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On some uniqueness and existence results
for initial value problems of ordinary

differential equations

Hitoshi URYU, Yoshifumi TODO and Masashi MURAKAMI\dagger

Introduction
Consider the initial value problem

(1) $y^{\prime}=f(x, y),$ $y(x_{0})=y_{0}$

where the function $\int(x, y)$ is at least continuous in $\overline{S}_{+}$ : $x_{0}\leq x\leq x_{0}+$

$a,$ $|y-y_{()}|\leq b$ . $ln$ such a case by a solution of (1) in the interval $[x_{O}, x_{O}+a]$ ,
we mean a function $y(x)$ satisfying:

$\left\{\begin{array}{l}y(x_{0})=y_{0}\\x\in[x_{0}, x_{0}+a](x, y(x))\overline{s}_{+}\\y^{\prime}(x)[x_{0}, x_{0}+a]\\y^{\prime}(x)=f(x, y(x))\end{array}\right.$

J.M.Bownds [1], J.M.Bownds and F.T.Metcalf [2] used a certain factor-
ization of the function $f(x, y)$ , further T.C.Gard [3] imposed a condition on
the $f(x, y)$ with a certain $fnrlction\phi(x)$ clefined in $[x_{0}, x_{0}+a$ ) to obtain the
uniqueness of the classical solutions\dagger \dagger of the initial value problem (1). The
results we shall prove are bascd on both these works.

\dagger Department of Mathematics, Miyagi University of Education.
$\dagger\uparrow 1ff(x, y)$ is only defined in $\overline{s}_{+}$ , by a classical solution of (1) in $[x_{0}, x_{0}+a]$ we mean

a $y(x)$ satisfying $y(x_{0})=y_{0},$ $(x,$ $y(x))\in\overline{s}_{+}$ and $y(x)$ is continuous in $[x_{0}, x_{0}+a],$ $y^{\prime}(x)$

exists in $(x_{0}, x_{0}+a)$ and $y^{\prime}(x)=f(x,$ $y(x))$ .
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In thc Ilcxt scction wc will show a gencralization of 0.Kooi [4] $s$ unique-
$IlCSS$ theorem. Also H.Uryu, M.Murakami and Y.Todo [5] proved that his
$11$ niqueness result $ret$ tlairlS true wi $t11ont$ continuity of $\int(x, y)$ in sonle sense.
$1^{t}\urcorner\iota lrther$ It will be shown by Corollary 3 that the conditions O.Kooi imposed
ill his existence and uniqueness thcorem are special cases of our results.

We co$n1d$ fined thesc studics $[1]\sim[4]$ in thc book written by R.P.Agarwal
and V.Lakshmikantham [6].

The uniqueness results
Theorem 1. Suppose that it is possible to find three functions $f_{1},$ $f_{2},$ $\int_{3}$ , in
$\overline{s}_{f}s\iota lcl\iota\iota tlat\int=f_{1}f_{2}-\int_{3}$ in $\overline{s}_{+}$ , where $\int_{1},$ $f_{2},$ $f_{3}$ are continuous $iI1\overline{s}_{+}$ , and
$\frac{\partial_{1}(x,y)}{\partial x}$ exists, is nonnegative, and is continuous in $\overline{s}_{+}$ . Further, suppose that
$f_{1},$ $f_{2}$ and $f_{3}$ have the following properties

i) the function $f_{1}$ is strictly positive along the solution curvcs,

ii) for each fixed $x\in(x_{0},x_{0}+a)$ and $y_{0}-b\leq y<\overline{y}\leq y_{0}+b$

$f_{3}(x,\overline{y})f_{1}(x,y)\geq f_{3}(x,y)f_{1}(x,\overline{y})$ ; and

iii) let $\phi(x)$ be a differentiable function dcfined in $(x_{0}, x_{0}+a)$ such that
$\phi(x)>0$ in $(x_{0}, x_{0}+a)$ and for all $(x, y),$ $(x,\overline{y})$ in $\tilde{s}_{+}$ : $x_{0}<x<$
$x_{O}+a,$ $|y-y_{0}|\leq b$ with $y<\overline{y}$ $f_{2}$ satisfies

(2) $\int_{2}(x,\overline{y})-f_{2}(x, y)\leq\frac{\phi^{\prime}(x)}{\phi(x)}(\overline{y}-y)$ .

Further let $\lambda(x)$ be a nonnegative function in $(x_{0}, x_{0}+a)$ such that
$\int_{x_{0}}^{x}\lambda(t)dt$ exists and for all $(x,\overline{y}),$ $(x, y)$ in $\tilde{s}_{+}$ with $y<\overline{y}$ $f_{2}$ satisfies

(3) $f_{2}(x,\overline{y})-f_{2}(x, y)\leq\lambda(x)g(\overline{y}-y)$

wllere $g(z)>0$ is the continuous and nondecreasing function for $z>0$ and
it satisfies

$ G(y)=\int_{0}^{y}\frac{d_{Z}}{g(z)}<\infty$ , $\lim_{x\rightarrow x_{0}^{+}}\frac{G^{-1}(M\int_{x_{0}}^{x}\lambda(t)dt)}{\phi^{M}(x)}=0$
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whcre $M=Inax_{\overline{S}+}|f_{1}(x, y)|$ .

Tlien, the initial value problem (1) has at most one solution in $[x_{0}, x_{0}+a]$ .

Proof. Suppose there are two solutions $y(x)$ and $\overline{y}(x)$ of (1) in the in-
terval $[x_{0}, x_{0}+a]$ . Then, there exists a point $\overline{x}\in(x_{0},x_{0}+a)$ such that
$\overline{\uparrow J}(\overline{x})-y(\overline{x})>0$ . Let $\xi_{0}=\sup$ { $x$ : $x_{0}\leq x<\overline{x}$ and $\overline{y}(x)=y(x)$ } $.$ ’rhen,
$\overline{y}(\xi_{0})=y(\xi_{0})$ and $\overline{y}(x)>y(x)$ in $(\xi_{0},\overline{x})$ . Now $f_{1}(\xi_{0},y(\xi_{0}))>0$ and since $f_{1}$

is continuous there exists a $\xi_{1}$ such that for $\xi_{0}\leq x\leq\xi_{1}$ and $y(x)\leq y\leq\overline{y}(x)$

it is true that $f_{1}(x, y)$ is bounded away from zero by a positive number, say,
$\uparrow n.$ DefiIlC a function $H$ : $[\xi_{0}, \xi_{1}]\rightarrow R$ as follows

(4) II $(x)\equiv\int_{y(x)}^{y(x)}[\frac{dt}{f_{1}(x,t)}]+\int_{\xi_{0}}^{x}\{\frac{f_{3}(t,\overline{y}(t))}{f_{1}(t,\overline{y}(t))}-\frac{f_{3}(t,y(t))}{f_{1}(t,y(t))}\}dt$ .

Clearly, $H(\xi_{0})=0aIld$ in view of the condition i) and ii) it follows that

((5) $\Pi(x)>0$ in $(\xi_{0}, \xi_{1})$ .

Also, by the hypotheses on $f_{1},$ $H(x)$ may be differentiated in $(\xi_{0}, \xi_{1})$ , to
obtain

(6) $H^{\prime}(x)$ $=$ $\int_{y(x)}^{\overline{y}(x)}\frac{\partial}{\partial x}[\frac{1}{f_{1}(x,t)}]dt+\frac{\overline{y}^{\prime}(x)}{f_{1}(x,\overline{y}(x))}-\frac{y^{\prime}(x)}{f_{1}(x,y(x))}$

$+\frac{f_{3}(x,\overline{y}(x))}{\int_{1}(x,\overline{y}(x))}-\frac{f_{3}(x,y(x))}{f_{1}(x,y(x))}$

$\leq$ $\frac{\overline{y}^{\prime}(x)+f_{3}(x,\overline{y}(x))}{f_{1}(x,\overline{y}(x))}-\frac{y^{\prime}(x)+f_{3}(x,y(x))}{f_{1}(x,y(x))}$

$\frac{f(x,\overline{y}(x))+f_{3}(x,\overline{y}(x))}{f_{1}(x,\overline{y}(x))}-\frac{f(x,y(x))+f_{3}(x,y(x))}{f_{1}(x,y(x))}$

$ln$ the inequality (6), on using the factorization of $f$ and the condition
(2), wc obtain

(7) $H^{\prime}(x)$ $\leq$ $f_{2}(x,\overline{y}(x))-f_{2}(x, y(x))$

$\leq$ $\frac{\phi^{\prime}(x)}{\phi(x)}(\overline{y}(x)-y(x))$ , $x\in(\xi_{0}, \xi_{1})$ .
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From ii) and (4) it follows that

(8) $H(x)\geq\int_{y(x)}^{\overline{y}(x)}\frac{dt}{M}=\frac{\overline{y}(x)-y(x)}{M}$ .

Thus a combination of (7) and (8) leads to the differential inequality

$H^{\prime}(x)-\frac{\phi^{\prime}(x)}{\phi(x,)}MH(x)\leq 0$ , $x\in(\xi_{0},\xi_{1})$ .

Hence for $0<\epsilon<\xi l-\xi_{0}$ , we have

$\frac{d}{dx}[\ln 1J(x)-\ln\phi^{M}(x)]=\frac{d}{dx}(\ln\frac{H(x)}{\phi^{M}(x)})\leq 0$ , $x\in[\xi_{0}+\epsilon,\xi_{1}$ ).

Therefore, it follows that

$1_{I1}\frac{lJ(x)}{\phi^{M}(x)}\leq 1_{I1}\frac{H(\xi_{0}+\epsilon)}{\phi^{M}(\xi_{0}+\epsilon)}$

wllicll may be writtcn as

(9) $0\leq\frac{lI(x)}{\phi^{M}(x)}\leq\frac{IJ(\xi_{0}+\epsilon)}{\phi^{M}(\xi_{0}+\epsilon)}$ $x\in[\xi_{0}+\epsilon, \xi_{1}$ ).

If $x_{0}<\xi_{0}$ , then (9), in view of $\lim_{\epsilon\rightarrow 0+}\frac{H(\zeta_{0}+\epsilon)}{\phi^{M}(\zeta_{0}+e)}=0$ , iInplies that
$H(x)=0$ in $(\xi_{0},\xi_{1})$ . But this contradicts (5).

lf $x_{0}=\xi_{0}$ then (9) is

(10) $0\leq\frac{H(x)}{\phi^{M}(x)}\leq\frac{II(x_{0}+\epsilon)}{\phi^{M}(x_{0},+e)}$ $x\in[x_{0}+\epsilon,\xi_{1}$ ).

From (3) and the hypothesis on $g$ , it follows that

$II^{\prime}(x)\leq\lambda(x)g(\overline{y}(x)-y(x))\leq\lambda(x)g(MH(x))$

which implies that

$G(MH(x_{0}+\epsilon))\leq M\int_{x_{0}}^{x_{0}+\epsilon}\lambda(t)dt$ .
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On using the monotoneity of $G$ , we find

(11) $MH(x_{0}+e)\leq G^{-1}(M\int_{x_{0}}^{xo+\epsilon}\lambda(t)dt)$ .

From a $co$mbination of (11) and (10), wc gct

$0\leq\frac{H(x)}{\phi^{M}(x)}$

$\leq\leq$ $\frac{\frac{II}{\frac{1}{M}\phi^{M}}(x_{0}+\epsilon)G^{-1}(M\int_{x_{0}}^{x_{0}+\epsilon}\lambda(t)dt)(x_{0}+\epsilon)}{\phi^{M}(x_{0}+e)}$

$x\in[x_{0}+e,\xi_{1}$ ).

rrhis leads to the desircd contradiction. $\blacksquare$

Corollary 1. $\ln$ Theorem 1 condition iii) can be replaced by

iii)’ the function $f_{2}$ satisfies for all $(x, y),$ $(x,\overline{y})\in\tilde{s}_{+}$ with $y\leq\overline{y}$

$f_{2}(x,\overline{y})-f_{2}(x, y)\leq\frac{k(\overline{y}-y)}{x-x_{0}}$ ,

$f_{2}(x,\overline{y})-f_{2}(x, y)\leq\frac{c(\overline{y}-y)^{\alpha}}{(x-x_{0})^{\beta}}$

where the constants $k,$ $c,$ $\alpha$ and $\beta$ , satisfy thc inequalities $k>0,$ $c>$

$0,0<\alpha<1,$ $\beta<1,$ $Mk<\frac{1-\beta}{1-\alpha}$ and $M=\max_{\overline{s}_{+}}|f_{1}(x, y)|$ .

$Proof.Itsufficestonotethatthefunction.\phi(x)=(x-x_{0})^{k}andg(z)=z^{\alpha}areadrI1issib1einThrrem1\lambda(x)=\frac{c}{(x-xo)^{\beta}-}$

$lf$ we takc $f_{1}\equiv 1,$ $\int_{2}\equiv f$ and $\int_{3}\equiv 0$ in Corollary 1 then we obtain the
generalization of Kooi’s uniqueness theorem (see the proof of corollary 3).

Also evcn if we consider (1) as an n-dimensional systeIn, i.e., $f=(\int_{1}, \cdots, f_{n})$

and $y=(y_{1}, \cdots, y_{n})$ , the idea of the proof in Theorem 1 can be used.
For $x,$ $y\in R^{n}$ we shall use the following notations.

$|y|=\Sigma_{i=1}^{n}|y_{i}|$ , $||y||=\sqrt{\Sigma_{i=1}^{n}y_{i}^{2}}$ , $x\cdot y=\Sigma_{i=1}^{n}x_{i}y_{i}$
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Theorem 2. $I_{\lrcorner}c^{\tau},t\phi(x)>0$ bc a differentiable function defined in $(x_{0}, x_{0}+a)$ .
$I^{t}\urcorner urt1\iota er$ , let the function $f(x, y)$ be continuous in $\hat{s}_{+};$ $x_{0}\leq x<x_{0}+a,$ $|y-$

$y_{0}|\leq b$ atld for all $(x, y),$ $(x,\overline{y})\in\tilde{S}_{+};$ $x_{0}<x<x_{0}+a,$ $|y-y_{0}|\leq bwit1_{1}$

$y\neq\overline{y}$ the following inequalities hold

i) $(f(x, y)-f(x,\overline{y}))\cdot(y-\overline{y})\leq\lrcorner\phi^{\prime}x\lrcorner\phi(x)||y-\overline{y}||^{2}$ ; and

ii) $(\int(x, y)-f(x,\overline{y}))\cdot(y-\overline{y})\leq\lambda(x)g(||y-\overline{y}||)||y-\overline{y}||$

where $\lambda(x)\geq 0$ is defined in $(x_{0}, x_{0}+a)$ such that $\int_{xo}^{x}\lambda(t)dt$ exists, $g(z)>0$

is continuous for $z>0$ and these satisfy

$ G(y)=\int_{0}^{y}\frac{dz}{g(z)}<\infty$ , $\lim_{x\rightarrow x_{0}^{+}}\frac{G^{-1}(\int_{x_{0}}^{x}\lambda(t)dt)}{\phi(x)}=0$ .

Then, the initial value problem (1) has at most one $n$ -solution\ddagger in $[x_{0}, x_{0}+a$).

Proof. Let $y(x)$ and $\overline{y}(x)$ be two n-solutions of (1). Tllen we define a
function $H(x)\equiv||y(x)-\overline{y}(x)||$ . As in Theorem 1 we obtain

$0\leq\frac{H(x)}{\phi(x)}\leq\frac{H(\xi_{0}+e)}{\phi(\xi_{0}+\epsilon)}$ in $[\xi_{0}+e,\xi_{1}$ )

which leads the contradiction. $\blacksquare$

The successive approximations
It is wcll known that a $uni(lueness$ theorem doesn’t imply the convergence

of sequences of functions obtained by Picard’s method of successive approxi-
lnations. Therefore it may be of some interest to investigate the convergence
In our case.

$\downarrow 1ff(x, y)$ is continuous in $\hat{s}_{+}$ , by a n-solution of (1) in $[x_{0}, x_{0}+a$ ) we mean a $y(x)=$
$(y_{1}(x), \cdots , y_{n}(x))$ satisfying $y(x_{0})=y_{0},$ $(x, y(x))\in\hat{s}_{+}$ in $[x_{0}, x_{0}+a$), $y^{\prime}(x)$ exists and
continuous in $[x_{0}, x_{0}+a$); and $y_{1}^{\prime}(x)=f_{i}(x, y(x)),$ $i=1,$ $\cdots,$ $n$ .
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Theorem 3. Lct $\phi(x)$ bc a continuous non-decreasing function in $ x_{0}\leq$

$x\leq x_{0}+a$ and continuously differentiable in $x_{0}<x\leq x_{0}+a$ such that
$\phi(x_{0})=0,$ $\phi(x)>0$ for $x>x_{0}$ . Further, let the function $\int(x, y)$ be contin-
uous in $\overline{s}_{+}$ and for all $(x,\overline{y}),$ $(x, y)\in\overline{s}_{+}$ it satisfies

(12) $|f(x,\overline{y})-f(x, y)|\leq\frac{\phi^{\prime}(x)}{\phi(x)}|\overline{y}-y|,$ $x>x_{0}$

(13) $|f(x,\overline{y})-f(x,y)|\leq\lambda(x)g(|\overline{y}-y|),$ $x>x_{0}$

where $\lambda(x)\geq 0$ is a continuous function in $x_{0}<x\leq x_{0}+a$ and $g(z)\geq 0$

is the continuous and nondecreasing function for $z\geq 0$ . Further suppose for
any constant $L\geq 0$ there exist two constants $\delta>1,$ $C\geq 0$ and natural num-
bcr $?$. such that $\prime l^{\iota n}(L(x-x_{0}))\leq C\phi^{\delta}(x)$ in $x_{0}\leq x\leq x_{0}+a$ where $T^{n}$ is an
opcrator given as $T^{n}(v(x))\equiv T^{1}(T^{n-1}(v(x))),$ $T^{1}(v(x))\equiv\int_{x_{0}}^{x}\lambda(t)g(v(t))dt$ .

Then, the initial value problem (1) has a unique solution in $x_{0}\leq x\leq x_{0}+h$

where $h=lnin(a,$ $\frac{b}{M})$ and $M=\max_{\overline{s}_{+}}|f(x, y)|$ .

Proof. I) The existence
We choose a function $y_{0}(x)=y_{0}$ .

defined for natural $n$ by the relation
The sequence of functions $\{y_{n}(x)\}$ ,

(14) $y_{n}(x)=y_{0}+.\int_{x_{0}}^{x}f(t, y_{n-1}(t))dt$

is the well known se($lucnces$ of the successivc approximations. From induction
it can bc proved that $y_{n}(x)$ is continuous and $|y_{n}(x)-y_{0}|\leq b$ in $x_{0}\leq x\leq x_{0}+$

$h$ for every $n\geq 1$ . $Now$ we shall prove the uniform convergence in $ x_{0}\leq x\leq$

$x_{0}+h$ of a sequence $\{y_{n}(x)\}$ . Because $y_{n}(x)=y_{0}+\sum_{j=1}^{n}(y_{j}(x)-y_{j-1}(x))$ , it
sufIiccs to provc that a sequence $\{\Sigma_{j=1}^{n}(yj(x)-y_{J-1}(x))\}$ uniformly converges
$\ln x_{0}\leq x\leq x_{0}+h$ .

By (13) and definition of $T^{n}$ , we have the following inequalities

$|y_{n}(x)-y_{n-1}(x)|$ $\leq$ $\int_{x_{0}}^{x}\lambda(t)g(|y_{n-1}(t)-y_{n-2}(t)|)dt=T^{1}(|y_{n-1}(x)-y_{n-2}(x)|)$

$\leq$ $T^{2}(|y_{n-2}(x)-y_{n-3}(x)|)$

$\leq$
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$\leq$ $q^{1n-1}(|y_{1}(x)-y_{0}(x)|)=T^{n-1}(|\int_{x_{0}}^{x}f(t, y_{0})dt|)$

$\leq$ $T^{n-1}(M(x-x_{0}))$ .

From the hypothesis of the operator $T^{n}$ , there exists a natural $N$ such that
$T^{N-1}(M(x-x_{0}))\leq c\phi^{\delta}$ in $x_{0}\leq x\leq x_{0}+h$ . Hence

(15) $|y_{N}(x)-y_{N-1}(x)|\leq c\phi^{\delta}(x)$ in $x_{0}\leq x\leq x_{0}+h$ .

Using condition (12) and inequality (15), it follows

$|y_{N+1}(x)-y_{N}(x)|$ $\leq\int_{xo}^{x}\frac{\phi^{\prime}(t)}{\phi(t)}|y_{N}(t)-y_{N-1}(t)|dt$

$\leq$ $\int_{x_{0}}^{x}C\phi^{\prime}(t)\phi^{\delta-1}(t)dt$

$\frac{C}{\delta}\phi^{\delta}(x)$ .

Repcating this process $i$ times, we get

$|y_{N+i}(x)-y_{N+i-1}(x)|\leq\frac{C}{\delta^{1}}\phi^{\delta}(x)$ in $x_{0}\leq x\leq x_{0}+h$ .

Thcrefore we arrivc at the desircd result.
Let $y(x)$ be the limit function of a sequencc $\{y_{n}(x)\}$ . As $f(x, y)$ is contin-

uous in the closed rectangle $\overline{s}_{+}$ , this function is even uniformly continuous
in $\overline{s}_{+}$ . Hence $\int(x, y_{n}(x))$ tends uniformly in $x$ to $f(x,y(x))$ . Therefore if $n$

tends to infinit,$y$ in (14), we have

$y(x)=y_{0}+\int_{x_{0}}^{x}\int(t, y(t))dt$ in $x_{0}\leq x\leq x_{0}+h$

which implies the existence of the solution of (1) in the interval $ x_{0}\leq x\leq$

$x_{0}+h$ .

Il) The uniquencss
Let $y(x)$ and $\overline{y}(x)$ be two solutions of (1) in $x_{0}\leq x\leq x_{0}+h$ . Then,

$|y(x)-\overline{y}(x)|\leq\int_{x_{0}}^{x}|f(t, y(t))-f(t,\overline{y}(t))|dt\leq 2M(x-x_{0})$ .
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As in the proof of the existence, it follows

$|y(x)-\overline{y}(x)|$ $\leq$ $T^{n}(|y(x)-\overline{y}(x)|)$

$\leq$ $T^{n}(2M(x-x_{0}))$

$\leq$ $C\phi^{\delta}(x)$ in $x_{0}\leq x\leq x_{0}+h$ .
Thus

$|y(x)-\overline{y}(x)|\leq\int_{x_{0}}^{x}\frac{\phi^{\prime}(t)}{\phi(t)}|y(t)-\overline{y}(t)|dt\leq\frac{C}{\delta}\phi^{\delta}$ in $x_{0}\leq x\leq x_{0}+h$ .

By iteration of this process, we get

$|y(x)-\overline{y}(x)|\leq\frac{C}{\delta^{1}}\phi^{\delta}\rightarrow 0$ as $ i\rightarrow\infty$ .

So $|y(x)-\overline{y}(x)|\equiv 0$ and hence $y(x)\equiv\overline{y}(x)$ in $x_{0}\leq x\leq x_{0}+h$ . $\blacksquare$

Remark. In Theorem 3 if we require only the existence result, the as-
sumption on the operator $T^{n}$ can be replaced by the following;
there exist $\delta>1,$ $C\geq 0$ and a natural number $n$ such that

$T^{n}(|\int_{x_{0}}^{x}f(t, y_{0})dt|)\leq C\phi^{\delta}(x)$ in $x_{0}\leq x\leq x_{0}+a$ .

Corollary 3. O.Kooi’s statement is the particular case of our Theorem
3.

Proof. Kooi [4] showcd thc existence and uniqueness theorem undcr the
assumptions that functions $\phi(x)=(x-x_{0})^{k},$ $\lambda(x)=\frac{c}{(x-x_{0})^{\beta}}$ and $g(z)=z^{\alpha}$

with $k>0,$ $c>0,0<\alpha<1,$ $\beta<\alpha$ a,nd $k<\frac{1-\beta}{1-\alpha}$ We can casily see that
his conditions satisfy all the hypotheses of Theorem 3. Really it holds

$T^{n}(L(x-x_{0}))=C_{n}(x-x_{0})^{(\alpha-\beta)\frac{1-\alpha^{\mathfrak{n}}}{1-\alpha}+1}$

where $C_{n}$ is nonncgative and independent of $x$ . In view of

$\lim_{n\rightarrow\infty}((\alpha-\beta)\frac{1-\alpha^{n}}{1-\alpha}+1)=\frac{1-\beta}{1-\alpha}>k$ .
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$rI^{1}Ilere$ exists a natural $N$ such that $(\alpha-\beta)\frac{1-\alpha^{N}}{1-\alpha}+1>k$ . Hence we can
fincd $\delta>1$ and $N$ such that $T^{N}(L(x-x_{0}))=C_{N}(x-x_{0})^{k\delta}=C\phi^{\delta}(x)$ in
$[x_{0}, x_{0}+h]$ . $\blacksquare$
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