to the above 4 conditions.
(E) @ > 7, b > 1 and moreover one of the following (1), (2), (3), (4) is satisfied.
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(Da+b=r+3and (—1)°2d(Q) € Q™
(2)at+b=7r+4 and

£,(Q) = ((— 1)b+12’ d@),(—1, — 1);b+1)(b+z)/2

for every prime number p,
@) a+b=r+5ad (—1)"'2dQ) €Q, or

£,(Q) = ((— 1’2, dQ),(— 1, — 1)1;(b+1)/2

Sfor every prime number p,
4y a+b=r—+6.

Proof. (A) & (B) obvious. (B) < (C) by Théoréme 6 and Théoreme 8 in ([14,
Chap. IV]). (C) © (D) © (E) by Lemma 5.1. Q.E.D.

CoROLLARY 5.3. Let @ be a positive definite lattice of rank v and P=—-8o
— 2. Set S =7ZAD Q (orthogonal dirvect sum). Assume that theve is an embedding
SCQQE,) DHOHDH If I(QRE,) DHD®HDH, S) is satisfied, then
there is an embedding S C Q(2Ey) © H ® H. Moreover, the following conditions are
equivalent.
(a) (IQRE) DHDOHDH, S) and (QRE,) © HD H, S) are satisfied,
(b) ome of the following (1), (2), (3), (4) holds.
(1) =17, 2d(Q) € Q™ and &,(Q) =1 for every prime number p,
(2) =16 and &,(Q) = (— 2, d(Q)), for every prime number,
(3) =15, and — 2d(Q) %sz or €,(Q) = (=1, — 1), for every prime
number p,
4) »r < 14.

By Theorem 2.15, Corollary 5.3 and Corollary 4.5, the implication (A) = (B)
in our main Theorem 0.2 is clear.

6. Proof of the converse
In this section we prove the converse part as well as (C) of the main Theorem

0.2. Let L be a non-degenerated lattice and L* be its dual lattice of L.

Lemma 6.1. Let Q(G) be the root lattice of a Dynkin Graph G with components
of type A, D or E only.
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1) If there is a nonzero element & € Q(G)™ with £ < 1, then £ = _k-]fc——l for

some positive nteger k;

ii) For every nonzero element B in Q(A,)™ of Q(A,), either B = " _7_ o

25 n ;
B = 1, and the lower bound 71 can be reached,

1i1) For every nonzero element B in the dual lattice of @(D,), Q(Eg) or Q(E,),
B* = 1;

iv) For every nonzevo element B in the dual lattice of Q(Eg), either B = % or
B’ =1, and the lower bm,md% can be reached.
v) There exists an element B with B> = % in Q(G)* if and only if G contains a

component of type A, and B € QAD™.
vi) For any § € @ (G)* with g = 3 there is a unique conmected component

G, of G with € € Q(G,)* C Q(G)*. G, must be of type Ag,_, for some positive inte-
ger k.
vii) Assume further rank Q(G) < 17. There does wot exist an element & €

QG)* with € = §.

Proof. For 1), 11), 111) and 1v), we can use the standard theory of discrimi-
nant quadratic form on lattices (|16, Ch. [, p.19]).

v) It follows from the statements of 1), 11), 111) and 1v) above.

vi) Write Q(G) = @D, L, where each L, is the root lattice of a component of

G. Accordingly & can be written as & = 22, &, where &, belongs to LT, the dual
lattice of L; for every i. Since 52 =2 S,»Z and every 5,-2 is non-negative. By & =

% and i), we conclude that only one §; is nonzero.
Let 7= Q(G,) be the root lattice of a component G, of G with & € T™.
If T= Q(Ey, then T*/T = 0. But g = % which is impossible.
If T= Q(E,), then T*/T = Z/2. Since 28)° = % this case can not occur.

If T= Q(E,), then T*/T=1Z/3. Since (38)* = ﬂ, this case still can not
occur.

If T=QW, (r=>4), Then T*/T=7Z/2+ Z/2 if ris even and T*/T =
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Z/4 if 7 is odd.
Since (2&)2 = %, # must be odd and T*/T=Z/4. Let 7: T — T*/T be
the canonical map. We assign ¢; to be vertices of D, as in Section 4. Set

w=1{e+2e+ -+ —2e_,+ (r—2e,_,/2+re,/2}/2.

Note that @’ = % Then @ € T* and 7 (w) is a generator of the determinant

group T*/T (see [16, Ch. I, p.19 Ex. 3.3]). Note 7 (£) is also a generator of
T*/T So & — kw = a where « € Tand k = 1 or 3. Thus

9 _ .2 .2 2 2 _ Ky 2

§‘€ =k'w + 2kaw + a —T+2kaw+a,
which is a contradiction since 2kaw + @’ € 2Z. Thus the case T = Q(D,) can
not occur.

If T= Q(A,), then the determinant group T*/T =Z/(n+ 1). Note that

there exists an element  in T such that the image of w in T/ T is a generator

and o = n—ﬁi (see [16, Ch. I, p.9, Ex. 3.3)). Write £ = tw + a, where t € Z

2
and @ € T. Thus % =g = n’:t_ 1 + 2taw + a®. Note that 2taw + a® is an even

integer. Thus # + 1 is a multiple of 8.
vii) By vi) we can assume & € Q(Aﬂ)* for n =7 or 15 and & = %
then % — %tz is an even integer for some integer ¢ with — 4 < ¢ < 4. By trivial

Ifn=17,

calculation, we find that the above equation has no solutions. If # = 15, then % -
%tz is an even integer for some integer ¢ with — 8 < ¢ < 8. The equation still
has no solutions. All together, we have proved that there is no element £ € Q(G)*

with & = % QE.D.

Lemma 6.2. Let G= 2 a, A, + 2 b, D, + X ¢, E,, be a Dynkin Graph with
components of type A, D or E omly, wheve a,, b, and c,, are positive integers. Set ¥ =
2ak+ 2 bl+ 2c,m. Let Q= Q(G) be the root lattice of type G. Let ZA be a
lattice with A = — 8. Assume that the orthogonal sum of ZA and Q(G) is embedded
in the unimodulay even lattice A of signature (19,3) such that A is primitive in A.

1) Theve does not exist an element & in primitive hull of ZA D Q in A so that g?
=0and EA = — 2.
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11) Suppose further that v < 17. There does not exist an element & in the primi-
tive hull of ZA D Q in A such that € = 0 and E1 = — 3.

Proof. 1) Suppose such an element & exists. Since 52 =0 and 81 = — 2.

Write 5=%+q in (ZXD Q) ®Q, where € Q(G) ®Q, and ¢° = For

1
5
every a € Q(G), qa = Ea € Z. By Lemma 6.1, G must contain a component of
type A, and ¢ € Q(A,)*, the dual lattice of Q(4,). Since QA)*/Q(A,) is a cyc-

lic group of order 2, 2q € Q(A,;) C A. Since & lies in the primitive hull ZA D
Q(G) in A, £ € A. % = 2& — 2q € A, which contradicts that A is primitive in A.

i1 ) Suppose that such & does exist. Write & = %2 +qin (Z2D Q) X Q,
where ¢ € Q(G) ® Q and ¢° = % For every a in Q(G), gqa = éa € Z. Hence

q lies in the dual lattice of Q(G), which contradicts Lemma 6.1 vii). Q.ED.

Let L be a root module and S be a submodule. We say that the embedding
Sc Lis full if R(S) = R(S) for root systems. Here S is the primitive hull of
Sin L.

LEMMA 6.3 ([17] Proposition 4.2). Let R’ be a voot system which is obtained by
one elementary transformation from a finite voot system R of some root module. Let L be
another root module. Assume that a full embedding Q(R) C L is given. Then there is
a full embedding Q (R’) < LD H such that u orthogonal to Q@ (R'), where H =
Zu+Zv with W’ =0"=0, ww=vu=1 If Q(R) is orthogonal to w € L, Then
Q(R’) is orthogonal o w = w P 0 € L P H.

Next, we shall prove the converse of the main Theorem 0.2.

First, let R be a root system whose type is one of the following 15:

24, A, + Ay, Ay, Ay, 2Dy, Dy, + D,, Dy, 2E,, A, + 2D;, A, + D,,
A, + A, + D,, E, + Dy, 2E, + 2A,, E, + A, E, + D, + A,

There is a primitive element A € QQ2Ey D H with A= — 8 such that
R = R(M,), where M, is the orthogonal complement of ZA in Q(2E;) € H. Let
R’ be a root system obtained from R by one elementary transformation. By Lemma
6.3, there is a full embedding @ (R’) < M, ® H, where H, = Zu, + Zv, (u} =
vf =0, #, v, = 1) is a hyperbolic plane. We can assume that #, is orthogonal to
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Q(R’). Let R” be a root system obtained from R’ by one elementary transforma-
tion. There is a full embedding Q(R”) < M, D H, ® H, where H, = Zu, + Zv,
(uz = v2 =0, uyv,=1) is another hyperbolic plane. By Lemma 6.3, Q (R") is
orthogonal to #, and u,. Let

M, ®H DH, &2QE,) DHDOH D H,

be the natural embedding. Set S = ZA & Q(R”) (orthogonal direct sum). The lat-
tice S satisfies condition (b) in Corollary 5.3, since #, and #, are orthogonal to it.
Let S denote the primitive hull of S in Q(2E,) ® H® H, D H,.

Next we will check S and S satisfy condition (a) and (b) in Theorem 2.15 (2).

(1) Let € S, nA =0 and n° = 2. We can write n = m D au, D bu,, where
m € 2Q(E,) D H and a, b€ Z. Then m* = 2. Since nA =0, mA = 0. Hence
m € M,, which means n € M, H, ® H,. So n € Q(R") by fullness, which im-
plies condition (a) in Theorem 2.15 (2) is satisfied.

(2) Letpu € S, uz = 0 and yA = — 2. By Lemma 6.2, such an element g does
not exist, which implies condition (b) in Theorem 2.15 (2) is satisfied. By Theorem
2.15 one knows that condition (A) in Theorem 0.2 holds. By Lemma 6.2 11) and
the Remark of Theorem 2.15, the surface obtained in P’ is in fact a complete in-
tersection of three quadrics.

Second, let R be a root system whose type is one of the following 4: 2E; +
A,Dys+ A, A, D,+ E,

There is 4, € Q(2E,) D H with > = — 2 such that R = R(U,), where U,
is the orthogonal complement of A, in @ (2Ey) €D H. Let R’ be a root system
obtained from R by one elementary transformation. By Lemma 6.3 there is a full
embedding Q(R") U, © H, where H, = Zu, + Zv, =1} =0, up, = 0) is
a hyperbolic plane. We can assume that #, is orthogonal to @(R’). Let R” be a
root system obtained from R’ by one elementary transformation. There is a full
embedding Q(R") < U, @ H, ® H,, where H, = Zu, + Zv, (u; = v; = 0, u, v,
= 1) is another hyperbolic plane. By Lemma 6.3, @(R”) is orthogonal to #, and
u,. Let &

U, OH O H, 2QE) DHDH, D H,

be the natural embedding. Let A = 21, + u,. Then A is primitive in 2Q(Ey) B H
© H, D H, Set S=7ZAD Q(R”) (orthogonal direct sum). Such S satisfies condi-
tion (b) in Corollary 5.3. Let S denote the primitive hull of S in 2Q(Ey) DHD
H @®H, Now let n€S,9A=0,1n"=2. We can write 1 = m D au, D bu,,
where m € 2Q(E;) @ H, and a, b € Z. Thus m® = 2. Since nA = 0, mA, = 0.
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Therefore m € R(U,). By n € S, n lies in the primitive hull of Q(R”) in U, ®
H, @D H, But Q(R”) is full in U, D H, D H,, thus n € Q(R”), which implies
condition (a) in Theorem 2.15 (2) is satisfied. By Lemma 6.2, condition (b) in
Theorem 2.15 (2) is also satisfied. By Theorem 2.15, one knows that condition (A)
in Theorem 0.2 holds. By Lemma 6.2 11) and the Remark of Theorem 2.15, the
surface obtained in P° is in fact a complete intersection of three quadrics.

(9]
(10]
(11]
(12]
(13]
[14]
(15]
(16]
(17]

(18]

We have completed all the proof of our main Theorem 0.2.
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