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ON A REGULARITY PROPERTY AND A PRIORI
ESTIMATES FOR SOLUTIONS OF NONLINEAR
PARABOLIC VARIATIONAL INEQUALITIES

HARUO NAGASE

Abstract. In this paper we consider the following nonlinear parabolic varia-
tional inequality; u(t) € D(®) for all t € I, (us(t), u(t) —v)+{Apu(t), u(t) —v)+
d(u(t)) — ®(v) < (f(t),u(t) —v) for all v € D(®) ae. t € I, u(x,0) = uo(x),
where A, is the so-called p-Laplace operator and ® is a proper, lower semicon-
tinuous functional. We have obtained two results concerning to solutions of this
problem. Firstly, we prove a few regularity properties of solutions. Secondly, we
show the continuous dependence of solutions on given data uo and f.

§1. Introduction

Let © be a bounded domain in R" with coordinates z = (z1,...,%n).
The boundary I of €2 is assumed to be of class C'. For any positive number
T we denote the open interval (0,7") by I and the cylinder Q x I by G,
i.e. G = {(z,t);x € Q, t € I'}. The usual Sobolev space WP () is defined
as follows: WhP(Q) = {v € LP(Q); Djv € LP(Q), j = 1,...,n} with the
norm |v|1, = (|v|h + [Dv[5)/? (1 £ p < o). Here Djv = dv/dx;j, Dv =
(D1v, Dav, ..., Dyv) and |v], = [[v]|1p(q)-

Let S be a compact C! manifold of (n — 2)-dimension contained in T.
We assume that S divides I' into two relatively open subsets I'y, 'y such

that I'; # (), more precisely, ' = 'y UT'o U S, 'y NT'y = (). Next let C&)O)(Q)
be the family of all infinitely differentiable functions in € vanishing in each
neighborhood of T'y. The completion of C(OOO)(Q) with respect to the norm
| |1,p is denoted by V. We denote the norm in V' by | |y, the dual space
of V by V', the pairing between V and V' by (, ) and the inner product
of L2(Q) by (, ).

For any Banach space X and any s (1 < s < oo) let us denote by
L#(1, X) the space of equivalent classes of functions v(t) from I to X, which
are L°-integrable on I. It is a Banach space with the norm |[v||ps(; x) =
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(f; [o(t)|5%dt)Y/*, where | |x is the norm in X. In the case of s = oo,
L°°(I, X) means the set of all measurable functions v;I — X, satisfying
[[v]| oo (1,x) = ess.sup|v(s)[x < oo.

A functional ®; X — (—o0, 0] is said to be proper if ® # co. And a
proper functional ® is said to be lower semicontinuous if

®(vp) < liminf ®(v) for any vy € X.

V—Q

For a proper lower semicontinuous functional ® on X we set D(®) = {v €
X;®(v) < oo}
We consider the nonlinear parabolic variational inequality
u(t) € D(®) forall tel,

(1) (ue(t), u(t) —v) + (Apu(t), ult) —v) + 2(u(t)) — 2(v)
' < (f(t),u(t) —v) forallve D(®) ae. tel,

u(x,0) = ug(z),

where (Apu,v) = Z?ZlﬂDu]p*QDju, Djv). In the above ® is supposed to
be proper, convex lower semicontinuous on V. Throughout this paper we
assume that 1 <p =2 /ifn=1,2,and 2n/(n+2) <p =2,if 3= n.

In this paper we denote by the same C any positive constant which
does not depend on u, ug and f.

The first aim of this paper is to show the following

THEOREM A. It is assumed that the inequality
(1.2)  (Apug,uo—v) + P(ug) — P(v) = (f(0),up —v) for any v € D(P)

holds, where ug € D(®), f € L*(I,L*(Q)) and f; € L*(1,L*(Q2)). Then, for
any solution u of (1.1) it holds that (Du); € L*(I, LP()) and

1(Dw)ell2(r.o()) < /P (uo, f)
where o(uo, f) = CDuols + | fll2zr 12
It is easy to deduce the follwoing corollary from Theorem A:

COROLLARY. Under the same assumptions as in Theorem A it holds
that (Du); € LP(G) and

”(DU)tHLp(G) < o(uo, f).
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Secondly, we give a priori estimates which assure the continuous depen-
dence of solutions of (1.1) on the given data uy and f.

THEOREM B. Let uy (resp. uz) be any solution of (1.1) with uy(x,0) =
w0 (resp. ug(z,0) = usy) and f = fi (resp. fa). Let the condition (1.2) be
satisfied for ;o and f;, i = 1,2. Under the condition that uy o, uz 9 € D(P),
fi, f2 € L2(I, L2(Q)) and (f1):, (f2)¢ € L*(I,L3(Y)) the followings hold:
foranytel

(1) [(u1 —u2)(t)]2 = Clur,o —uz0l2 + [[f1 = fallz2r,L2@)):
and
(2) ID(u1 — ua) |l 21y < (0(ur0, f1) + o(usp, fo)) &P/

(Jur,0 —uzpl2 + If1 = fall2 1,22 (02)))-

Under the same conditions on p as this paper we have proved some
decay properties of solutions for (1.1) in [N5], where we have replaced ®
by the indicator function Ik of a closed onvex subset K of V and I by
R} = (0,00).

In [N2] we considered the nonlinear parabolic variational inequality

u(t) e D(®) forall tel,

(ur (t), u(t) =) + {A()u(t), u(t) —v) + E(u(t)) — (v)
S (f(t),u(t) —v) forallve D(P)ae. tel,

u(z,0) = ug(z).

In the above the operator A(t); V — V' is defined in such a way that

(1.3)

n
(1.4) Z ,t,Dv),Djw)  for any v,w € V.
7j=1
Here the nonlinear functions a;j(x,t,n), j = 1,...,n, satisfy the following

AssumpTION (I). For (z,t) e G,ne R"—{0},{ € R"and j,1 < j <
n?

1-1 a;(z,t,m) € CO(Ux I x R")NCHQ x I x (R"—{0})),
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n

1-2 > (0/0m)a; (@, t,m)éik; 2 P2,

ij=1
1-3 1(0/0t)aj(z,t,n)| < Aln[P~.

Here ~, A are some positive constants.

It is easy to see that the operator A, satisfies the Assumption (I).
However, it is assumed that 2 < p in [N2]. In such a case we considered
the existence and the regularity of solutions of (1.3) under the following
assumptions in [N2]:

AssumpTION (II). The function ug(z) in (1.3) belongs to D(®) and
there exists an element zg(x) in L?(£2) such that the inequality

(1.5) (z0,v —up) + (A(0)ug,v — ug) + ®(v) — ®(up) = (f(0),v — up)
holds for all v € D(®).

AssumpTION (IIT). There exists vy in D(®) such that for any t € I
(1.6)  {(A(t)v,v —vo) + ®(v)}/|v|]y — oo uniformly as |v|y — oo.

Concerning with the regularity of solutions of (1.3), we obtained the
following results in [N2, p.276]: let the Assumptions (I), (II) and (III) be
satisfied. If f, f, € L*(I,L*(2)), it holds that [|(|Du|®~272Du)|72q),

l(a;(.,.,Du)) HLP @ and H(]Du\(P—Q)Du)tHIzp,(G) < 7(uo, 20, f) for any
solution u of (1.3). Here p’ is the adjoint number of p, i.e., p’ = p/(p—1), and
(o, 20, f) = C(1+|203+|uo 3+ Duolp+ I 1727 12y + I fell 721 12 (0))- In
[N2] we have treated (1.3) when the operator A has a nonlinear perturbed
term of lower order.

In [N4] we considerd the nonlinear parabolic equation
u € Lo(I, Wy P(Q)) N C(I, LX(Q), w € LA(I,LX(Q)),

(ur(t), ) + (AB)u(t), v) = (f(t),v)

1.7
.7 forallvEWOl’p(Q) a.e. tel,

u(z,0) = up.

under the following assumptions:
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AssumpTION (IV). fe LF'(I, W' (Q)) and f; € L(I, L*(2)).

AssuMPTION (V). wug € WHP(Q) and Duy € L*(Q). Further, there
exists a function zyp € L?(£2) such that the equality

(20,v) 4 (A(0)ug,v) = (f(0),v) for all v e W,P(Q)
holds

In [N4, p.51, p.62] we obtained the following results concerned to the
regularity of any solution u of (1.7): under the Assumptions (I), (IV) and (V)
it holds that (1) if 2(n-+1)/(n+3) <p < 2, then D>u € LF®=) (', LFP=) (q)),
(Du); € LFP=)(Q x I') and D*u € L™P=)(Q x I'), (2) if 2n/(n + 2) <
p < 2(n+1)/(n+ 3), then D*>u € LP(I, LY (), (Du); € LP(2 x I') and
D?u € L?/4=P)(@). Here D*u = D;Dju, 1 < i,j < n, I' = (a,b) with
any a,b, 0 < a < b < T, k(peo) = 4(n+ 1)(p —1)/((n + 3)p — 4) and
m(poo) = 2(n+1)(p—1)/(2p+n—3). It is easy to see that p < k(pso) (resp.
P> k(pss)), if 2(n+1)/(n+3) <p <2 (resp. 1 <p<2(n+1)/(n+3)).

The other results on the regularity of solutions for nonlinear parabolic
variational inequalities and nonlinear parabolic differential equations are
referred to [N2] and [N4].

In the abstract framework of a Hilbert triple {V, H,V'} G. Savaré has
considered (1.3) when A(t), t € I, is a family of linear continuous coercive
operators from V to V’ and ® is a proper convex lower semicontinuous
functional on V. In [Sa] he obtained the estimate ||u; — UQH?(I) S C(lurp —
w205+ fillscy + f2lls) Il fi—Falls(ry), where us (vesp. us) is any solution
of (1.3) with f = fi (resp. f2) and up = uyo (resp. uzp). Here i(I) =
LX(I,V) N L=(I,H) and S(I) = L2(I, V') + L\(I, H) + By,"/*(I, H) with
the norm [|v|[; 1y = [[vl[z2¢7,v) + |Vl Loo 7,y and ||[v]| ¢y = inf([|vr][z2(rvr) +
lv2ll 1 (1, my + H’U?)HBQ—ll/Q(LH)), where the infimum is taken for v = v1 + vy +
vy such that v; € L*(I,V'), vo € LY (I,H) and v3 € B;ll/Q(I,H). The
definition and the properties of the space B2_11/ *(I, H) are referred to [Sa).

At last we refer to the results in [C]. In [C] Y. Cheng considered

the nonlinear elliptic equation with the Dirichlet boundary condition;
—div(|Du[P~2Du) = f in Q and u = 0 on I in the weak sense that

(1.8) (Ayu, @) = (f, @) for all ¢ € C5°(9).
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Y. Cheng obtained the followings for solutions of (1.8) in [C]: (1) when
2 < p, it holds that |uy —usl|1p = C|fi — fo| ] /p b ,and (2) when 1 < p < 2,

it holds that [uy —wual1p = C(fil-1p + !f2171, /)(H)/(pfl)\fl = fal-1p-
Here wu; (resp. ug) is any solution of (1.8) for f = fi (resp. fa2).

This paper is constructed as follows: in Section 2 we prepare some
lemmas and a proposition, which play important roles in the proof of our
theorems. In Section 3 we give the proofs of our theorems.

§2. Lemmas

LemMA 2.1. ([C, p.736, Theorem 3]) There exists a positive constant
Yo depending only on p such that the following inequality holds:

21) Y (P2 = P ny)(& —ny) Z (€l + mDP 1€ — nl®
j=1
for any & and n € R"™, where the right-hand side is defined to be 0, if
E=n=0.
We can show easily the following lemma by Hoélder’s inequality:

LEMMA 2.2. Let 0 < r < 1 and v = r/(r = 1). If F(z) € L"(Q),
F(x)H(x) € LY(Q) and fQ |H(x)|" dz < oo, then it holds that

(2.2) (/ P |de)1/7~ (/ P ]dac) (/ H (2)[" dx) "

Here Q) is any bounded domain in R™.
By the same way as in [N1, p.77, Lemma 1.4] we can show the following

LEMMA 2.3. Let v be a distribution in Q and let {v;}32, be a sequence
in a reflexive Banach space X, where C§°(Q) is dense. Let norms |v;|x be
uniformly bounded. If (vj, ) — (v,9) as j — oo for any ¢ € C§°(Q), then
v belongs to X and the sequence vj converges weakly to v in X as j — oo.

Next, we prepare a priori estimates for solutions of (1.1).

PRrROPOSITION 2.1. Under the assumptions in Theorem A there exists
a unique solution u of (1.1) with the following properties:

(1) uwe LI, V)NC(I,L*()), wu € L®(I,L*(Q))

(2) (D)3, [u(t)) < o(uo, £) uniformly in t € I.
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For solutions of (1.3) the assertions of the above proposition were proved
in [N2, p.275, Theorem 1| under the Assumptions (I), (II) and (III) when
2 < p. In the cases that 1 < p £ 2,if n = 1,2, and 2n/(n +2) < p £ 2,
if 3 < n we can show the same results as [N2] by the similar way to [N2]
with slight modifications. Moreover, the above proposition was proved by
J. Kacur in [K3, p.116, Theorem 5.2.3]. In [K3] the operator A, was replaced
by a genral nonlinear elliptic operator which was independent of ¢.

Remark 2.1. 'We extend u(t) and f(t) outside I in such a way that

u(t) = u(T), f@&)y=f(T) for t>T;

(2.3)
u(t) = uo, ft)=f(0) for t<O0.

LEMMA 2.4. Under the assumptions in Theorem A the inequality

(2.4) [(u(h) = wo)/bl2 = Cllfill 2,2y (R #0)

holds for any solution u of (1.1). Here the positive constant C depends only
onT.

Proof. By Remark 2.1 it is easy to see that the estimate (2.4) is valid
for h < 0. Therefore, we may assume that 0 < h from now on.

For any solution w of (1.1) and a.e. t € I let us take v = wg in (1.1).
After this we take v = u(t) in (1.2). Adding these two inequalities, we get

(2.5)  (w(t) — (uo)e, u(t) —uo) + (Apu(t) — Apug, u(t) — ug)
S (f(t) — f(0),u(t) —up) ae. tel.

Using the fact that 0 < (Apu(t) — Apug, u(t) — ug), we get
(2.6) ——|u(t) —ug|s £ (f(t) — f(0),u(t) —ug) ae. tel.
Integrating the above over (0, h) for any h > 0, we have
h
(27) ) = w0l £2 [ (F0) = F(0).utt) ~ wa)ar

Dividing (2.7) by h? and using Hélder’s inequality, we get

h
(28) I(uh) ~uo)/h3 < 25 [ 1(@) = £(0),ut) ~ wo)lat
0
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<2/| 0))/hla| (u(t) — uo) /t]adt

/r /%ﬁ+/r ) — uo)tdt,

because 0 < 1/h < 1/t for 0 < t < h.
Here, we estimate the first term on the right-hand side of (2.8) as fol-
lows: at first,

29 100 - syt =11 [ siasi= [ (%[ s a

t/t 2 t /t 2
< | = | fi(s,x)dsde = — fe(s)|5ds.
5 | [ 1A
Then, we have

h t t
210y [0 - soympas [ (& [ ks a
0 0
<2 [ 15tV ds < 1l
=3/, 205 = SllJtlL2(1,22(0)

Therefore, from (2.8) and (2.10) we get

(2.11) m«»ﬂmmu_ﬂmmgy)+/W (t) - wo) /¢ 3dt.

Let us use Gronwall’s inequality to obtain the estimate (2.4). In this way
we finish the proof of this lemma. 0

§3. Proofs of our theorems

At first we give the proof of Theorem A.

Proof of Theorem A. For any solution u of (1.1) and a.e. t € I, we take
v=u(t+h)in (1.1), where |h| < min(¢,T — t). After this we take v = u(t)
in (1.1) for t =t + h. Adding these two inequalities, we have

(3.1) (ur(t +h) — ue(t), u(t + h) — u(?))
+H(Apu(t + h) — Apu(t), u(t + h) — u(t))
< (f(t+h)— f(b), (t+h)—u()) ae. te€l.
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Dividing (3.1) by h?, we get
1d
(3.2) 5@’“(“‘@ — u(t)|3/n*
F(Apult +h) = Apult),ult + ) — u(t)) /2
< (Onf(8), dhu(t)) ae. tel.

where 8, f(t) = (f(t + h) — f(t))/h and dpu(t) = (u(t + h) — u(t))/h.
Let us integrate (3.2) over I to get

(33) ST+ h) —u(TB/H — Slu(h) — uoly/n?
+ / (Ajult+ ) — Agu(t), ult + h) — u(t)) /B2t
I

< / (50 £ (8), Sput)) .
By Lemma 2.1 it holds that
(3.4) 70(|Du(t +h)| + ]Du(t)\)p*QIDu(t +h) — Du(t)|2/h2

< Z [Du(t + h)P~*Dju(t + h) — [ Du(t)"~* Dju(t))

(Dju(t + h) — Dju(t)/h*.
Integrating (3.4) over 2, we get

(35 0 /Q (IDu(t + h)| + | Du(t))*~2|Du(t + h) — Du(t)[2/h2dx

< (Apu(t+h) — Apu(t), u(t + h) —u(t)) /h*.

Next let us set F' = |Du(t + h) — Du(t)]*/h?, H = (|Du(t + h)| +
|Du(t)])P=2, r = p/2 and Q =  in Lemma 2.2. Then, from (2.2), (3.5) and
Proposition 2.1 we get

2/p

(3.6) ( /Q (Du(t + h) — Du(t)) /h\pdx)

< ( [ (Dutt +1)1+ [Du(ol 21 Dute + 1) - D““)’Qd””) |

2-p)/p
([4Dute + 101+ 1Duto)ra)
< oDy, F)(1/7) " (Agult + B) — Apu(t) ult + h) — u(t)) /A,
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Let us integrate (3.6) over I to have
(3.7) /1 ( /Q (Du(t + h) — Du(t)) /h\pd:v> o

< o @P)/P(y, ) /I (Ajult+ 1) — Ayu(t), ult + h) — u(t)) /h2dt.
Combining (3.7) with (3.3) multiplied by ¢>=P)/P(uy, f), we obtain
(3.8) /1 ( /Q (Du(t + h) — Du(t)) /h]pd:v> P
PP (ug, £)(|(u(h) = uo)/hf3 +/I|(5hf(t),5hu(t))|dt)

A

A

PP (ug, £)(|(u(h) — uo) /B2 + /1 |65, f () |2|6nu(t)|2dt)

AP g, )| Culh) = o)/ + [ ) e+ [ 15,56

By the similar calculations to (2.9) and (2.10) the last two terms in the
blackts on the right-hand side of (3.8) are estimated as follows:

[IA

/1 60 F () Bat < 12201 120

[ Bttt < sl 2 < ol ).

Here we have used Proposition 2.1 in the last inequality. In (3.8) let us use
the above two estimates and Lemma 2.4. Then, we get

(3.9) /1 < /Q |(Du(t + h) — Du(t)) /h]pdx> o dt < o?/P(ug, f).

By virtue of Lemma 2.3 we finish the proof of our theorem, see [N3, p.184]
in detail. []

Proof of Theorem B. For ¢ = 1 and 7 = 2 let u; be any solution of the
inequality

((ui)e(s), ui(s) —v) + (Apui(s), ui(s) — v) + B(ui(s)) — (v)
(3.10); < (fi(s),ui(s) —v) forallve D(®) ae. sel,

ui(x, 0) = ui70
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In (3.10); (resp. (3.10)2) we take v = ug (resp. u1). Then, let us add these
two inequalities in order to get

B11)  (((ua)e = (u2)e)(s), ua(s) — uals))
H(Apui(s) = Apua(s), ui(s) — ua(s))

< (fi(s) = fa(s),ui(s) —ua(s)) a.e. s € I.
Then, we have

(312)  5lun(s) — uals) B+ (Apur(s) — Apua(s),ua(s) — wa(s))

< (f1(s) — fa(s),u1(s) —ua(s)) ae. sel.

Let us apply Holder’s inequality to the right-hand side of (3.12) and inte-
grate it over (0,¢) for any ¢ € I to obtain the inequality

(3813) lur(t) — ua(t)f3 +2 / (Apur(s) — Agua(s), ur(s) — uz(s))ds

t t
< Jurg — uzof3 + / Fu(s) — fols)3ds + / s () — ua(s) s,

After using the fact that 0 < (Apui(s) — Apua(s),ui(s) — ua(s)) for any s
let us apply Gronwall’s inequality again to have

T
(3.14)  fuy(t) — ua(t)[3 £ Cluio —u2,o!§+/0 |f1(t) = fa(t)[5dt).

In this way we finish the proof for (1) in Theorem B.
Secondly, as in (3.6) we have the following: from Proposition 2.1

(3.15) ( /Q \Dul(t)—Dug(t)pdx)Q/p

< (o(ur0; f1) + o (u,0, £2)) 7P (Apu(t) — Apur (1), u (£) — ua(?)).
By virtue of (3.13)—(3.15) we have

(3.16) /1 < /Q |Du1(t)—Du2(t)pdx>2/pdt

< (o(u10, f1) + o (u20, f2)) @ PP
(lur,o — u2,0|§ +lf1 — sz%Q(LLQ(Q))).

Thus, we finish the proof. 0
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Remark 3.1. 'When 2 < p, it holds that in Theorem B the estimate (1)
is valid and the estimate (2) is replaced by the following form:

|ur — U2Hip(1,v) = Clluo = u2’0|§ - fQHLp (v :

with some positive constant C. The above assertion is deduced from (3.13),
(3.14), Holder’s and Poincaré’s inequalities and the inequality

> (€2 — InP~20;) (& — my) Z Col¢ =P for any &,n € R",
j=1

where Cjy depends only on p and n, see [C].
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