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A strong convergence theorem for an iteration
of nonexpansive mappings

Tomoo Shimizu

1 Introduction
Let $C$ be a nonempty closed convex subset of a real Banach space $E$ .

Then, a mapping $T$ of $C$ into itself is said to be nonexpansive if
$||Tx-Ty\Vert\leq\Vert x-y\Vert$ for all $x,$ $y\in C$ .

We deal with the following iterative process, first considered by Halpern[2]:
$A_{0}^{\alpha}x=x$ , $A_{n+\iota}^{\alpha}x=a_{1+1}x+(1-\alpha_{n+1})TA_{n^{\backslash }}^{\alpha,}c(\uparrow l=0,1,2, \cdots)$ , (1)

where $\alpha_{7l}\in[0,1]$ . Recently, Wittiann[5] proved a strong convergence the-orem of iterates $\{.4^{\sigma_{l}}x\}$ defined by (1) in the case when $E$ is a Hilbertspace and $\{\alpha_{n}\}$ satisfies $0\leq\alpha_{n}\leq 1,$ $\lim_{n\rightarrow\infty}\alpha_{n}=0,$ $\Sigma_{n=1}^{\infty}\alpha_{n}=+\infty$ and
$\Sigma_{n=1}^{\infty}|\alpha_{n+1}-\alpha_{n}|<+\infty;see[3]$ .

In this paper, we extend Wittmann’s result to a uniformly convex and
uniformly smooth Banach space with a weakly sequentially continuous dual-ity mapping.

2 Preliminaries
Let $E$ be a real Banach space, and let $S_{1}[0]=\{x\in E:||x\Vert=1\}$ be itsunit sphere. The norm of $E$ is said to $1$) $e$ G\^ateaux diffrentiable (and $E$ is

said to be smooth), if
$\lim_{1-0}\frac{\Vert x+ty\Vert-\Vert x\Vert}{t}$ (2)
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exists for each $x,$ $y\in S_{1}[0]$ . It is said to be Frechet differentiable, if for each
$\backslash ’\iota$

. in $S_{1}[0]$ , this limit is attained uniformly for $y\in S_{1}[0]$ . The norm of $E$ is
said to be $unifo1^{\cdot}m1\}^{r}$ G\^ateaux differentiable, if for each $y$ in $S_{1}[0]$ , the lilnit
(2) is approached uniformly as.$\iota$

. varies over $S_{1}[0]$ . Finally, it is said to be
uniforily Fr\’echet $different,ial$) $le$ (and $E$ is said to $1$) $e$ uniformly smooth), if
the limit (2) is attained uniformly for.$\iota\cdot,$ $y$ in $S_{1}[0]\times S_{1}[0]$ . For a Baltach
$spa\mathfrak{c}ceE1_{J\backslash }$

,
we denote by $J$ the norntalized duality niapping on $E$ to $2^{E}$ given

$J(x)=\{f\in E^{*}$ : $\Vert f\Vert^{2}=\Vert x\Vert^{2}=\langle x, f\rangle\}$ ,

where $E^{*}$ denotes the continuous dual space of $E$ and $\langle x, f\rangle=f(x)$ . It is
well known that if $E^{*}$ is strictly convex, then $J$ is single valued, and if $E^{*}$

is uniformly convex, then $J$ is uniformly continuous on bounded sets; see[6].
Suppose that $J$ is single valued. Then $J$ is said to be weakly sequentially
continuous, if for any $\{x_{n}\}\subseteq E$ with $x_{n}\rightarrow x,$ $\{J(x_{n})\}$ converges to $J(x)$ in
weak-star topology, $where\rightarrow will$ denote weak convergence. We define, for
any positive $t$ ,

$\beta(t)=\sup\{\frac{\Vert x+ty\Vert^{2}-\Vert x\Vert^{2}}{t}-2\langle y, J(x)\rangle$ : $||x\Vert\leq 1,$ $\Vert y\Vert\leq 1\}$ .

Clearly, $\beta$ : $(0, +\infty)\rightarrow[0, +\infty)$ is nondecreasing continuous and $\beta(ct)\leq$

$c\beta(t)$ for all $c\geq 1$ . We also know Reich’s result[4]:

Lemma 1 (Reich) Let $E$ be a $\prime unifo\uparrow mly$ smooth Banach space and let $\beta(t)$

be defined as above, then $\lim_{t-+0}\beta(t)=0$ and

$||x+y\Vert^{2}\leq||x||^{2}+2\langle y,J(x)\rangle+\max\{||x||, 1\}||y||\beta$ ( $\Vert$ yll)

for all $x,$ $y\in E$ .

3 Main result

We denote by $N$ the set of positive integers. The following theorem is a
generalization of Wittlnann’s $result[5]$ which was proved in a Hilbert space.

Theorem 1 Let $\{\alpha_{\iota}\}_{n=1}^{\infty}$ be a sequence in $(0,1)$ such that
$(\prime i)\lim_{\iota-\infty^{O_{lt}}}=0$ ;
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(ii) $\Sigma_{\uparrow\iota=1}^{\infty}\alpha_{ll}=+\infty.\cdot$

$(\prime ii\prime i)\Sigma_{1l=1}^{\infty}|\alpha_{\iota+1}-\alpha_{7t}|<+\infty$ .
Let $E$ be a $\prime un^{s}ifo\uparrow\cdot mlycon’\iota ex$ and uniformly smoo th Bctnach space with a
weakly sequentially $contin\prime uo^{l}ns$ d,nality mapping $J$ : $E\rightarrow E^{*}$ , let $C$ be a
nonempty closed convex s’nbset of $E$ and let $T$ be $a$ no $r\iota expo,nsi’\iota er7$mappi $r\tau g$ of
$C$ into itself $s\prime nch$ that $F(T)=\{\lambda\cdot\in C:Tx=x\}$ is nonempty. Then $ fo\uparrow$

. any
$x\in C$ , the sequence $\{_{4}-\prime 1_{n}^{\mathfrak{a}}x\}_{ll=0}^{\infty}con\iota le\uparrow(Jesst\uparrow*ongly$ to $p=Px$ . $whe/’\cdot eP$ is a
$s\cdot\iota nnynonexpansi’\iota le\uparrow\cdot et\uparrow\cdot action$ of $C$ onto $F(T)$ .

Proof. $11^{\prime}- e$ may assume that $C$ is bounded and $0\in F(T)$ without loss of
generality. Then for any $x\in C$ and $\uparrow t\in N$ , we have $\Vert Tx\Vert\leq\Vert x\Vert$ and
$\Vert A_{n}^{\alpha}x\Vert\leq\Vert x\Vert$ .
Since

11 $ A_{n+1}^{\alpha}x-A_{n}^{\alpha}x\Vert$ $\leq$ $|\alpha_{n+1}-\alpha_{n}|\Vert x\Vert+|\alpha_{n+1}-\alpha_{n}|\Vert TA_{n-1}^{\alpha}x\Vert$

$+$ $(1-\alpha_{n+1})\Vert TA_{n}^{\alpha}x-TA_{n-1}^{\alpha}x\Vert$

$\leq$ $ 2|\alpha_{n+1}-\alpha_{l}|\Vert x\Vert+(1-\alpha_{n+1})\Vert A_{n}^{\alpha}x-A_{n-1}^{\alpha}x\Vert$ ,

we get, for any integers $m$ and $\uparrow l$ with $n\tau<n$ ,

$\Vert A_{n+1}^{\alpha}x-\wedge 4_{n}^{\alpha}x\Vert\leq 2\sum_{\dot{\uparrow}=n\iota}^{n}|\alpha_{i+1}-\alpha_{i}|\Vert x\Vert+2\Vert x||\prod_{i=?’\iota}^{n}(1-\alpha_{i+1})$ .

This implies

$\lim\sup,\Vert A_{\iota+1}^{\cap}\sim x-\wedge 4_{n}^{o}x\Vert\leq 2\sum_{i=m}^{\infty}|\alpha_{i+1}-\alpha_{i}|\Vert x\Vert$ ,

because $\lim_{\iota-\infty}\Pi_{i=n\iota}^{n}(1-c\iota_{i+1}^{\prime})=0$ . Letting now $\eta l$ tend to infinity, by (iii),
we have

$\lim snp_{\uparrow\iota-\infty}$ Il $A_{\iota+1}^{\alpha}x-A_{n}^{\alpha}x\Vert=0$ .
Combining this with

$\Vert_{-}4_{n}^{\alpha}x-T\wedge\angle 1^{\alpha_{l}}x\Vert$ $\leq$ $\Vert_{-}4_{lt}^{\alpha}x-(1-\alpha_{\iota})T\wedge 4_{1-1}^{Q}x\Vert$

$+$ $(1-\alpha_{l1})\Vert T.4_{\iota-1}^{\alpha}x-T.4^{\alpha}|lx\Vert+\alpha_{n}\Vert TA_{n}^{\alpha}x||$

$\leq$ $ 2\alpha_{l1}\Vert x\Vert+\Vert 44_{n-1}^{\alpha}x-A_{f}^{\alpha_{1}}x\Vert$ ,

by (i), we obtain
$1in1_{n-\infty}\Vert A_{n}^{o}x-T_{-}4_{lt}^{a}x\Vert=0$ . (3)
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On the other hand, by Reich[3] or $Takahashi$ [ $6$ , p.128], there is a sunny
$nonexpansi\tau’\cdot e$ retraction $P$ of $C$ onto $F(T)$ . Let $p=Px$ . Since $P$ is a sunny
uonexpansive $\iota\cdot etl\cdot action$ , we know fron Takahashi[6, p179] that

\langle $x-p,$ $J(\sim^{-p)\rangle}-\leq 0$ for $any.\sim\vee\in F(T)$ . (4)

$1/\backslash l^{-}esllO11^{\cdot}$ next that

$1i_{\mathfrak{U}1}\sup_{1-\infty},\langle.\iota\cdot-p, J(-4_{?1^{\backslash }}^{o}\iota\cdot-l))\rangle\leq 0$ .

If not, there exists a positive real $UUl\iota\iota 1$)$err$ such that

$ 0<r<\lim\sup_{\iota-\infty}\langle x-p, J(A_{\mathfrak{n}}^{\alpha}x-p)\rangle$ .

So, there is a subsequence $\{A_{n;}^{\alpha}x\}_{i=1}^{\infty}$ of $\{A_{n}^{\alpha}x\}$ such that

$\uparrow\cdot<\langle x-p, J(A_{n_{i}}^{\alpha}x-p)\rangle$ .

By possibly replacing $\{n_{i}\}$ by another subsequence, we may also assume that
$\{\wedge 4_{n_{i}}^{\alpha}\}$ is weakly convergent to some $\sim 0-\in C$ . Since $E$ is uniformly convex,
by Browder[l] and (3), we obtain $\sim 0-\in F(T)$ . Since $J$ is weakly sequentially
continuous, we have

$\uparrow\leq\langle x-p,$ $J(-$ .

This contradicts (2). Hence we have

$\lim\sup_{f1-\infty}\langle x-p, J(A_{n}^{\alpha}x-p)\rangle\leq 0$ .

So, for an arbitrary positive number $\epsilon$ , from (3), we can choose a nonnegative
integer $n_{\epsilon}$ such that for any $in\geq n_{\epsilon}$ ,

$\langle l:-p, J(T.4_{ll^{\backslash }}^{c\iota}\tau-p)\rangle<\epsilon$

and

$m\&\backslash \{(1-\alpha_{n+1})\Vert T_{-}4^{o_{1}}x-p\Vert, 1\}\alpha_{n+1}\Vert x-p\Vert\beta(\alpha_{\iota+1}\Vert x-p\Vert)<\epsilon$ .

Then, by Lenumal, for $any\uparrow\iota\geq 7l_{\epsilon}$ , we have
$\Vert.4_{n+1}^{\alpha}x-p\Vert^{2}$ $\leq$ $(1-\alpha_{n+1})^{2}\Vert TA_{n}^{\alpha}x-p\Vert^{2}$

$+$ $ 2\alpha_{t1+1}(1-\alpha_{n+1})\langle x-p, J(TA_{tl}^{\alpha}x-p)\rangle$

$+$ max $\{(1-O_{l1+1}^{\prime})||T.4_{l1}^{o}\iota,\cdot-p||, 1\}\alpha_{n+1}\Vert x-p\Vert\beta(\alpha_{n+1}||x-p||)$

$\leq$ $(1-\alpha_{l1+1})\Vert T.4_{l}^{o}.\iota:-p||^{2}+3\alpha_{l+\iota}\epsilon\underline{)}$
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Hence, we have, for $?t>\uparrow?_{\epsilon}$ ,

$\Vert_{\rightarrow 4_{ll}^{c\iota}}.l\cdot-p\Vert^{2}\leq 3\epsilon+\Vert_{-4_{l1_{e^{t}}}^{\prime\gamma}}l\cdot-p\Vert^{2}\prod_{i=’ t,+1}^{ll}$ (1 –a $i$ ).

So. from $1in1_{ll-\infty}\prod_{j}^{ll}=’\iota.+1$ (l–a $j$ ) $=0,1\backslash /\cdot e$ have

$\lim\sup,\Vert_{-}4_{l1}^{o}.\iota:-p\Vert^{2}\leq 3\epsilon$ .

Because $\epsilon>0$ is arbitrary, we have

$li\iota n_{1-\infty-}4_{n}^{\alpha}x=p$ .
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