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Structure of certain solvable $j$-algebras

HIROSHI NAKAZATO

Abstract. In this paper we study the stabhty subgroups of certain solvable Lie
groups with respect to the $c\infty djo\dot{m}t$ action in connection with j-algebras. For this aim we

generdi.ze Piatetskii-Shapiro’s theory on normal (split solvable) j-algebras. We prove the
connectedness of the stabilizers for certain solvable j-algebras. In the last section we give
an example ofj-simple solvable $j- dgebra\epsilon$ which satisfy our assumtion (1.1) and have rank
$>1$ . Such phenomena do not occur for solvable j-algebras of exponential type which were
already treated by \"u.Piatetsldi-Shapiro and H.Fqjiwara.

1. Introduction and Main Results
We find many hteratures which treat the j-algebras in connection with the homogeneous
Kahler manifolds $(e.g.[2],[3],[8],[11],[14])$ or the holomorphically induced unitary reproeen-
tations of Lie groups(e.g. $[10],[1],[4],[7],[9],[13]$ ). In this paper we study solvable j-algebras
satisfying the condition (1.1), which is given in Theorem 1. Our main motivation to study
these j-algebras is to generalise R.Penney’s theorem on exponential solvable j-algebras
[10],Theorem 2. We believe that our structure theorem is useful to achieve this aim.

DeAnition. Suppose that $\omega$ : $\mathfrak{g}\rightarrow R$ is a lnear functional on a finite dimensional
Lie algebra $\mathfrak{g}$ over R. Denote its compleriAcation $\omega^{\mathbb{C}}$ : $\mathfrak{g}^{C}\rightarrow C$ by the $8ame$ letter $\omega$ .
Suppose that $\mathfrak{y}$ is a complex Lie subalgebra of $\mathfrak{g}^{C}$ . The algebra $\mathfrak{y}$ is said to be an algebraic
polarization of $\mathfrak{g}$ at $\omega$ if the folowing conditions are fulfilled:
i) $\omega([Z_{1}, Z_{2}])=0$ for every $Z_{1},$ $Z_{2}e\mathfrak{y}$ . ii) If $Z_{0}\epsilon \mathfrak{g}^{\mathbb{C}}$ satisfies $\omega([Z_{0},Z])=0$ for every $Z\epsilon \mathfrak{y}$ ,
$t$hen $Z_{0}$ is an element of $\mathfrak{y}.\ddot{u}i$) $\mathfrak{y}+\overline{\mathfrak{y}}$ is a Lie subalgebra of $\mathfrak{g}^{\mathbb{C}}$ . An algebraic polatization
$\mathfrak{y}$ is said to be totally comple2 if the condition iv) $\mathfrak{y}+\overline{\mathfrak{y}}=\mathfrak{g}^{C}$ is satisfied. An algebraic
polarisation $\mathfrak{y}$ at $\omega$ is said to be positive if $v$) $\sqrt{-1}\omega([Z,\neg Z)\geq 0$ holds for every $Z\epsilon \mathfrak{y}$ . Denote
by $G$ the connected, simply connected Lie group with Lie algebra $\mathfrak{g}$. Denote by $G_{\omega}$ the
stabilizer of $\omega,i.e.,$ $G_{w}=$ {$g\epsilon G:\omega(Ad(g)(X))=\omega(X)$ for $everyX\epsilon \mathfrak{g}$} and by $\mathfrak{g}_{u}$ the Lie
algebra of $G_{w},i.e.$ , $g$. $=${$X\epsilon g$ : $\omega([X,Y])=0$ for every $Y\epsilon \mathfrak{g}$}.
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We remark that an algebraic polarization $\mathfrak{y}$ of $\mathfrak{g}$ at $\omega$ is necessarily globffiy invariant

under the adjoint action of the $p\dot{n}n\dot{\alpha}pd$ connected component $(G_{u})_{0}$ of the stabnifer $G_{u}$ .
In $\zeta 3$ , we give an mmple of dgebraic polanzations which are not glabally invanant under
$t$he $\epsilon tab\cdot h-er$ . In the case $\mathfrak{g}$ is an exponential solvable Lie algebra, $G_{v}$ is always connected

for every $\omega\epsilon \mathfrak{g}\wedge$, where $\wedge \mathfrak{g}$ is the dual space of the real vector space $\mathfrak{g}$. The following question

is crucial.

QUESTION. Suppose that $\mathfrak{y}$ is a totaby $\infty mpJ\epsilon 1$ potitive algebnic poJansation of $\mathfrak{g}$ et $\omega$ .
$A)Whe\ell Aer$ the stabiZiser $G_{u}$ is connected, or not?

$B)Whe$ther $\mathfrak{y}$ is globaUr invanmn $\ell$ ander the $\epsilon tab\cdot\ovalbox{\tt\small REJECT}$er, or not ?

It is known that the answer to the question A) is aSfirmative for the case $\mathfrak{g}$ is a

semi-simple Lie dgebra$(ct[2],[8],[14])$ . In Theorem 1 we give an aflrmative answer to the

question A) for the system $\{\mathfrak{g}, \mathfrak{y},\omega\}$ where $\mathfrak{g}$ is a solvable Lie algebra and $\{\mathfrak{y},\omega\}\epsilon at\dot{u}A\infty$

$t$he condition (1.1) $\omega([\mathfrak{g},\mathfrak{g}]\cap \mathfrak{g}_{w})=\{0\}$ . The most cruclal idea to prove this is concentrated

on Proposition 1. Roughly speahing, after the proof of Proposition 1, for such systems we

may us$e$ the arguments analogous to those for normal or $\infty oncntid$ solvable j-algebras

$\{\mathfrak{g},j,\omega\}$ with $\omega([jX,X])>0$ fbr $X\epsilon \mathfrak{g},X\neq 0(cf.[11],[4])$ . But some new phenomena occur

for our systems. You shdl understand this quickly fiom Example 2 in $\zeta 3$ .

THEOREM 1. Suppose that $G$ is a connected, simply-connected solvable Lie gzoup witA

Lie algebra $\mathfrak{g}$ an $d$ that $\mathfrak{y}$ is a $\ell 0\ell a\mathbb{I}y$ complex $po\dot{a}\ell ive$ algebraic polatisation $\epsilon t\omega\epsilon^{\wedge}\mathfrak{g}.$ ff th $e$

condition

(1.1) $\omega([\mathfrak{g},\mathfrak{g}]\cap g_{u})=\{0\}$

is satidd, then the $\epsilon\ell\bullet bfii$-er $G_{u}$ is necmriIy $connec\ell ed$ .

Proposition 1. Suppose that $\mathfrak{g}$ is a solvable Lie algebra over $R$ with $ 1\leq dim\mathfrak{g}<+\infty$

and $\mathfrak{y}$ is a totally complex positive algebraic polanzation at $\omega\epsilon \mathfrak{g}\wedge$ and the condition

(1.2) $[\mathfrak{g},\mathfrak{g}]\cap \mathfrak{g}_{u}=\{0\}$

–34 –



is satisfied. Then every minimal ideal $\mathfrak{n}\iota$ of $\mathfrak{g}$ is on $\triangleright dimen\dot{\varpi}ond$.
2.$Decomposiotion$ of solvable j-algebras

In this section we prove Proposition 1 and develop a structure theory for solvable j-algebras

satisfying the condition (1.1) or (1.2), and prove Theorem 1. .

First we consider the meaning ofcondition (1.1). We assume that $\mathfrak{g}$ is a solvable Iie algebra

and $\mathfrak{y}$ is a totaly complex positive algebraic polanzation at $\omega\epsilon\hat{\mathfrak{g}}$. $S$et $\mathfrak{g}_{w}=\{X:\omega([X,Y])=$

$0$ for $everyY\epsilon \mathfrak{g}$}. Then the mapping $a\overline{d(X}$) : $Y+\mathfrak{g}_{u}(e\mathfrak{g}/\mathfrak{g}_{u})\mapsto[X,Y]+\mathfrak{g}_{\omega}(\epsilon \mathfrak{g}/w)$ is

complex iagonffiable for every $X\epsilon g_{u}$ (cf. $[1],p.279$). So the space $[g,\mathfrak{g}]\cap \mathfrak{g}_{u}$ is an ideal

of $\mathfrak{g}$ . Set $\mathfrak{n}=\{X\epsilon[\mathfrak{g},\mathfrak{g}]\cap \mathfrak{g}_{w}:\omega(X)=0\}$ . Then $\mathfrak{n}$ is also an ideal of $\mathfrak{g}$ and satisfies
(2.1) $dim([g,\mathfrak{g}]\cap \mathfrak{g}_{u})\leq dim\mathfrak{n}+1$ .
Every element $Z\epsilon[\mathfrak{g}, \mathfrak{g}]\cap \mathfrak{g}_{u}$ satisfies $[Z, g]\subseteq n$ . Set $\dot{\mathfrak{g}}=g/\mathfrak{n},\dot{\mathfrak{y}}=\mathfrak{y}/\mathfrak{n}^{C}$ . Deflne a linear

functional di on $\dot{\mathfrak{g}}$ by $\dot{\omega}(X+\mathfrak{n})=\omega(X)$ for $X\epsilon g$ . Then the questions A) and B) in $\zeta 1$ for
$\{\mathfrak{g}, \mathfrak{y},\omega\}$ are reduced to thos$e$ for $\{\dot{g}_{1}\dot{\mathfrak{h}} , \dot{\omega}\}$ . If the former satidies the condition (1.1), then
the latter satisfies (1.2). On account of this we restrict our attension to solvable j-algebras

satisfying the condition (1.2).

Second we prove Proposition 1.
Proof of Proposition 1 $I$)$.Suppose$ that $m$ is a minimal ideal of $\mathfrak{g}$. By the auumption
$\mathfrak{y}+\overline{\mathfrak{y}}=\mathfrak{g}^{\mathbb{C}}$ , for every $Y\epsilon \mathfrak{g}$ there exists an element $X$ hr which $X-\sqrt{-1}Y\epsilon \mathfrak{y}$ . Deflne a
linear subspace a of $\mathfrak{g}$ by $a=${$X:X-\sqrt{-1}Y\epsilon \mathfrak{y}$ for some $Y\epsilon m$}.
$m\cap[\mathfrak{g}, \mathfrak{g}]\neq m,then$ by the minimality ofm, $\mathfrak{m}\cap[\mathfrak{g},\mathfrak{g}]=\{0\}$ and hrnce $[\tau n,\mathfrak{g}]\subseteq \mathfrak{m}\cap[\mathfrak{g},g]=\{0\}$ ,
dim $m=1$ . Therefore we may assume that $m=[m,\mathfrak{g}]$ . $n$). Under $t$his assumption we $shn$

show the folowing: $\alpha$)$The$ strict inequality (2.2) $0<\omega([Y_{1}X])=-\omega([X,Y])$ holds for
$Y\epsilon m,Y\neq 0andX\epsilon$ a $forwichX-\sqrt{-1}Y\epsilon \mathfrak{y}$ and $\beta$)$Theequation$ (2.$) $[X_{1},Y_{l}]+$

$[Y_{1},X_{2}]=0holdsforY_{1},Y_{2}\epsilon mandX_{1},X_{2}\epsilon a$ $forwhichX_{1}-\sqrt{-1}Y_{1}\epsilon \mathfrak{y},$ $X_{l}-\sqrt{-1}Y_{l}\epsilon \mathfrak{y}$.
First we show $\alpha$). By the positivity of $\mathfrak{y}$ , we have $2\omega([Y,X])=\sqrt{-1}\omega([X-\sqrt{-1}Y_{1}X+$

$\sqrt{-1}Y])\geq 0$ . If the equality holds in thr, then $X-\sqrt{-1}Y$ is an element of $\mathfrak{g}_{\omega}^{\mathbb{C}}=\mathfrak{y}\cap\overline{\mathfrak{y}}$ and
hence $Yem\cap \mathfrak{g}_{\omega}\subseteq[\mathfrak{g},\mathfrak{g}]\cap \mathfrak{g}_{u}=\{0\}$ which contradicts the assumption on Y. Therefore the
strict inequality (2.2) holds. Second we prove $\beta$). Since $\mathfrak{y}$ is a Lie subalgebra of $\mathfrak{g}^{\mathbb{C}}$ and $m$ is
abdian, $[X_{1},X,]-\sqrt{-1}\{[X_{1},Y_{2}]+[Y_{1},X_{2}]\}$ belongs to $\mathfrak{y}$ . Since $[X_{1},Y_{2}]+[Y_{1},X,]$ belongs
to the minimal ideal $m$ of $\mathfrak{g}$ , the equation $\omega([[X_{1},X,], [X_{1},Y,]+[Y_{1},X,]])=\omega(0)=0$ holds.
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Then, by virtue of the assertion $\alpha$), we have the equation (2.3).

M). By using $\alpha$), $\beta$), we show that dim $m=1$ . We use a reduction to absurdity. By S.Lie’s

theorem, $m$ is abehan and dim $m$ is 1 or 2. We assume dim $m=2$ . Then there exists a

basis $\{R_{1},R_{2}\}$ of $m$ fbr which the $folow\dot{o}g$ equations hold for every $T\epsilon \mathfrak{g}$ :

(2.4) $\left\{\begin{array}{l}[T,R\iota]=\psi\iota(T)R\iota+\psi_{2}(T)R_{2}\\[T_{1}R_{2}]=-\psi,(T)R\iota+\psi_{1}(T)R_{2}\end{array}\right.$

In $t$he above $\psi_{1},\psi$, are linear functionals on $\mathfrak{g}$. We set $\phi_{1}=\psi_{1}|_{\bullet}\phi_{2}=\psi_{2}|_{\bullet}$ First we

assum$e$ that $\phi_{1}$ and $\phi_{2}$ are lnearly dependent. We choose a $ $ear functional $\phi\neq 0$

on $a$ so that $\phi_{1}=\lambda\phi,\phi,$ $=\mu\phi$ for some $\lambda,\mu\epsilon R$ . We choose real numbers $a,b$ so that

$(\lambda a-\mu b)R_{1}+(\mu a+\lambda b)R,\epsilon(Ker\omega)\cap(RR_{1}+RR_{2})$ and $(a,b)\neq(O,0)$ . Then, by (2.4)

we have the equation (2.5) $\omega([T_{1}aR\iota+bR_{2}])=\phi(T)\omega(\{\lambda a-\mu b\}R_{1}+\{\mu a+\lambda b\}R_{2})=0$

for every $T\epsilon a$, which contradicts $t$he $inequ\dot{i}ty(2.2)$ . Second we assume that $\phi_{\iota}$ and
$\phi$, are $eary$ independent. Then there eXist elements $Q_{1},Q$, of $a$ for which $[Q_{1},R_{1}]=$

$R,,$ $[Q_{1},R,]=-R_{1},$ $[Q,, R_{1}]=R\iota[Q,,R,]=R,$ . Every element $P$ of $a$ is uniquely

written as $P=mQ_{1}+wQ_{2}+\tilde{P}$ where $m,w\epsilon R$ and $[\tilde{P},R_{1}]=[\tilde{P},R,]=0$ . We choose

$P_{1},P_{2}\epsilon a$ so that $P_{1}-\sqrt{-1}R_{1}\epsilon \mathfrak{y},$ $P_{l}-\sqrt{-1}R_{2}\epsilon \mathfrak{y}$ . Then there $c\dot{n}\epsilon t$ real numbers $s,t,u,v$

for which $P_{1}=\iota Q_{1}+\ell Q,$ $+\overline{P_{1}},P_{2}=uQ_{1}+vQ_{2}+\overline{P_{2}}$. Then by (2.3) we have the equation

$[P_{\iota}, R_{2}]+[R_{1},P_{2}]=-(\iota+v)R_{1}+(\ell-u)R_{2}=0$. Hence $v=-s,t=u$. Therefore

we have $\sqrt{-1}\omega([P_{1}-\sqrt{-1}R_{1},P_{1}+\sqrt{-1}R_{1}])=-2\omega([P_{1},R_{1}])=-2\{\ell\omega(R_{1})+s\omega(R_{2})\}$

and $\sqrt{-1}\omega([P_{2}-\sqrt{-1}R_{2},P_{2}+\sqrt{-1}R_{l}])=-2\omega([P_{2},R_{2}])=-2\{v\omega(R_{2})-u\omega(R_{\iota})\}=$

$-2\{-t\omega(R_{1})-s\omega(R_{2})\}$ . Since $R_{1}$ and $R_{2}$ are non-zero elements of $m$, the inequality (2.2)

implies the bllowing two stric $t$ inequdities (2.6) $0<-2\omega([P_{1},R_{1}])=-2\ell\omega(R_{1})-2s\omega(R,)$,

and (2.7) $0<-2\omega([P_{l}, R,])=2\ell\omega(R_{1})+2\iota\omega(R,)$ . ObViously (2.6) and (2.7) are not

compatible. Thus we proved the proposition.

Third, to an arbitrary solvable j-algebra $\mathfrak{g}ati\epsilon fy\dot{i}g(1.2)$ , we give its decomposition
$\mathfrak{g}=\mathfrak{g}_{1}+g^{\prime}$ like as the decomposition (9) of [ll],p.55. We take a minimal (1-dimensinal)

ideal $r_{1}=RR_{1}$ of $g$ contained in $[g, \mathfrak{g}]$ for which $\omega(R_{1})>0$ . Multiplying $R_{1}$ by a suitable

positive number, we may assume that there exists an element $A_{1}$ of $a$ for which $A_{1}+$

$\sqrt{-1}R_{1}\epsilon \mathfrak{y}$ and $[A_{1},R_{1}]=R_{1}$ . We set $u=\{X\epsilon \mathfrak{g}:\omega([X,R_{1}])=\omega([X,A_{1}])=0\}$
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$=${$X\epsilon \mathfrak{g}$ : [X, $R_{1}]=0,thereexistsY\epsilon \mathfrak{g}forwhiiX-\sqrt{-1}Y\epsilon \mathfrak{y},[Y,R_{1}]=0$}.
Then as a vector spac$eg$ is the direct sum of $r_{1},$ $u$ and $RA_{1}$ . By arguments analogous to

those in [ll]p.53-55 (cf.[4]), we may prove the folowing $:a$) $u$ is globally invariant under

$ad_{\mathfrak{g}}(A_{1})$ . b) $ad_{u}(A_{1})$ is complex diagonalizable. $c$)$Every$ eigenualue $\lambda$ of $(ad_{u}(A_{1}))^{C}$

satisfies $\Re\iota(\lambda)=^{\underline{\iota}}$, or $\Re\iota(\lambda)=0$ . For every $\lambda\epsilon C$ , we set $V(\lambda)=\{Zeu^{C}:[A_{1},Z]=\lambda Z\}$,
$W(\lambda)=\{Z+\overline{Z}:Z\epsilon V(\lambda)\}$ . We set $\delta\iota=\sum\{W(\lambda) : \Re e(\lambda)=\frac{1}{l}\},$ $d=\{W(\lambda) : \Re(\lambda)=0\}$,
and $\mathfrak{g}\iota=RA_{1}+r_{1}+\iota_{1}$ . The folowing $hold\epsilon:d$) $g_{1}$ and Of are Lie subalgebru of $\mathfrak{g}$.
e) $[R_{1l}\mathfrak{g}^{\prime}]=\{0\}$ . $f$) $\mathfrak{g}^{1}\supseteq W(O)\supseteq \mathfrak{g}_{\omega}$ . g) $\mathfrak{y}^{\iota}=\mathfrak{y}\cap\{\mathfrak{g}^{\prime}\}^{C}$ is a totaUy complex dgebrric

polatisation of $d$ at $\omega^{\prime}=\omega|_{\iota^{\prime}}$ . $h$) $(\mathfrak{g}^{\prime})_{u^{\prime}}=\mathfrak{g}_{u}$ . $i$) $td)_{w^{\prime}}\cap[\mathfrak{g},\mathfrak{g}^{\prime}]=\{0\}$ . $j$) $[A\iota \mathfrak{y}^{t}]\subseteq \mathfrak{y}$ .
In contrast to the case $\mathfrak{g}$ is an exponential j-algebra, the algebra $\emptyset\iota$ is not necessarily au

ideal of $\mathfrak{g}$ (cf.Example 2 in :$).
If $\mathfrak{g}^{i}$ is abelian,$t$hen $\mathfrak{g}^{\prime}=\mathfrak{g}_{u}$ . We assume that $\mathfrak{g}^{\prime}$ is not abehan. Then,by Proposition

1 there exist a l-dimensional ideal $r=RR$ of $\mathfrak{g}^{\prime}$ an$d$ an element $A_{2}$ of $d$ for which
$[A_{2},R,]=R_{2},A_{2}+\sqrt{-1}R_{2}\epsilon \mathfrak{h}$ and $\omega(R_{2})>0$ . In the case $\mathfrak{g}$ is an exponentialj-algebra it
is trivial by the definition of $g^{t}$ that the equation $[A_{1},R,]=0$ holds. $Bui$ this equation is

not trivial for our systems. Fourth we shal prove this equation in a generalized fiashion.

Proposition 2. $Let\{\mathfrak{g}, \mathfrak{y},\omega\}$ be a syst$em$ satisfying the condition (1.2) and let $d,a,$ $b$ be

Lie subalgebras of $\mathfrak{g}$ such $t$hat $a,$
$b$ are abelian and let $A_{0},R_{0}$ be in $\mathfrak{g}^{\prime}$ . Assume the following

conditions: i) $RR_{0}$ is a l-dimensional ideal of $g^{\prime}.\ddot{u}$) $A_{0}+\sqrt{-1}R_{0}\epsilon \mathfrak{y}$ . iii) $[a, \mathfrak{g}^{\prime}]\subseteq \mathfrak{g}^{\prime}$ . iv)

$[A_{0}, R_{0}]=R_{0}$ . $v$) $(ad_{\mathfrak{g}^{\prime}}(A))^{C}$ is $diagond\dot{u}$able and its eigenvalues are contained in $\sqrt{-1}R$

for every $A\epsilon a$ . vi) $[a,\mathfrak{h}\cap(\mathfrak{g}^{\prime})^{C}]\subseteq \mathfrak{y}\cap(g^{\prime})^{C}$ . vii) $[b,\mathfrak{g}^{\prime}]=\{0\}$ . $v\ddot{\dot{m}}$)$For$ every $A\epsilon a$ there $c\dot{n}\epsilon ts$

Reb for which $A+\sqrt{-1}Re\mathfrak{y}$ .
Then $[A_{0},\alpha]=[R_{0}, a]=\{0\}$ , that is, every element of th $e$ su $b*ebraRA_{0}+RR_{0}$ is fiaeed
under the action of $Ad(\exp[a])$ .
PROOF: First we take an arbitrary element $A$ of $a$ and prove $t$he equation $[A, R_{0}]=$

$0$ . We consider the l-parameter group $\{\alpha : t\epsilon R\}$ of automorphisms of $\mathfrak{g}^{\prime}$ defined by
$\alpha=\exp\{\ell ad_{g^{\prime}}(A)\}$ . By the condition iv) we have the relation

(2.8) $[\alpha_{t}(A_{0}),R_{0}]\rightarrow R_{0}$ as $\ell\rightarrow 0$ .
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We set $m_{\{}=\alpha(RR_{0}).Byt$he condition v), $\alpha_{1}^{C}$ is diagonalisable and its eigenvalues are

contained in $\{\mu\epsilon C:|\mu|=1\}$ . So the conditon $n\alpha(R_{0})=R_{0}$ for every $\ell\epsilon R^{n}$ is equivalent to
$nm_{\ell}=\mathfrak{m}_{0}$ for every $\ell\epsilon R$“. We assume that this condition does not hold. Then, for every

positive number $\ell\iota$ there $\dot{r}|s$ apositive number $\ell,$ $0<\ell<\ell_{1}$ , such $t$hat $m\neq \mathfrak{n}_{0}$ . We
$t$ake such $t$ . Since $\mathfrak{m},m0$ are diflPerent l-dimensional ideals of $d$ , we have the relations,

[ $[A_{0},\alpha(A_{0})],m_{t}+\mathfrak{n}u1=\{0\},$ $[R_{0},\alpha(R_{0})]=0$ . Therefore $[[A_{0},\alpha(A_{0})],$ $[A_{0},\alpha_{I}(R_{0})]-$

$[\alpha(A_{0}),R_{0}]]=0$ . By the conditions ii) and $iv$), $[A_{O}+\sqrt{-1}R_{0},\alpha(A_{0})+\sqrt{-1}\alpha_{t}(R_{0})]=$

$[A_{0},\alpha(A_{0})]+\sqrt{-1}\{[A_{0},\alpha_{l}(R_{0})]-[\alpha(A_{0}),R_{0}]\}$ is an element of $\mathfrak{y}$ . We set $P=[A_{0},\alpha(A_{0})]$ ’

$Q=-[A_{0},\alpha(R_{0})]+[\alpha(A_{0}),h]$ . Since $\mathfrak{y}$ is a positive algebraic $poh$r$i-ation$ at $\omega$ , the

equation $\omega([P-\sqrt{-1}Q,P+\sqrt{-1}Q])=2\sqrt{-1}\omega([P,Q])=0$ implies $P-\sqrt{-1}Q\epsilon(\mathfrak{g}_{\vee})^{C}$ and

hence $Q\epsilon \mathfrak{g}_{u}\cap[g, g]=\{0\}$ . Since $R_{0}$ and $\alpha_{l}(R_{0})$ are linearly independent, this imphes

(2.9) $[\alpha(A_{0}),R_{0}]=0$ for $some0<\ell<\ell_{1}$ ,

which contradicts (2.8). Thus we proved the equation $[A,R_{0}]=0$ .
Second we prove the equation $[A,A_{0}]=0$ for $A\epsilon a$ . By the conditions vii),viii) and the

result above, $[A+\sqrt{-1}R,A_{0}+\sqrt{-1}R_{0}]=[A,A]$ is an element of $\mathfrak{y}\cap \mathfrak{g}\cap[\mathfrak{g},\mathfrak{g}]=\{0\}$ , which

proved the propoSition.

Applying recursively Propositions 1 and 2 to a solvable j-algebra $\{\mathfrak{g},\mathfrak{y},\omega\}sati\epsilon fy\dot{m}g$

$(1.2)$, we obtain a direct sum decomposition of $\mathfrak{g}$ analogous to that in [ll]p.55:

(2.10) $\mathfrak{g}=\iota\iota+\mathfrak{g}_{2}+\cdots+*+\omega$ ,
where (2.11) $\mathfrak{g}h=RR_{k}+RA_{k}+\iota\iota$ is an elementary exponentialj-algebra and $[A_{k},R_{k}]=$

$R_{k},\omega(R_{k})>0,$ $\omega(\iota\iota)=\{0\}(1\leq k\leq p),$ $(2.12)[R_{k},\mathfrak{g}.]=\{0\},[A_{k},R_{\iota}]=0$ for $1\leq k<\backslash $

$\bullet\leq p$ , (2.1$) $[\mathfrak{g},,s\iota]\subseteq s\iota$ for $1\leq k<\bullet\leq p,(2.14)[\mathfrak{g}_{q},RR_{1}+\cdots+R4+RA_{1}+\cdots+$

$RA_{p}]=\{0\}$ , and (2.15) $[\mathfrak{g}_{w’\delta h}]\subseteq lk(1\leq k\leq p)$ . We se $t$

(2.16) $\mathcal{F}=\{\phi^{\wedge}\epsilon \mathfrak{g} : u_{lk})=\{0\}(1\leq k\leq p),\phi(R_{1})\neq 0,\phi(R,)\neq 0, \ldots,\phi(\&)\neq 0\}$,
$\mathcal{F}_{+}=\{\phi\epsilon \mathcal{F}:\phi(R_{1})>0,\phi(R,)>0,\ldots,\phi(\&)>0\}$ . Obviously the functional $\omega$ is an
dement of $\mathcal{F}+\cdot$ Theorem 1 is an in$meia|e\infty nsequence$ of the folowin$g$ proposition.

Proposition 3. Suppose that $\{\mathfrak{g},\mathfrak{y},\omega\}$ is a system satisfying the condition (1.2) and
$\phi$ is an element of $\mathcal{F}$. Denote by $G$ the connected, simply connec $t$ed solvable Lie group
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with Lie algebra $\mathfrak{g}$ and by $N$ the andytic subgroup of $G$ correspondjnd to $[g, \mathfrak{g}]$ . Then the

folowin$g$ stabilizers $G_{\phi_{0}}=$ {$g\epsilon G:\phi(Ad(g)(X))=\phi(X)$ for $Xe[g,$ $\mathfrak{g}]$ } and $N\theta 0=\{g\epsilon N$ :

$\phi(Ad(g)(X))=\phi(X)$ for $X\epsilon[\mathfrak{g},g]$ }
satisfy the relation

(2.17) $G_{\phi_{0}}=\exp(\mathfrak{g}_{u})N,0$

and hence the stabilizier $G_{\phi}$ is conn $\epsilon c$ted for every $\phi \mathcal{F}$.
PROOV: Fitst we show that the equation (2.17) implies the connectedneu of the stabiliser
$G_{\phi}$ . It is obvious that $Gxp(g_{w})$ is a subgroup of $G$, and $G$, is a subgroup of $G,$. . By (2.17)

every element $g$ of $G_{\phi}$ is written as $g=g_{1}\cdot h$ where $g\iota eexp(g_{u})\subseteq G_{\phi},h\epsilon N_{la}\cap G,$ . Since
$h$ is an element of the nilpotent Lie group $N$ , the condition $h\epsilon G_{\phi}$ imphoe $h=cxp(X)$ for

some $X\epsilon[g,\mathfrak{g}]$ satisfying $\phi([X,Y])=0$ for every $Y\epsilon g$ . Therefore $G_{\phi}$ is connected.

Second we prove the rdation (2.17). It is obvious $t$hat $t$he inclusion $G_{\phi_{0}}\supseteq Gxp(\mathfrak{g}_{y})N_{\theta 0}$

holds. We prove the inverse indusion. We define a linear functional $R_{k}$ on $[\mathfrak{g}, \mathfrak{g}]$ by the

relations $Ri(\iota_{s})=\{0\}(1\leq k,s\leq p),R:(R_{k})=1,$ $R_{\dot{h}}(R_{e})=0(1\leq k\neq \bullet \leq p)$ . For

every $g\epsilon G$ , we define a transformation $Ad(g)$ on $[\overline{g_{1}g}]$ by the equation $Ad(g)(\psi)(X)=$

$\psi(Ad[r\iota](g)(X))$ for $X\epsilon[g, \mathfrak{g}]$ . We suppose that $g$ is an element of $G_{\phi_{0}}$ for $\phi=$

$a_{1}Ri+a’ R;+\cdots+a_{p}R_{p}^{\cdot}$ where $a_{k}^{\prime}s$ are real numbers with $a_{1}a’\cdots a_{p}\neq 0$ . hhen the

element $g$ is written as $g=g_{1}exp(\ell_{1}A_{1}++\ell,A_{2}+\cdots+\ell_{p}A_{p})g_{2}$ where $g_{1}\epsilon N,$ $g_{2}\epsilon exp(\mathfrak{g}_{u})$ .
Hence we have the equation (2.18) $Ad(g_{1})(\phi)=Ad(g^{-1})Ad(eaep\{-(\ell_{1}A_{1}+\ell_{2}A,$ $+$

$...+\ell_{p}A_{p})\})$ $(a_{1}Ri+a’ \mathfrak{B}+\cdots+a_{p}Ri)=a_{1}e^{-1}Ri+a_{2}e^{-a}R;+\cdots+a_{p}e^{-}’ R_{p}$ .
Next we prove that if $n\epsilon N$ satisfies the equation (2.19) $Ad(n)(\phi)=a_{1}c_{1}R:+a_{2}c_{2}R;+\backslash $

$...+a_{p}c_{p}Ri$ for some real numbers $c_{k}s$ , then al $c_{k}s$ are equal to 1. We decompose $n$ as
$n=\exp(\alpha R_{1})e\Leftrightarrow dZ_{1})n_{l}$ where $Z\epsilon\subseteq \mathfrak{g}_{1}$ and $n_{2}\epsilon\exp([g;+\mathfrak{g}_{S}+\cdots+\mathfrak{g}_{p}]\cap[\mathfrak{g}, \mathfrak{g}])$. Since
$R_{1}$ is an central element of $[\mathfrak{g}, \mathfrak{g}],$ $Ad(eaep(Z_{1})n’)(\phi)=a_{1}c_{1}Ri+a’ c’ R;+\cdots+**\mathfrak{B}$ .
By $(2.11),(2.12)$ and (2.13), $Ad(expZ_{1})(\phi)$ is written as $ a_{1}Ri+\eta$ where $\eta(R_{1})=0$

and $Ad(n^{-1})(a_{1}c_{1}Ri+a_{2}c_{2}R;+\cdots+a_{p}qR_{p})$ is written as $a_{1}c_{1}Ri+a_{2}c’ R;+$

$\xi$ where $\xi(R_{1})=\zeta(R_{2})=0,$ $\zeta(\partial\iota)=\{0\}$ , and $Ad(\exp Z_{1})(a_{2}R;+\cdots+a_{p}R_{p})=$

$a’ R_{2}+\cdots+a_{p}Ri$ . Therefore we have the equations $c_{1}=1$ , and $Ri(Ad(\exp Z_{1})(Y_{1}))$
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$=Ri(Y_{1}+[Z_{1},Y_{1}]+\underline{1}[Z_{1}, [Z_{1},Y_{1}]]+\cdots)=Ri(Y_{1})+R_{1}([Z_{1},Y_{1}])=Ri(Y_{1})$ for

every $Y_{1\partial 1}e$ , which implies $\omega([Z_{1,\delta 1}])=\{0\}$ and hence $Z_{1}=0$ . So the equation (2.19)

implies $Ad(n_{2})(a_{2}R;+\cdots+a_{p}\$)=a_{2}caB+\cdots+4*Ri$ . By inductive arguments

we obtain the $\infty ndusionc_{1}=c=\cdots=q=1$ . $mng$ account of (2.18) we flnd that
$G_{h}\subseteq N_{\phi_{0}}\alpha p(\mathfrak{g}_{u})=\ovalbox{\tt\small REJECT} \mathfrak{g}_{u})N_{lo}$ .

3.$Some$ Examples

In $t$his. section we give som$e$ examples to understand the significance of Question B) and

the diference between exponential and non-exponential solvable j-algebras.

Example l(communicated by $H.F\dot{w}iwara[5]$ ) An example of positive algebraic polanzations

wich are not globdly invariant under the $\#abb$er. Suppose that $\mathfrak{g}$ is a 6-dimensional

nilpotent Lie algebra with a basis $\{T_{1}X_{1},X,,Z,Y\iota Y_{2}\}$ satisfying $[T,X_{1}]=X_{2}$ , $[T_{1}X,]=$
$-X_{1},$ $[T,Y_{1}]=4Y_{2},$ $[T,Y_{2}]=-4Y_{1},$ $[X_{1},X,]=\dot{Z}$, $[\tau_{1}\eta=[Y_{1},Y_{2}]=0,$ $[X_{j},Y_{k}]=[X_{f},Z]=$

$[Y_{k}, Z]=0(1\leq j,k\leq 2)$ . Denote by $\{Z,X_{\iota}, \ldots\}t$he dual basis of $\{T,X_{1},\ldots\}Se\{$

$\omega=Z+Yi,\mathfrak{y}=CZ+CY_{1}+CY_{l}+CX,$ . Then $\mathfrak{g}_{u}=RZ+RY_{1}$ and the abdian subalgebra
$\mathfrak{y}$ of $\mathfrak{g}^{C}$ is a posltive algebraic polanzation at $\omega$ . But $Ad(eoep[\frac{}{2}r)(\mathfrak{y})\neq \mathfrak{y}$ for the dement
$eaep[\underline{\sim}T]$ of $G_{u}$

Example 2.$An$ example of solvable j-algebru of rank 2 which have no non- triv-

ial KShler ideal. Suppose that $\mathfrak{g}$ is a 10-dimensional solvable Lie algebra with a basis

$\{A,B,X,Y,Z, B_{1},B,,B_{8},B_{4},B\}$ satidying the folowing relations: $[A,B_{1}]=\frac{\iota}{l}B_{\iota},$ $[A,B_{8}]=$

$\frac{\iota}{2}B_{8},$ $[A,B_{2}]=\underline{\iota}B_{2}+B_{4},$ $[A,B_{4}]=-B,$ $+\frac{\iota}{2}B_{4},[A,B_{l}]=B_{l},$ $[A,X]=Y_{1}[A,Y]=$

-X, $[A, Z]=0,$ $[B, E_{1}]=B_{1},$ $[B,B_{8}]=-R,[B,B_{l}]=[B,B_{4}]=[B,B_{l}]=0,$ $[B,X]=$

$X,$ $[B,Y]=Y,$ $[B, Z]=2Z,$ $[A,B]=0,$ $[X,b]=B_{1},$ $[X,B_{l}]=-B_{4},$ $[X,B_{1}]=[X,B_{1}]_{\overline{\neg}}$

[X, $B_{b}$ ] $=0,$ $[Y_{1}B_{3}]=E,,$ $[Y_{1}B_{4}]=B_{1},$ $[Y_{1}B\iota]=[Y_{1}B_{2}]=0,$ $[Y, B_{l}]=0,[Z, B_{\theta}]=$

$2B_{1},[Z, B_{1}]=[Z, E,]=[Z, B_{4}]=[Z,B_{l}]=0,$ $[X,Y]=Z,$ $[B_{1},B_{8}]=[B_{2},B_{4}]=B_{S}$ ,
[X, $Z$] $=[Y, Z]=[B_{1},B_{2}]=[B\iota B_{4}]=[B_{l},B_{8}]=[B_{l},B_{4}]=0,$ $[B_{1}, B_{S}]=[B,,B_{l}]=$

$[B_{8},B]=[B_{4}, B]=0$ .
Define $\omega\epsilon \mathfrak{g}\wedge$ by the relations $\omega(RB\iota+RB_{2}+RB_{8}+RB_{4}+RX+RY)=0,$ $\omega(B_{l})>$

$0,\omega(Z)>0$ . ( $\omega(A)$ and $\omega(B)$ are arbitrary real $numben.$)$Definej$ : $\mathfrak{g}\rightarrow \mathfrak{g}$ by the

relations $ j(A)=-B_{5},j(B)=A,j(B)=-Z,j(Z)=B,j(R)=-B_{8},j(B_{8})=B\iota$

–40 –



$j(E_{2})=-B_{4},j(B_{4})=B_{2},j(X)=-Y,j(Y)=X$ .
Set $\mathfrak{y}=\{X-\sqrt{-1}j(X):X\epsilon \mathfrak{g}\}$ . Then $\mathfrak{y}$ is a totaly complex positive polarization at $\omega$ and
$\mathfrak{y}\cap\overline{\mathfrak{y}}=\{0\}$ . The space $RA+RB$ is orthogonal to $[\mathfrak{g},\mathfrak{g}]$ with respect to the inner product

$<,>:<V,W>=\omega([jV,W])$ . The algebra $\mathfrak{g}h$as no $non- trividj- inva\dot{n}ant$ ideal.
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