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Abstract

In this paper, we shal consider the integral functional defned on a real Banach space $X$

$\dot{\Psi}^{en}$ by

$F(x)=\int_{T}f_{J}(x\times\mu(t)$ for all $x\in X$,

where $ f_{t}:X\rightarrow\Re\cup t+\prec\infty$} is finite at $z\in X$ and $(T,\Sigma,\mu)$ is a positive fnite measure

space. The purpose ofthis paper is to show the folowing formula:

$(^{*})$ $\partial^{\uparrow}(\int_{T}f_{t}(z)d\mu(t))\subseteq\int_{T}\partial^{\uparrow}f_{t}(z\times\mu(t)$,

where $f_{t}$ : $X\rightarrow \mathfrak{R}\cup\{+\infty\}$ is nonconvex which is not necessary localy Lipschitrit

at $z$ for all $ t\in\tau$ . $ms$ new result $(^{*})$ is strongly enoug to cover the known results in

the convex case as well as the localy Lipschitzian case.
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1. Introduction

Let $X$ be a real Banach space with dual space $X^{\cdot}$ . We shall conSider the inteyal

fmctional deffied on $X$ as the form:

(1.1) $F(x)=\int_{T}f_{t}(x\times\mu(t)$ for all $x\in X$ ,

where $f_{t}$ : $ X\rightarrow\Re\cup t+\infty$} is ffiite at $z\in X$ not necessary localy Lipschitz and

$(T,\Sigma,\mu)$ is a position finite measure space such that for each $x\in X$ , the mapping

$t\rightarrow f_{t}(x)\equiv f(t,x)$ is measurable. In this paper, our goal is to characterize the

following inclusion:

(1.2) $\partial^{\uparrow}[\int_{T}f_{t}(z)d\mu(t)]\subseteq\int_{T}\partial^{\dagger}f_{t}(z\times\mu(t)$,

where $\partial^{\dagger}F(z)$ and $\partial^{\dagger}f_{t}(z)$ denote the generalized gradients of $F$ and $f_{t}$ at $z$ in

Rockafehr sense (see the definition in next section), respectively.

It is known that the formula (1.2) is an important tool to study the theories of

dynamic optimization in calculus ofvariations and to soIve the solutions ofnonsmooth

optimal control problem For examle, as $f,(\cdot)$ is localy Lipschitz for each $t$ and

$\mu(T)<\infty,$ Aubin and Clarke use the inclusion (1.2) in [1] to obtam some necessary

conditions of solutions in the generalized optimal control problem, and when $T$ is fnite,

Rockafehr use (1.2) in [9] to get the Lagrange multiplier rulers in mathematical

$P^{ro}\Psi^{amm\dot{m}g}$ .
In 1972, Ioffe and Levin [5] characterized (1.2) in the case of convex $f_{t}(\cdot)$

whenever $T$ is countable or $X$ is separable (see [5, p.8]). Moreover if each $f$, $($ . $)$ is

regular, then the equality holds in (1.2). In this case, $\partial^{t}f_{t}(\cdot)=\partial f_{t}(\cdot)$ and (1.2)

becomes

(1.3) $\partial F(z)=\partial[\int_{T}f_{t}(z)d\mu(t)]=\int_{T}\partial f,(z)d\mu(t)$,

where $\partial F(z)=$ {$x\in X^{\cdot}|F(y)-F(z)\geq<x,y-z>$ for al $y\in X$} stands for the

subdifferential of$F$ at $z$, here $<x,y>$ is the dual pair for $X$ and $X$.
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Rockafelar in [6] defned the generalized gradient for arbitrary fmctions, and
proved that (1.2) holds for $T=\{1,2\}$ (cf [6, Theorem $2]$ ) $\&$ [ $8$ , Theorem $5G$]). By

induction, we can obtain that (1.2) holds when $T$ is fnite, that is,

(1.4) $\partial^{\uparrow}(f_{1}+f_{2}+\cdots+f_{n}\times z)\subseteq\partial^{\uparrow}f_{1}(z)+\partial^{t}f_{2}(z)+\cdots+\partial^{\uparrow}f_{n}(z)$ ,

under the assumptions that each $f_{i}$ is directionaly Lipschitzian (see the next section)

at $z\in X$ and satisfies the folowing condition:

(1.5) $\{v\in X|f_{1}(z;v)\uparrow<\infty\}\cap\bigcap_{i=2}^{n}Int\{v\in X|f_{i}(z;v)<\infty\}\uparrow\neq\emptyset$ .

In 1981, Clarke in [2, Reorem 1] extends (1.3) to the case oflocaly Lipschitzian
$f_{t}(\cdot)$ . In this paper, we $wm$ establish (1.2) in a more general situation, where the

integrand $f_{t}$ is not necessanily convex as wel as not localy Lipschitzian at $z$. If $f_{t}$ is

regular at $z$ in Rockafelar sense, then the equality holds in (1.2) so is (1.3). In section

2, we describe the generalized directional derivatives in Clarke sense. In section 3, we
estabhsh the inclusion (1.2) without the assumptions of convexity and $Lipsch\dot{t}\dot{n}an$.
Finally, we will prove some results conceming generalized gradients of integral
fmctional on the X-valued subspaces of $L^{\infty}(T;X)$ whenever $\mu(T)<\infty$ .

2. Generalized Directional Derivatives and Generalized Gradients

Let $N(x)$ be the family of al neighborhoods at $x\in X$ . Let $f:X\rightarrow\Re\cup\{+\infty\}$ be

an extended real-valued fmction on $X$ Let epi $f=\{(x,\alpha)\in X\times\Re|f(x)\leq\alpha\}$ be the

epigraph of $f$ In Hiriart-Urruty [4, Definition 6], the generalized directional

derivative offat $x$ in the direction $v$, in Rockafellar sense, is give by

(2.1)
$f(x;v)\sup_{\triangleleft 0^{\frac{f}{\lambda}}1}\dot{i}\uparrow N\epsilon(f(x))\frac{X}{\lambda}\cdot(y.a_{\lambda})\epsilon*fl\cap N^{deV}$

For convenience, we use the expression
(2.2) $(y,\alpha)\downarrow x_{f}$ $-157-$



to denote $(y,\alpha)\in epif$ with $y\rightarrow x$ and $\alpha\rightarrow f(x)$ . $Ren(2.1)$ can be written as the

folowing equivalent form: (cf Rockafellar [7, \S 4] and [6, \S 2])

(2.3)
$f^{\uparrow}(x,v)=\Re(y.a)\lim_{\downarrow,\lambda\downarrow}\sup_{X,0^{J}}\dot{m}f\frac{f(y+\mathcal{A}d)-\alpha}{\lambda}dc\nu+B$

where $B$ is the open umit ball centered at $0$ in $X$

Iffis lower semicontinuous $(ls.c)$ at $x$, then (2.3) is equivalent to

(2.4)
$f^{\uparrow}(x;v)=\Re\lim_{y^{\downarrow X},\lambda\downarrow 0}\sup\inf_{d\cdot\nu+B}\frac{f(y+\lambda d)-f(y)}{\lambda}$

,

where $y\downarrow x_{f}$ means that $y\rightarrow x$ as wel as $f(y)\rightarrow f(x)$ .

A fmction $ f:X\rightarrow\overline{\Re}=(-\infty,\infty$] is said to be locauy Lipschitz at $x\in X$ ifthere

exists a neighborhood $V$ of $x$ and a constant $K>0$ such that
(2.5) $|f(x_{1})-f(x_{2})|\leq K\Vert x_{1}-n\Vert$ for al $x_{1},x_{2}\in V$ .

For any $veX$ , the generalized directional derivative offat $x$ in the direction $v$,

in Clarke sense, is defned by (cf Clarke [2, Definition 1])

$f^{o}(x;v)=\lim_{\lambda\downarrow 0}\sup_{Xy\rightarrow}\frac{f(y+\lambda v)-f(y)}{\lambda}$
$(admits\pm\infty)$

(2.6)

$=\dot{m}fsp_{\overline{\lambda}l}\frac{f(y+\lambda v)-f(y)}{\lambda}VcN\langle x)_{y\frac{u}{0}r}\overline{\lambda}>0_{\lambda\triangleleft}$

If a fimction$f$is locally Lipschitz at $x$, then

(2.7) $f^{\uparrow}(x;v)=f^{\vee}(x;v)$ for al $v\in X$.
If $f:X\rightarrow\overline{\Re}$ is convex on $X$, then the directional derivative offat $x$ in the direction

$v\in X$ is given by

(2.8) $f^{\prime}(x;v)=1_{\dot{\Re} ,\lambda}\frac{f(x+\lambda v)-f(x)}{\lambda}$ $(admits\pm\infty)$,

where$f$ is fnite at $x$.
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Remark 2.1. If $f:X\rightarrow\overline{\Re}$ is both convex and localy Lipschitz at $x\in X$ , then

(2.9) $f^{\uparrow}(x;v)=f^{o}(x;v)=f^{\prime}(x;v)$ for $a1v\in X$.

According to the defmition of $f^{\uparrow}tdf^{o}$ , we defne the generalized gradient off
at $x$ as folows.

Definition 2.1. (cf Rockafelar [6, \S 2]) Let $f:X\rightarrow\overline{\Re}$ be finite at $x$. The

generahzed gradient of $f$ at $x$, in Rockafellar sense, denoted by $\partial^{\uparrow}f(x)$ , namely

Rockafellar generahzed gradient, is defned by the set

(2.10) $\partial^{\uparrow}f(x)=$ {$z\in X^{*}|f^{\uparrow}(x;v)\geq<z,v>$ for al $v\in X$},

where $<z,v>$ is dual pair for $X^{\cdot}$ and $XTe$ generalized gradient of $f$ at $x$, in

Clarke sense, denoted by $\partial^{o}f(x)$ namely Clarke generalized gradient, is defned by

the set

(2.11) $\partial^{\circ}f(x)=$ {$zeX^{\cdot}|f^{\uparrow}(x;v)\geq<Z,\mathcal{V}>$ for al $v\in X$}.

Evidently, the generalized gradients are weak*-closed subset of $X^{\cdot}$

Iffis locally Lipschitz at $x$, then

(2.12) $\partial^{\uparrow}f(x)=\partial^{9}f(x)\neq\emptyset$ .
The subdifferential of $f:X\rightarrow\overline{\Re}$ at $x\in X$ is defned by

$\partial f(x)=$ {$z\in X^{*}|f(y)-f(x)\geq<z,y-x>$ for al $y\in X$}.

If $\partial^{\uparrow}f(x)\neq\emptyset$ and $f$ is convex, then the generalized gradient off at $x$ in Rockafelar

sense agrees with the subdifferential offat $x$ (cf [7, Theorem 5]), that is,

(2.13) $\partial^{t}f(x)=\partial f(x)$.

Proposition 2.1. Let $f;X\rightarrow\overline{\Re}$ be finite at the point $xeX$ and let the

generalized derivative $f^{\uparrow}(x;d)$ befmite in some direction $d\in X$ . Then

(a) $f^{\uparrow}(x;0)=0$ and $\partial f(x;0)\uparrow\uparrow=\partial f^{\uparrow}(x;0)=\partial^{\uparrow}f(x)$ .

(b) iffhas a continuous derivative at $x$, then $\partial^{\uparrow}f(x)=\{Df(x)\}$ ,

where $Df(x)$ is the G\^ateaux derivative atfat $x$.
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Remark 2.2. Let $f:X\rightarrow\overline{\Re}$ be $fi\in te$ at $x\in X$ . The generalized directional

derivative $f^{t}(x;\cdot)$ is sublinear and $l.s.c$. (see Rockafelar [7, Theorem 2]). Thus in

Proposition 2.1 (a), $\partial f^{\uparrow}(x;v)$ is the subdifferential of the convex fmction:

$d\rightarrow f^{\uparrow}(x;d)$ at $v\in X$.

ProofofProposition 2.1. (a). In Remark 2.2, the fmction $d\rightarrow f^{\uparrow}(x;d)$ is
$l.s.c$. and $sub$ear. Obviously, $f^{\uparrow}(x;0)=0.$ Since $f^{\uparrow}(x;\cdot)$ is convex, we have

$\partial^{t}f(x)=$ {$z\in X^{\cdot}|f^{t}(x;v)\geq<z,v>$ for al $v\in X$}
$=$ {$z\in X^{\cdot}|f^{\uparrow}(x;v)-f^{\uparrow}(x;0)\geq<z,v>$ for al $v\in X$}
$=\partial f^{\uparrow}(x;0)=\partial^{\uparrow}f^{\uparrow}(x;0)$.

(b). ifhas a continuous derivative at $x$, it is locally Lipschitz at $x$, then
$ f^{\uparrow}(x;v)=f^{o}(x;v)=<Df(x),v\succ$ for all $v\in X$.

This $\dot{n}l\Psi$]$ies$ that $\partial f(x)=\uparrow\{Df(x)\}$ . Q.E.D.

In this paper, we need $Int\{v\in\eta f^{\uparrow}(x;v)<\infty\}\neq\emptyset.$ Since this $\hslash ct$ is not

necessary true for arbitrary fmctions, thus we need to consider fmctions sarg this

property. For this reason, we give some definitions as follows.
A fimction $f:X\rightarrow\overline{\Re}$ is said to be $direc\hslash onauy$ Lipschitzian at $x\in X$ in the

direction $v\in X$ (cf Rockafelar [6, @2]) if

(2.14) $f^{+}(x,v)=\lim_{\mu\langle y.a}\sup_{x_{f}}\frac{f(y+\lambda d)-\alpha}{\lambda}$ .
$\nu\rightarrow v$

$\lambda\downarrow 0$

We say that $f$ is directionally $Lipschit\dot{ua}n$ at $x$ iffis directionally Lipschitzian at $x$ for

some direction $v\in X$.

If $f$ is $l.s.c$. at $x$, then (2.14) is equivalent to
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(2.15) $f^{+}(x,v)=\lim_{y^{\downarrow}}\sup_{x_{f}}\frac{f(y+\lambda w)-f(y)}{\lambda}$ .
$w\rightarrow v$

$\lambda\downarrow 0$

Remark 2.3. Let $f:X\rightarrow\overline{\Re}$ be finite at $x\in X.$ Iffis directionally Lipschitzian

at $xeX$ , Rockafelar proved in [7, Theorem 3] (cf Clarke [3, Theorem 2.9.5]) that

$\{v\in X|f^{+}(x;v)<\infty\}=Int\{v\in X|f^{\uparrow}(x;v)<\infty\}$ and
(2.16)

$f^{+}(x;v)=f^{\uparrow}(x;v)$ for al $v\in Int\{v\in X|f^{\uparrow}(x;v)<\infty\}$ .

A fmction $f$ is regular at $x$ in Rockafellar sense, namely Rockafellar regular, iff
is finite at $x$ and

(2.17)
$f^{\uparrow}(x;v)=\lim_{\nu\rightarrow}\inf_{v}\frac{f(x+\lambda w)-f(x)}{\lambda}\lambda\downarrow 0$ for al $v\in X$.

In Clarke [3, Definition 2.3.4], a fmction $f$ is said to be regular at $x$ if the onesided

directional derivative

(2.18)
$f^{\prime}(x;v)=1\lambda\dot{\Re}\frac{f(x+\lambda v)-f(x)}{\lambda}$ exists and

$f^{\prime}(x;v)=f^{o}(x;v)$ for al $v\in X$.

Actually, iffis locally Lipschitz at $x$, then (2.17) coincides with (2.18). We state this

act as the following proposition.

Proposition 2.2. Let $f:X\rightarrow\overline{\Re}$ be locally Lipschitz at a point $x\in X.$ Then $f$

is Rockafellar regular at $x$ ifand only iffis regular at $x$.

Proof: (Necessity) Let $f$be Rockafelar regular at $x$ . Then

$f^{\uparrow}(x;v)=\lim_{\nu\rightarrow}\inf_{v}\frac{f(x+\lambda w)-f(x)}{\lambda}\lambda\downarrow 0$ for al $v\in X$.

Since $f$ is locally Lipschitz at $x,$ $f^{\uparrow}(x;v)=f^{Q}(x;v)$ exists for al $v\in X.$ lliis shows

that
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$f^{o}(x;v)=f^{\uparrow}(x;v)=\lim_{\nu\rightarrow\nu}\dot{i}f\frac{f(x+\lambda w)-f(x)}{\lambda}\lambda\downarrow 0$

The right hand side ofthe above equality becomes

$f^{Q}(x;v)\leq\lim_{\lambda\downarrow}\inf_{0}\frac{f(x+\lambda v)-f(x)}{\lambda}$

$\leq\lim_{\lambda\downarrow}\sup_{0}\frac{f(x+\lambda v)-f(x)}{\lambda}$

$\leq\lim_{\lambda\downarrow 0}\inf_{\nu\nu\rightarrow}\frac{f(x+\lambda v)-f(x)}{\lambda}=f(x;v)$.

It follows that

$f^{\prime}(x;v)=\lambda\Re\frac{f(x+\lambda v)-f(x)}{\lambda}$ exists and $f^{\prime}(x;v)=f(x;v)$ for al $v\in X$.

Hence$f$is regular at $x$.
(Sufficiency) Let $f$be regular at $x$. Then $f^{\prime}(x;v)=f(x;v)$ exists for all $v\in X$.

We will show that

$f^{\uparrow}(x;v)=\lim_{\nu\rightarrow,\lambda\downarrow}\inf_{\nu}\frac{f(x+\lambda w)-f(x)}{\lambda}0$

Since$f$is localy Lipschitz at $x,$ $f^{\prime}(x;v)=f\cdot(x;v)=f^{\uparrow}(x;v)$ for all $v\in X$ and

$|\lim_{\lambda\downarrow 0}\frac{f(x+\lambda w)-f(x)}{\lambda}|\leq 1\dot{m}K\Vert w-v\Vert\nu\rightarrow\nu=0$

where $K$ is a Lipschitzian constant. That is,

$\lim_{\nu\rightarrow\nu}(\frac{f(x+\lambda w)-f(x)}{\lambda}-\frac{f(x+\lambda v)-f(x)}{\lambda})\lambda\downarrow 0=0$;

$’\nu\rightarrow v1\dot{m}\frac{f(x+\lambda w)-f(x)}{\lambda}\lambda\downarrow 0=\lim_{\lambda\downarrow 0}\frac{f(x+\lambda v)-f(x)}{\lambda}$ ;

$f^{\uparrow}(x;v)=f^{\prime}(x;v)$.
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Hence $f$is regular at $x$ in Rockafelar sense. Q.E.D.

3. Integral Functionals on a Banach Space

In order to get a rigorous formulation in the differential inclusion (1.2), we need

the following assumptions and definitions.

Assumption 3.1. Let $z\in X$ and let the generahized directional derivative
$ f_{t}(z;\cdot)\uparrow$ of $f_{t}(\cdot)$ at $ zsat\dot oe\theta$ the following conditions:

(i). For any $v\in X,$ $f_{t}^{\uparrow}(z;v)$ is measurable in $t$.

(ii). $f_{t}(\cdot)$ is continuous at $z$ for all $t\in T$ .

(iii). $f_{t}^{\uparrow}(z;0)=0$ for al $ t\in TtdnInt(Domf_{t}\uparrow(z;\cdot))tff\neq\emptyset$ ,

where Dom $f_{t}^{t}(z;\cdot)=\{v\in X|f^{\uparrow}(z;v)<\infty\}$ .

Definition 3.1. An integrand $f_{t}:X\rightarrow\Re\cup\{+\infty\}$ is said to be locally pseudo

Lipschitzian at $z\in X$ in the direction $v\in X$ if there exist $W\in N(v)$,

$K_{1}\in L^{1}(T;\Re^{+}),$ $K_{2}\in L^{1}(T;\Re^{+})$ and a real number $;>0$ such that

(3.1) $\frac{f_{t}(x+\lambda w)-f_{t}(x)}{\lambda}\leq K_{1}(t\lambda|w\Vert+K_{2}(t)$,

for all $t\in T,w\in W,\lambda\in(0,\overline{\lambda}$] and $x\in B_{\epsilon}(z)$ , where $B_{\mathcal{E}}(z)=\{xeX|\Vert x-z\Vert<\epsilon\}$ for

some $\epsilon>0$ .

Remark 3.1. If $f_{t}:X\rightarrow\overline{\Re}$ is $l.s.c$. as wel as localy pseudo $Lipsch\dot{A}$rian at

$z\in X$ in the direction $v\in X$ , then by the definition 3.1, the inequality (3.1) $\dot{n}1\Psi$]$ies$

that
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$f_{t}^{+}(z,v)=\lim_{\downarrow X}\sup_{g}\frac{f_{t}(x+\lambda w)-f_{t}(x)}{\lambda}\leq K_{1}(t)\Vert v\Vert+K_{2}(t)$,

$’\nu\rightarrow v$

$\lambda\downarrow 0$

so that $f_{t}$ is $d\dot{r}$ectionally Lipschitzian at $z\in X$ in the direction $v\in X$ (see (2.15)).

The converse of this result may not be true. indeed the locally pseudo Lipschitzian
rplies that $f_{t}^{\uparrow}(z;v)$ is bounded above by a $L^{1}$ -fmction $K_{1}(t\lambda|v\Vert+K_{2}(t)$ , but the

directiondy Lipschitzian does not satisfy this condition.

If $f_{t}$ is lecally Lipschitz at $z$ in the sense that for a fmction $\dot{K}\in L^{1}(T;\Re^{+})$ , then
(3.2) $|f,(s_{1})-f_{t}(s_{2})|\leq K(t)\Vert s_{1}-q\Vert$ for al $s_{1},s_{2}\in B_{\eta}(z)$, and $t\in T$,

where $\eta>0$ . It folows that $f_{t}$ is also localy pseudo Lipschitzian at $z$ in any $d\dot{n}$ection
$v\in X$ ifwe take $W=v+_{2}^{4}B,$ $K_{1}(t)=K(t)$ and $K_{2}(t)=0$ for al $t\in T$ and choose

$\lambda=\frac{\eta}{2\langle]v\vdash\eta)},$ $\epsilon=_{2}4$ in definition 3.1. That is (3.1) holds.

$Te$ converse ofthis result is not true, for $eXamle$, ifwe defUe $ f_{t}:\Re\rightarrow\Re$ by

$f_{t}=\left\{\begin{array}{l}t\sqrt{x}x\geq 0\\te[Z2]\\0x<0\end{array}\right.$

Then by the definition ofthe generahzed directional derivative, it is easily to get

$f_{t}^{t}(0;v)=\left\{\begin{array}{ll}\infty & if v>0\\0 & if v\leq 0\end{array}\right.$

This shows that Dom $f_{t}^{\uparrow}(0;\cdot)=\{v\in\Re|f_{t}^{\uparrow}(0;v)<\infty\}=(-\infty,0)$ and $f$, is locaUy

pseudo Lipschitzian at $z=0$ in any direction $v\in(-\infty,O)$ for al $t\in[L2]$ . Indeed,

taking $K_{1}(t)=K_{2}(t)=0$ for all $t\in[1,2]$ in definition 3. 1, we have

$\frac{f_{t}(x+\lambda w)-f_{t}(x)}{\lambda}\leq 0$ for al $w\in Int(Domf^{\uparrow}(0;\cdot))=(-\infty,0)$.

This shows that $f_{t}$ is locally pseudo Lipschitzian at $0$ in any direction $ve(-\infty,0)$ for

al $t\in[L2]$ . But $f_{t}$ is not locally Lipschitz at $0$ .

–164–



Remark 3.2. A fimction $f:X\rightarrow\overline{\Re}$ is localy Lipschitz at $x_{0}$ if and only iffis
directional Lipschitzian at $x_{0}$ with $v=0$ (see (2.15)). That is $ 0\in Int(Dom(f(x_{0};\cdot)))\uparrow$

(see Remark 2.3).

In this section, we wil extend Moreau-Rockafelar theorem ffom ffiite sums of

fmctions like (1.4) to the integral fmctional form like (1.2) over a positive finite

measure space $(T,\Sigma,\mu)$ . To this end, for each $x\in X$ we let the mapping

$teT\rightarrow f_{t}(x)=f(t,x)$ be measurable for each $t\in T$ .

Now we let $f_{t}(\cdot)$ be finite at $z\in X$ and deffie

$g(v)=\int_{T}f_{t}^{t}(z;v)d\mu(t)$ for al $v\in X$ .

By Assumption 3.1 (i), we obtain that for any $v\in X,$ $f_{t}^{\uparrow}(z;v)$ is measurable in $t$. This

$il\Psi]ies$ that $g$ is well defined. Moreover, we need the folowing assumptions.

$Assump5ion3.2$. Either the normal cone $N_{Dom_{Z}}(0)$ contain$s$ only one element

$\{0\}$ or $Domg=Domf_{t}^{\uparrow}(z;v)$ on a set $S\subseteq T$ of positive measure, where

$Domg=\{v\in|g(v)<\infty\}$ and $N_{Domg}(0)=$ {$\zeta\in X^{*}|<\zeta,v>\leq 0$ for al $v\in Domg$}.

Now we come to our main theorem which we state as follows:

Theorem 3.1. Let $f_{t}(\cdot)$ be locally pseudo Lipschitzian at $z\in X$ in $ ar\nu$

direction $ v\in Int(Dom(f_{t}(z;\cdot)))\uparrow$ for all $t\in T$ Suppose that $f_{t}^{t}(z;\cdot)$ satisfes
Assumptions 3.1 and 3.2. If(a) $T$ is countable or (b) $X$ is separable, then we have

(3.3) $\partial^{\uparrow}(\int_{T}f_{t}(z\times\mu(t))\subseteq\int_{T}\partial^{\uparrow}f_{t}(z)d\mu(t)$.

If each $f_{t}(\cdot)$ is Rockafellar regular at $z$ ard there exist $\overline{\lambda}>0$ and functions
$K_{3},K_{4}\in L^{1}(T;\Re)satisf/ing$ the inequaIiO

(3.4) $\frac{f_{t}(z+\lambda v)-f_{t}(z)}{\lambda}\geq K_{3}(t)\Vert v\Vert+K_{4}(t)$ for all $\lambda\in(0,\overline{\lambda}$], $t\in T,$ $v\in X$ ,

then $F$ is Rockofellar regular at $z$ and the equality in (3.3) holds.
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Remark 3.3. ‘lhe inclusion of (3.3) is $e\eta la\dot{m}$ed as follows: To every $\zeta$ in

$d^{\uparrow}F(z)\subseteq X^{\cdot}$ there corresponds a mapping $t\rightarrow\zeta_{t}$ from $T$ into $X^{\cdot}$ with $\zeta,$
$\in d^{\uparrow}f,(z)$

for a.a. $t\in T$ such that the mapping $t\rightarrow<\zeta_{t},v>$ is summable and

$<\zeta,v>=\int_{T}<\zeta_{t},v\succ d\mu(t)$ for al $v\in X$.

ProofofTheorem 3.1. Deffie $F:X\rightarrow\Re u\{bcp\}$ by

$F(x)=\int_{T}f,(xV\mu(t)$ for al $x\in X$.

First, we will show that

(3.5) $F^{t}(z;v)\leq\int_{T}f_{t}^{\uparrow}(z;v\times\mu(t)$ for al $v\in X$.

Wkhout loss of generality, we can assume that $v$ eDom $f_{t}^{\uparrow}(z;\cdot)$ for almost all

$t\in T$ , otherwise, $\int_{T}f_{t}^{\uparrow}(z;v)d\mu(t)=\infty$ and (3.5) holds. Since integrals over sets of

measure zero are zero, we can assume that $v$ eDom $f^{\uparrow}(z;\cdot)$ for al $t\in T$ .

Let $v\in Domf_{t}^{\uparrow}(z;\cdot)$ . We prove (3.5) holds by the folowing two cases.

Case 1: Let $v\in Int(Domf_{t}^{\uparrow}(z;\cdot))$ for all $t\in T.$ Since $f,(\cdot)$ is continuous on X

and $\mu(T)<\infty,$ $F(\cdot)$ is also continuous on $X$ Like in (2.4), we recall the notations:

$x\downarrow z_{F}$ means that $x\rightarrow z$ and $F(x)\rightarrow F(z)$ ;

$x\downarrow z_{J}$ means that $x\rightarrow z$ and $f_{t}(x)\rightarrow f_{t}(z)$ ;

and $B_{\epsilon}(v)$ denotes the neighborhood $\{w\in X\Vert\mu-v\Vert<\epsilon\}=v+ae$,

where $B$ is the unit open ball of$X$ centered at origm $0$ .
Note that by $assu\mathfrak{M}\dot{u}on3.1(i)f_{t}^{\uparrow}(z;\cdot)$ is measurable in $t$. If $T$ is countable, then

$f_{t}^{\uparrow}(z;\cdot)$ is clearly measurable in $t$.

By the hypotheses that $f_{t}(\cdot)$ is localy pseudo $L\dot{\varphi}scit\dot{m}n$ at $z\in X$ in any

direction $v\in Int(Dom(f_{t}^{\uparrow}(z;\cdot)))$ for all $t\in T$ , it is directional $L\dot{\Psi}schit\dot{z}an$ at $z\in X$ in

any direction $v\in Int(Dom(f^{t}(z;\cdot)))$ for al $teT$ (see Remark 3.1). Then fiom the

assumption 3.1 $(\ddot{n})$ and the expresion (2.16), we would have that

$\int_{T}f,(z;v)d\mu(t)=\uparrow\int_{T}f_{t}^{+}(z;v\times\mu(t)$
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$’\nu\rightarrow v$

$\lambda\downarrow 0$

(3.6)

$\nu\rightarrow\nu$

$\lambda\downarrow 0$

The last inequality follows fiom Fatou’s lemma. Indeed, since $f_{t}$ is localy pseudo

Lipschitzian at $z\in X$ in the direction $v\in X$ for all $teT$ , there exist $B_{\eta}(v)\in N(v)$,

$K_{1}\in L^{1}(T;\Re^{+}),$ $Ki\in L^{1}(T;\Re^{+})$ and a real number $\overline{\lambda}>0$ such that

(3.7) $\frac{f_{t}(x+\lambda w)-f_{t}(x)}{\lambda}\leq K_{1}(t)\cdot\Vert w\Vert+K_{2}(t)\leq K_{1}(t)\cdot(\Vert v\Vert+\eta)+Ki(t)$ ,

for al $w\in B_{\eta}(v),\lambda\in(0,\overline{\lambda}$], $x\in B_{\mathcal{E}}(z)$ with some $\epsilon>0$ .

This shows that the right-hand side of(3.7) is bounded above by an $\dot{m}te\Psi able$ fmction

which are in$d\varphi endrt$ of $w,x$ and $\lambda$ . So Fatou’s lemma is applicable and so (3.6) holds.

From (3.6), we obtain
$\int_{T}f_{t}^{\uparrow}(z;v)d\mu(t)\geq\lim_{\downarrow Xz}\sup\int_{r\lambda}^{f_{t}(x+}\wedge^{\lambda w)-f(x)}\mu(t)$

$’\nu\rightarrow\nu$

$\lambda\downarrow 0$

$=\lim_{\downarrow X}\sup_{z,}\frac{F(x+\lambda w)-F(x)}{\lambda}$

$’\nu\rightarrow v$

$\lambda\downarrow 0$

$\geq\varphi\sup_{z,,\lambda X\downarrow}f\frac{F(x+\lambda w)-F(x)}{\lambda}0=F^{\uparrow}(z;v)$
.

Hence (3.5) holds for al $v\in Int(Domf_{t}^{\uparrow}(z;\cdot))$ for al $t\in T$.

Case 2: Let $v\in Domf_{t}^{\uparrow}(z;\cdot)$ for all $t\in T$. By the assumption 3.1 (iii) there

exists a vector $v_{0}\in Int(Domf_{t}^{\uparrow}(z;\cdot))$ for al $t\in T$ . Then by the convexity of $f_{t}^{\uparrow}(z;\cdot)$ ,
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we have that for all $\lambda\in[0,1$), $v_{\lambda}=(1-\lambda)v_{0}+\lambda v_{0}\in Int(Domf_{t}^{\uparrow}(z;\cdot))$ for al $t\in T$ .

From the Case 1, we obtain,

$F^{\uparrow}(z;v_{\lambda})\leq\int_{T}f_{t}^{\uparrow}(z;v_{\lambda})d\mu(t)$

(3.8) $=\int_{T}f_{t}^{\uparrow}(z;(1-\lambda)v_{0}+\lambda v\times\mu(t)$

$\leq(1-\lambda)\int_{T}f_{t}^{\uparrow}(z;v_{0}\times\mu(t)+\lambda\int_{T}f^{\uparrow},(z;v)d\mu(t)$.

Since $F^{\uparrow}(z;\cdot)$ is $l.s.c.,$ lening $\lim_{\lambda\rightarrow}\inf_{1^{-}}$ in the two sides of(3.8), we obtain

$\int_{T}f_{t}^{t}(z;v\times\mu(t)\geq\lim_{\lambda\rightarrow}\inf_{1^{-}}F^{\uparrow}(z;v_{\lambda})\geq F^{\uparrow}(z;v)$ .

Hence (3.5) holds for $v\in Domf^{\uparrow}(z;\cdot)$ for all $t\in T$ . This shows that (3.5) holds for all

$v\in X$ .

Deffie fmction $gX\rightarrow\Re\cup\{*\infty\}$ by

(3.9) $g(v)=\int_{T}f_{t}(z;v)d\dot{\mu}(t)\uparrow$ for all $v\in X$ .

$Reng$ is a convex fmction on $X$ that is not identically equal -t.co ince $g(0)=0$ . By

(3.5), we have

(3.10) $F^{\uparrow}(z;v)\leq g(v)$ for all $v\in X$ .

Since $F^{t}(z;\cdot)$ is l.s.c. and sublinear, thus if $F^{\uparrow}(z;0)\neq 0$ , then $ F^{\uparrow}(z;0)=-\infty$ .

This $\dot{u}\Psi$]$ies$ that $\partial^{\uparrow}F(z)=\emptyset$ , and so Theorem 3.1 holds in this case.

So we can set $F^{\uparrow}(z;0)=0$ , and by Proposition 2.1, we have

$d^{\uparrow}F(z)=\partial^{\uparrow}F^{\uparrow}(z;0)=ffi^{\uparrow}(z;0)$.

It follows fiom (3.10) that

(3.11) $ffi^{t}(z;0)\subseteq\&(0)$.

From (3.7), it is immediately that

$\sup_{\nu eB_{\eta}(v)}f_{t}^{\uparrow}(z;w)\leq K_{1}(t)\cdot(\Vert 4|+\eta)+K_{2}(t)$.

Since $f_{t}^{\uparrow}(z;\cdot)$ is convex and $l.s.c$. on $X$, it folows fiom IoffeLevm theorem (cf [5,

Theorem 3, p.38]) that

$\partial g(0)=\int_{T}\ovalbox{\tt\small REJECT}^{\uparrow},(z;0)d\mu(t)+\Lambda(0)$,
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where $\Lambda(0)=N_{Domg}(0)=$ {$\zeta\in X^{\cdot}|<\zeta,v>\leq 0$ for all $v\in Domg$}.

By Assumption 3.2 and Ioffe-Levin theorem (cf [5, Theorem 3&Remark, p.28]), we

obtain

$\partial g(0)=\int_{T}\partial f_{t}^{\uparrow}(z;0)d\mu(t)$.

From (3. 11) and Proposition 2. 1, it yields

$\partial^{\uparrow}F(z)\subseteq\partial g(0)\subseteq\int_{T}\partial f_{t}^{\uparrow}(z;0)d\mu(t)=\int_{T}\partial^{\uparrow}f,(z)d\mu(t)$.

Iherefore (3.3) is proved.

Finaly, we show that the equality in (3.3) holds if $f_{t}$ is Rockafellar regular at $z$ .
Indeed, Rom (3.5) and the regularity of $f_{t}$ at $z$ in Rockafelar sense, we obtain

$ F^{\uparrow}(z;v)\leq\int_{T}f_{t}(z;v)d\mu(t)\uparrow$

$=\int\lim_{\lambda\downarrow 0}\inf_{\nu}\frac{f_{t}(z+\lambda w)-f_{t}(z)}{\lambda}d\mu(t)$.

By (3.4), the difference quotient fmction is bounded below by an integrable fmction,

thus Fatou’s lemma is applicable and the last expression reduces to

$=\lim_{\nu\rightarrow}\inf_{\nu}\frac{F(z+\lambda w)-F(z)}{\lambda}x\downarrow 0$

$\leq 1\dot{\Psi}_{0,\epsilon v+B}\lim_{\downarrow\epsilon,\lambda\downarrow Xz,}\sup_{\nu}\dot{m}f\frac{F(z+\lambda w)-F(z)}{\lambda}0=F^{\uparrow}(z;v)$
for al $v\in X$ .

From the above result, this shows that $F$ is regular at $z$ in Rockafellar sense and

(3.12) $F^{\uparrow}(z;v)=\int_{T}f_{t}^{\uparrow}(z;v)d\mu(t)$ for al $v\in X$ .

Next for any $\zeta_{t}\in\partial^{\uparrow}f_{t}(z)$ for almost all $t\in T$ , it corresponds an element

$\zeta=\int_{T}<\zeta_{t},v>d\mu(t)\in X^{\cdot}$ such that for any $v\in X$ ,
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$F^{\uparrow}(z;v)=\int_{T}f_{t}\uparrow(z;v)d\mu(t)$

$\geq\int_{T}<\zeta_{t},v>d\mu(t)=<\zeta,v>$ .

This shows that $\zeta\in\partial^{\uparrow}F(z)$ and hence the proofis $con\varphi lete$ .

Q.E.D.

Corollary 3.2. (Clarke [2, Theorem 1]) Suppose that $f_{t}:X\rightarrow\overline{\Re}$ satisfies the

following conabtions:

(i). For each $x\in X$ , thefunction $t\rightarrow f_{t}(x)$ is measurable.

(ii). For some $K\in L^{1}(T;\Re^{+})$ and $V\in N(z)$ , one has

$|f_{t}(x)-f_{t}(y)|\leq K(t)\cdot\Vert x-y\Vert$ for all $x,y\in V$ and $t\in T$

Then

(3.13) $\partial F(z)=\partial^{Q}(\int_{T}f_{t}(z\times\mu(t))\subseteq\int_{T}\partial f_{t}(z\times\mu(t)$.

If $f_{t}(\cdot)$ is regular at $z$ for all $t\in T$ , then $F$ is regular at $z$ and the equaliO’ in (3.13)

holds.

Proof: Since $f_{t}:X\rightarrow\overline{\Re}$ is locally Lipschitz at $z$, by (3.2) and (2.12), $f_{t}$ is also

locally pseudo Lipschitzian at $z$ in any direction $v\in X$ and $\partial f_{t}(z)=\partial^{\uparrow}f_{t}(z)$ . Note

thatr $sSu\mathfrak{M}$ and the hypotheses in Theorem 3.1 are $sa\dot{u}ffied$,

so that (3.13) holds.

Let $f_{t}$ be regular at $z$. Then $F$ is regular at $z$ in which $F$ is locally Lipschitz at $z$.

By Proposition 2.2 and Theorem 3. 1, the equahty holds in (3. 13).

Q.E.D.

Now, we give an examle to explam that Reorem 3.1 holds for a non localy

Lipschitzian fmction. It will show that Teorem 3.1 extends the $Chrke^{1}s$ resPt (like

Corollary 3.2).
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Example: Defne $ f_{t}:\Re\rightarrow\Re$ by

$f_{t}(x)=\left\{\begin{array}{ll}t\sqrt{x} & if x\geq 0\\0 & if x<0’\end{array}\right.$ for al $t\in[1,3]$ .

Then by defnition, it is easy to get

$f_{t}(0;v)=\uparrow\left\{\begin{array}{ll}\infty & if v>0\\0 & if v\leq 0.\end{array}\right.$

$ms$ shows that Dom $f_{t}^{\uparrow}(0;\cdot)=(-\infty,0$] and $f_{t}$ is also localy pseudo Lipschitzian at

$z=0$ in any direction $v\in(-\infty,0)$ for al $t\in[1,3]$ . Indeed, takin$gK_{1}(t)=K_{2}(t)=0$

for al $t\in[1,3]$ in definition 3. 1, we have

$\frac{f_{t}(x+\lambda w)-f_{t}(x)}{\lambda}\leq 0$ for al $w\in(-\infty,0)$ .

This shows that $f_{t}$ is localy pseudo Lipschitrit at $0$ in any direction $w\in(-\infty,0)$ for

all $t\in[L3]$ . But $f_{t}$ is not localy Lipschitz at $0$ .

Clearly, we see that Assumption 3.1, Assumption 3.2 and the hypotheses in

Theorem 3.1 are satisfied at $z=0$ . Now to compute the fomula (3.3), by the

defmition ofgenerahzed gradient, we obtain

$F(x)=\int_{1}^{3}f_{t}(x)dt=\left\{\begin{array}{ll}4\sqrt{x} & if x\geq 0\\0 & if x<0,\end{array}\right.$

$\partial^{\uparrow}F(0;v)=\left\{\begin{array}{ll}\infty & if x\geq 0\\0 & if x<0.\end{array}\right.$

It follows that $\partial^{\uparrow}F(0)=[0,\infty)\subseteq\int_{1}^{3}\partial^{\uparrow}f_{t}(0)dt=\int_{1}^{3}[0,\infty)dt=[0,\infty)$ . That is,

$\partial^{\uparrow}F(0)=[0,\infty)=\int_{1}^{3}\partial^{\uparrow}f,(0)dt=\int_{1}^{3}[0,\infty)dt$ .

In fact, $f_{t}(\cdot)$ is regular at $z=0$ in Rockafelar sense. This shows that the equality

holds in (3.3) whenever $f_{t}($ . $)$ is regular at $z=0$ in Rockafellar sense.

Q.E.D.
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4. Integral functionals on $L^{\infty}(T,X)$

In this section, we let $(T,\Sigma,\mu)$ be a positive fnite measure space and let $X$ be a

separable Banach space. $L^{\infty}(T;X)$ denotes the space of essentially bounded

measurable fmctions from $T$ into $X$ Now let $Y$ be a closed subspace of $L^{\infty}(T;X)$ and

consider the integral fUmctional $F$ defned on $Y$ by the followmg forn:

(4.1) $F(x)=\int_{T}f_{t}(x(t))d\mu(t)$ for all $x\in Y$ .

Here like in section 3, for each $x\in X$ , the mapping $t\rightarrow f_{t}(x)$ satisfies the

following $aSSu\mathfrak{M}tionS$ :

Assumption 4.1. Let $z\in Y$ and let the $genera$]$ized$ directional derivative
$f_{t}^{\uparrow}(z(t);\cdot)$ of $f_{t}(\cdot)$ at $zsa\dot{u}g$ the folowing conditions:

(i). For any $v\in X,$ $f_{t}^{\uparrow}(z(t);v)$ is measurable in $t$.

(ii). $f_{t}(\cdot)$ is continuous at $z$ for all $teT$ .

$(\ddot{\dot{m}})$ . $f_{t}^{\uparrow}(z(t);0)=0$ for all $ t\in Ttd\bigcap_{t\Phi}Int(Domf_{t}^{\uparrow}(z(t);\cdot))\neq\emptyset$ ,

where Dom $f_{t}^{\uparrow}(z(t);\cdot)=\{v\in X|f_{t}^{\uparrow}(z;v)<\infty\}$ .

Now we let $z\in Y$ and $f_{t}:X\rightarrow\overline{\Re}$ be finite at $z(t)\in X$ for al $t\in T$ and defne

$ g(v)=\int_{T}f_{t}(z(t);v\mu\mu(t)\uparrow$ for al $v\in X$ .

By the Assumption 4.1 (i), we obtam that for any $v\in X,$ $f_{t}^{\uparrow}(z(t);v)$ is measurable in

$t$. This $i\iota\Psi$]$ies$ that $g$ is wel deffied. To obtain our another main theorem, we need the

$f_{0]1ow\dot{m}gassu_{\mathfrak{M}^{tion}}}$.

Assumption 4.2. Either the normal cone $N_{Dmg}(0)$ contain$so\Phi$ one element

$\{0\}$ or $Domg=Domf^{\uparrow},(z(t);v)$ on a set $S\subseteq T$ of $po\dot{a}tive$ measure, where

$Domg=\{v\in|g(v)<\infty\}$ and $N_{Dmg}(0)=$ {$\zeta\in X^{\cdot}|<\zeta,v>\leq 0$ for al $v\in Domg$}.
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Theorem 4.1. Let $f_{t}(\cdot)$ be locally pseudo Lipschitzian at $z(t)\in X$ in any

direction $ veInt(Dom(f_{t}(z(t);\cdot)))\uparrow$ for all $t\in T$ and let $f_{t}^{\uparrow}(z(t);\cdot)$ satisff
Assumptions 4.1 and 4.2. $IfX$ is separable, then

(4.2) $\partial^{\uparrow}(\int_{T}f_{t}(z(t))d\mu(t))\subseteq\int_{T}\partial^{\uparrow}f_{t}(z(t))d\mu(t)$.

Furthermore, if each $f_{t}(\cdot)$ is Rockafellar regular at $z(t)\in X$ and there exist $\overline{\lambda}>0$

andfunctions $K_{3},K_{4}\in L^{1}(T;\Re)satisf^{f}ing$ the inequaIio’

(4.3) $\frac{f_{t}(z+\lambda v)-f_{t}(z)}{\lambda}\geq K_{3}(t)\Vert v\Vert+K_{4}(t)$ for all $\lambda\in(0,\overline{\lambda}$], $t\in T,$ $v\in X$ ,

then $F$ is Rockafellar regular at $z$ and the equality holds in (4.2).

Remark 4.1. The inclusion of (4.2) is ewlained as follows: To every $\zeta$ in
$d^{\uparrow}F(z)\subseteq X^{\cdot}$ there corresponds a mapping $t\rightarrow\zeta_{t}$ ffom $T$ into $X^{\cdot}$ with
$\zeta_{t}\in\partial^{\uparrow}f_{t}(z(t))$ for almost all $t\in T$ such that the mapping $t\rightarrow<\zeta_{t},v>$ is summable

and

(4.4) $<\zeta,v>=\int_{T}<\zeta_{t},v(t)\succ d\mu(t)$ for al $v\in Y$.

Proofof Theorem 4.1. Let $\zeta\in\partial^{\uparrow}F(z)$ and let $v$ be any element of $X$ Then

by Assumption 4.1, we see that the mapping $t\rightarrow f_{t}^{t}(z(t);v)$ is measurable in $t$.

In ffict, the proof of Theorem 4.1 is similar to the proof of Theorem 3.1, and w-e
deduce the following inequality

(4.5) $<\zeta,v>\leq F^{\uparrow}(z;v)=\int_{T}f_{t}^{\uparrow}(z(t);v(t))d\mu(t)$ for al $v\in Y$.

Now we defne

$h(v)=\int_{\dot{T}}g_{t}(v(t))d\mu(t)$ , where $ g_{t}(\cdot)=f_{t}(z(t);\cdot)\uparrow$ .

Since $g_{t}(\cdot)$ is convex on $X,$ $h(\cdot)$ is also convex on Y. From the expression (4.5), it

nnplies that $\zeta$ belongs to the subdifferential ofintegral fmctional $v\rightarrow\int_{T}g_{t}(v(t))d\mu(t)$

at $v=0$ .
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Note that the requirement of [5, Theorem 3, p.28] are satisfied, so that we can

obtain the existence of a function $ t\rightarrow\zeta$, such that the mapping $t\rightarrow<\zeta_{t},v>$ is

summable, and

$<\zeta,v>=\int_{T}<\zeta_{t},v(t)>d\mu(t)$ for al $v\in Y$ ,

such that $\zeta_{t}\in\partial g,(0)$ for almost all $t\in T$ .

Since $\partial g_{t}(0)\neq\emptyset$ for all $t\in T$ , this implies $f^{\uparrow}(z(t);0)=0$ for all $t\in T$ . Then by

Proposition 2.1, we obtain $\partial g_{t}(0)=\partial f^{\uparrow}(z(t);0)=\partial^{\uparrow}f_{t}(z(t))$ for $a\mathbb{I}t\in T$ . Hence

$\zeta_{t}\in\partial^{\uparrow}f_{t}(z(t))$ . This shows that (4.2) holds.

Fin$w$, we shows that the equahty in (4.2) holds if $f_{t}$ is regular at $z$ in

Rockafelar sense as well as the inequahty (4.3) hold.

If $f_{t}$ is regular at $z(t)\in X$ in Rockafellar sense, ffom (4.5), we obtain

$ F^{\uparrow}(z;v)\leq\int_{T}f_{t}(z(t);v(t))d\mu(t)\uparrow$

(46)
$=\int\lim_{\lambda\downarrow 0}\inf_{\nu}\frac{f_{t}(z(t)+\lambda w(t))-f_{t}(z(t))}{\lambda}d\mu(t)$.

By (4.3), it shows that the difference quotient fmction is bounded below by an

$\dot{m}te\Psi able$ fmction, thus Fatou’s lemma is applicable and the last expression deduces to

$=\lim_{\nu\rightarrow,\lambda\downarrow}\inf_{v}\frac{F(z+\lambda w)-F(z)}{\lambda}0$

$\leq\Re^{\lim_{X}\sup_{*}\inf_{v+B}\frac{F(z+\lambda w)-F(z)}{\lambda}=F^{\uparrow}(z;v)}\lambda\downarrow 0\downarrow\iota$,
for al $ v\in$ Y.

$ms$ shows that $F$ is regular at $z$ in RockafeM sertse and

(4.7) $ F^{\uparrow}(z;v)=\int_{T}f_{t}(z(t);v(t))d\mu(t)\uparrow$ for al $v\in Y$ .
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Now for any $\zeta_{t}\in\partial^{\uparrow}f_{t}(z(t))\subseteq X^{\cdot}$ for almost al $t\in T$ , we define

$\zeta=\int_{T}<\zeta_{t},\cdot>d\mu(t)$ . Then by (4.7), we have

$ F^{\uparrow}(z;v)=\int_{T}f,(z(t);v(t))d\mu(t)\uparrow$

$\geq\int_{T}<\zeta_{t},v(t)\ovalbox{\tt\small REJECT}\mu(t)$

$=<\zeta,v>$ for al $v\in Y\subseteq L^{\infty}(T;X)$.

This shows that $\zeta\in d^{\uparrow}F(z(t))$ and the proofis complete.

Q.E.D.
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