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Generalized Metrics For Second Order Equations
Satisfying Huygens’ Principle

NOBUHIRO INNAMI

1. Introduction. Let $M$ be an n-dimensional manifold without bound-
ary of class $C^{\infty}$ and $\pi$ : $TM\rightarrow M$ the tangent bundle of $M$ . A second
order equation on $M$ such that it is localy expressed by

(1.1) $\frac{d^{2_{l}i}}{\&a}=F^{i}(ae^{1},$
$\cdots,$

$ae^{n},$
$\frac{dae^{1}}{d\ell},$

$\cdots,$
$\frac{dae^{n}}{dt}I$

is considered to be a vector field $V$ on $TM$ with $\pi.V(y)=y$, where $(U;x^{1}$ ,.. ., $x^{n}$ ) and (TU; $x^{1},$
$\cdots,$

$r^{n},$ $y^{1},$
$\cdots,$

$y^{n}$ ) are local coordinate neighbor-
hoods in $TM$ , respectively. Restricting its domain to a hypersur&ce $S$ in
$TM$ , we define second order equations on $S$ satisfying the Huygens prin-
ciple as folows ([4]). Let $f^{\ell}$ : $TM\rightarrow TM$ be the local one-parameter
group of diffeomorphisms generated by $V$ . We assume that there exists a
hypersurface $O\not\in S$ in $TM$ such that $S$ is $f^{\ell}$-invariant and each fibre $S_{p}$ ,
$p\in M$ , is a hypersurface in $T_{p}M$ . We say that the local one-parameter
group of diffeomorphisms $f^{\ell}$ : $S\rightarrow S$ satisfies the Huygens principle if
there exists a complementary $f^{\ell}$-invariant distribution $D$ on $S$ , where $D$

is by definition such that
(1) dim $D=\dim S-1=2n-2$ ,
(2) $V(y)\not\in D(y)$ for any $y\in S$ ,
(3) $D(y)\supset T_{y}S_{q},$ $q=\pi(y)$ , for any $y\in S$ ,
(4) $f_{*}^{t}D(y)=D(f^{\ell}y)$ for any $y\in S$ , where $f_{2}^{\ell}$ is the differential map

of $f^{\ell}$ .
We proved in [4] that $D$ is the natural almost contact structure of $S$ .

Further, we showed some conditions equivalent to the principle. In partic-
ular, we were suggested to use methods developed in Riemannian geome-
try for the investigation of second order equations satisfying the Huygens
principle. The purpose of the present paper is to introduce a generahzed
metric and the connection of Rund type, and try to find out what con-
dition on this connection alows us to use them in the same way as in
Riemannian geometry.

In Section 2 we need to study the relation between the second order
equation on $S$ satisfying the Huygens principle and the equation of ex-
tremals of variational principle $\int L(ae,i)dt$ in order to define a generalized
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metric we shal use, where $L$ is given as folows. Since there exists a com-
plementary $f^{\ell}$-invariant distribution $D$ , each fibre $S_{p}$ must be star-shaped
around the origin for any $p\in M$ ([4]). Let $C=\{\lambda y|y\in S, \lambda>0\}$ . We
can define a positively homogeneous function $L:C\rightarrow B$ of degree 1 such
that the indicatrices of $L$ is $S$ , i.e., $ L(\lambda y)=\lambda$ for any $y\in S$ and $\lambda>0$ .
We shal show that a local one-parameter group of diffeomorphisms on $S$

satiSfies the Huygens principle if and ody if its orbits are extremals with
unit speed of the variational problem for $L$ . It should be noted that we

$d^{2}z^{i}$

suppose the equation (2.1) with –as unknown variables has a solution
$dt^{2}$

of class $C^{\infty}$ in the tangent bundle of $S$ , instead of usualy assumin$g$ that
the fundamental tensor of $L$ is positive definite or non-singular. Here the
fundamental tensor of $L$ is defined by

$g_{ij}(y)=\frac{\theta^{2}L^{2}}{\theta y^{;}\theta\dot{g}}(y)$

for $y\in TM$ .
$c$

In Section 3 we shal introduce a generahzed metric which plays the
same roles as ones used in [4] to state the conditions equivalent to the
Huygens principle, and the connection of Rund type (cf. [7]) which is
compatible with the generalized metric. Theory of generMed metrics
and connections has developed in a group of Finsler geometry ([6]). The
theory begins with given generalized metrics which then define Finsler
metrics. Conversely, the construction of generahzed metries here shows
that any Finsler metric is represented with a generahzed metric. There-
fore, combined with the results in Section 2, the methods and results
for Finsler geometry can be applied to the investigation for second order
equation $s$ satisfying Huygens’ principle.

In Section 4 the curvature tensor wil be defined ala Finsler geometry
(cf. [7]) and we shal give a condition that ensures its symmetric property
with respect to the generahzed metric. Iitirther, we shal have a condition
such that a variation through the projection of orbits yields a differential
equation of Jacobi type as seen in the geometry of geodesics for Rieman-
nian geometry (cf. [1]).

The generahzation of the curvature tensor and the equation of Jacobi
type are studied for second order equations which yield vector fields on $t$he
homogeneous (or projective) fibre bundles over manifolds in some papers
(cf. $[2],[3]$ ). Here, the homogeneous fibre bundle is by definition a manifold
whose points are all equivalence classes $[y]=\{\lambda y|y\in TM-0, \lambda>0\}$ .
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Starting from this point, our results in this paper would be applied if there
exists a hypersurface $S$ in $TM$ such that second order equations on the
homogeneous fibre bundle are realized on $S$ . The distinguished point from
those papers is that we introduce the metrics even if the indicatrices $Sare$

not convex. Instead, we assume Huygens’ principle.
We shal find in [5] another way to use the generalized metrics given

in this paper. There, for any point $p\in M$ a Riemannian metric $\overline{g}_{p}$ is
constructed on $C_{p}=C\cap T_{p}M$ such that the envelope of the projection
$\gamma_{y}(t)=\pi f^{\ell}y$ of orbits for any $t>0$ and $y\in S_{p}$ which start $homp\in M$

in the tangent space $T_{p}M$ at $p$ are geodesics with respect to $\overline{g}_{p}$ .
2. Complementary mvariant distribution. Let $C$ be an open cone
in $TM$ and $L$ a positively homogeneous function of degree 1 defined on $C$

as in Section 1. Let
$g_{ij}(y)=\frac{1}{2}\frac{\theta^{2}L^{2}}{\theta y^{i}\theta\dot{\psi}}(y)$

for $i,$ $j=1,$ $\cdots,n$ and any $y\in C$ which is caled the fundamental tensor
of $L$ . Then, we have

$\sum_{i,j=1}^{n}g_{ij}(y)y^{i}i=L(y)^{2}$

for any $y\in C$ . We do not assume that $t$he matrix $(g_{ij})$ is positive definite
or non-singular. We see in [7] that the extremals with unit speed of a
variational problem

$\int_{a}^{b}L(i(t))dt$

satisfy the equation

(2.1) $\sum_{j=1}^{n}g_{ij}\frac{d^{2}x^{j}}{dt^{2}}=-\sum_{a,b=1}^{n}\frac{1}{2}(\frac{\theta g_{ib}}{\theta ae^{a}}+\frac{\theta g_{ai}}{\theta x^{b}}-\frac{\theta g_{ab}}{\theta ae^{i}})\frac{d_{l^{f}}}{dt}\frac{\&^{b}}{dt}$

We assume that a vector field $V$ on $S$ with $\pi_{r}V(y)=y$ is associated with
the equation (2.1), namely all integral curves $(x(t),a\dot{e}(t))$ satisfy the equ&
tion (2.1). The $V$ may be diferent $hom$ the one in the introduction. We
denote by $f^{\ell}$ : $S\rightarrow S$ the local one-parameter group of diffeomorphisms
generated by $V$ . If $S$ has a parametrization

$(x^{1}, \cdots,r^{n},y^{1}, \cdots,y^{n-1}, H(ae^{1}, \cdots,x^{n},y^{1}, \cdots,y^{n-1}))$
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in (TU; $ae^{1},$
$\cdots,$

$x^{n},y^{1},$ $\cdots,y^{n}$ ), namely

$L(x^{1}, \cdots,x^{n},y^{1},\cdots,y^{n-1}, H(x^{1}, \cdots, x^{n},y^{1},\cdots,y^{n-1}))=1$ ,

then $T_{l}S$ is generated by

(2.2) $\left\{\begin{array}{ll}X^{i}=\frac{\theta}{\theta x^{;}}+\frac{\theta H}{\theta ae^{i}}\frac{\theta}{\theta y^{n}}, & i=1, \cdots,n,\\X^{n+j}=\frac{\theta}{\theta\dot{p}}+\frac{\theta H}{\theta\dot{\psi}}\frac{\theta}{\theta y^{n}}, & j=1, \cdots,n-1,\end{array}\right.$

Let $D=\{X\in T_{l}S|g(y,\pi_{\bullet}X)=0\}$ . Then, $D(y)$ is generated by

(2.3) $\left\{\begin{array}{ll}X^{i}+\frac{\theta H}{\theta y^{i}}X^{n}, & i=1, \cdots,n-1,\\X^{n+j}, j=1, & ,n-1.\end{array}\right.$

We first prove the folowing.
PROPOSITION 2.1. The distribution $D$ is $f^{\ell}$ -invarian $t$ . In partic-

ular, $D$ is a complementary $f^{\ell}$ -invarian $t$ distribution on $S$ , and, hence,
the $lo$cal $on\triangleright p$arameter group of diffeomorphisms on $S$ whose orbits are
extremals wi $th$ unit speed satisRes the Huygens principle.

PROOF. We have only to prove that [X, $V$] $\in D$ for any vector field
$X$ contained in $D$ because of Proposition 2.3 in [4]. Let

(2.4) $V=\sum_{i=1}^{n-1}y^{i}\frac{\theta}{\theta\iota^{i}}+H\frac{\theta}{\theta x^{n}}+\sum_{j=1}^{n}\dot{\nu}\frac{\theta}{\theta y^{j}}$ .

Then, by (2.2),

(2.5) $[X^{n+j}, V]=X^{j}+\frac{\theta H}{\theta\dot{\phi}}X^{n}+\sum_{h=1}^{n-1}\frac{\theta b^{h}}{\theta\dot{\psi}}X^{n+h}$ ,

for $j=1,$ $\cdots,n-1$ , and, therefore, by (2.3), we see that $[X^{n+j},V]\in D$

for $j=1,$ $\cdots,n-1$ . It remains to prove that

(2.6) $g(y,\pi_{\bullet}[X^{i}+\frac{\theta H}{\theta y^{1}}X^{n},V])=0$
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for $i=1,$ $\cdots,n-1$ . Since

(2.7) $[X^{i}, V]=\frac{\partial H}{\theta ae^{i}}X^{n}+\sum_{h=1}^{n-1}\frac{\theta b^{h}}{\theta ae^{i}}X^{n+h}$ , $i=1,$ $\cdots,n$ ,

by (2.2), we have that

(2.8) $\pi_{\bullet}[X^{i}+\frac{\theta H}{\theta y^{i}}X^{n},$ $V]=(\frac{\theta H}{\theta x^{1}}+\frac{\theta H}{\theta y^{1}}\frac{\theta H}{\theta\iota^{n}}-V\frac{\theta H}{\theta y^{;}})\frac{\theta}{\theta x^{n}}$

for $i=1,$ $\cdots,n-1$ . Hence
(2.9)

$g(y,\pi_{l}[X^{i}+\frac{\theta H}{\theta y^{1}}X^{n},$ $V])=\frac{1}{2}(-\frac{\theta L^{2}}{\theta r^{i}}-\frac{\theta L^{2}}{\theta ae^{n}}\frac{\theta H}{\theta y^{i}}-\frac{\theta L^{2}}{\theta y^{n}}(V\frac{\theta H}{\theta\emptyset}))$

for $i=1,$ $\cdots,$ $n-1$ , because

(2.10) $\sum_{i=1}^{\hslash}g_{in}y^{i}=\sum_{i=1}^{n}\frac{1}{2}\frac{\theta^{2}L^{2}}{\theta y^{i}\theta y^{n}}y^{i}=\frac{1}{2}\frac{\theta L^{2}}{\theta y^{n}}$

and
$\theta L^{2}$ $\theta L^{2}\theta H$

(2.11)
$\overline{\theta x^{i}}+\overline{\theta y^{n}}\overline{\theta_{l^{i}}}=0$

.

Since
$\theta L^{2}$ $\theta L^{2}\theta H$

(2.12)
$\overline{\theta y^{i}}+\overline{\theta y^{n}}\overline{\theta y^{1}}=0$

for $i=1,$ $\cdots,n-1$ , we see that

(2.13) $V\frac{\theta L^{2}}{\partial y^{i}}+(V\frac{\theta L^{2}}{\theta y^{n}})\frac{\theta H}{\theta y^{1}}+\frac{\theta L^{2}}{\partial y^{n}}(V\frac{\theta H}{\theta y^{i}})=0$

for $i=1,$ $\cdots$ , $n-1$ . We shal compute $V\frac{\theta L^{2}}{\theta y^{i}}$ and $(V\frac{\theta L^{2}}{\theta y^{n}})\frac{\theta H}{\theta y^{i}}$ . Since

al integral curves of $V$ satisfy the equation (2.1), we have

(2.14) $V\frac{\theta L^{2}}{\theta y^{i}}=\frac{\theta L^{2}}{\theta ae^{i}}$
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for $i=1,$ $\cdots,n-1$ . We also have

(2.15) $(V\frac{\theta L}{\theta y^{n}})\frac{\theta H}{\theta\oint}=\frac{\theta L^{2}}{\theta ae^{n}}\frac{\theta H}{\theta y^{i}}$

for $i=1,$ $\cdots,n-1$ . At last we have Eom (2.13), (2.14) and (2.15),

(2.16) $0=\frac{\theta L^{l}}{\theta y^{n}}(V\frac{\theta H}{\theta i})+V\frac{\theta L^{2}}{\theta i}+(V\frac{\theta L^{2}}{\theta y^{n}})\frac{\theta H}{\theta y^{i}}$

$=\frac{\theta L^{2}}{\theta y^{n}}(V\frac{\theta H}{\theta y^{i}})+\frac{\theta L^{2}}{\theta ae^{i}}+\frac{\theta L^{2}}{\theta ae^{n}}\frac{\theta H}{\theta y^{i}}$

for $i=1,$ $\cdots,n-1$ . This implies that

$g(y,\pi_{l}[X^{i}+\frac{\theta H}{\theta y^{i}}X^{n},V])=0$

for $i=1,$ $\cdots,n-1$ . This completes the proof.
Combined with Theorem 2.6 in [4] it folows bom Proposition 2.1 that

integral curves of $V$ satisfy the $ori\dot{\mathfrak{U}}$al second order equation (1.1), i.e.,
$\dot{\mathcal{U}}=F^{j}|S$ , if $H_{ij}=\frac{\theta H}{\theta\oint\theta\emptyset}(y)$ make a non-singular matrix for al $y\in S$ ,
because the nonsingularity of the matrix $(H_{ij})$ implies the uniqueness of
the local one-parameter group $f^{t}$ which leaves $D$ invariant. Conversely,
the following proposition shows that the solutions of the original equation
satisfy the equation (2.1).

PROPOSITION 2.2. It holds that on $S$

(2.17) $\sum_{j=1}^{n}g_{ji}F^{j}=-\sum_{a,b=1}^{n}\frac{1}{2}(\frac{\theta g_{ib}}{\theta ae^{a}}+\frac{\theta g_{\bullet i}}{\theta ae^{b}}-\frac{\theta g_{\iota b}}{\theta x^{1}})y^{\bullet}y^{b}$

for $i=1,$ $\cdots,n$ . Thus, the $ orbit\epsilon$ ofa second order equation on $S$ satisfyzng
the Huygen $s$ principle consis $t$ of extremaiS of the variationaI problem for
$L$.

PROOF. Since $L(ae^{1},\cdots,ae^{r},y^{1}, \cdots,y^{n-1}, H(x^{1}, \cdots,x^{n},y^{1}, \cdots,y^{n-1}))$

$=1$ , we have, by differentiating $\sum_{h,m=1}^{n}ghmy^{h}y^{m}=1$ in $y^{i}$ ,

(2.18) $\sum_{h=1}^{l}g_{ih}y^{h}+\sum_{h=1}^{n}9nhy^{h}\frac{\theta H}{\theta y^{i}}=0$
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for $i=1,$ $\cdots,n-1$ and

(2.19) $\sum_{h,m=1}^{n-1}\frac{\theta g_{hm}}{\theta ae^{i}}y^{h}y^{m}+\sum_{h=1}^{n}2g_{nh}y^{h}\frac{\theta H}{\theta ae^{i}}=0$

for $i=1,$ $\cdots,n$ . Therefore, we get, by differentiating (2.18) in $y^{i}$ ,

(2.20) $g_{\dot{j}}i+g_{ni}\frac{\theta H}{\theta\dot{\psi}}+g_{jn}\frac{\partial H}{\theta y^{i}}+g_{nn}\frac{\theta H}{\theta y^{j}}\frac{\theta H}{\theta y^{;}}+\sum_{h=1}^{n}g_{nh}y^{h}\frac{\theta^{2}H}{\theta y^{1}\theta\dot{\psi}}=0$

for $i,j=1,$ $\cdots,n-1$ . Thus, we have, from (2.20),

(2.21) $\sum_{i=1}^{n-1}g_{ji}F^{j}+\sum_{j=1}^{n-1}g_{ni}\frac{\theta H}{\theta\dot{\psi}}F^{j}+\sum_{j=1}^{n-1}gjn\frac{\theta H}{\theta y^{i}}F^{j}$

$+\sum_{j=1}^{n-1}g_{nn}\frac{\theta H}{\theta y^{j}}\frac{\theta H}{\theta y^{i}}F^{j}+\sum_{h=1}^{nn}\sum_{j=1}^{-1}g_{nh}y^{h}\frac{\theta H}{\theta\dot{\psi}\theta y^{i}}F^{j}=0$

By making use of the equation

(2.22) $F^{n}=\sum_{j=1}^{n}i\frac{\theta H}{\theta x^{j}}+\sum_{j=1}^{n-1}F^{j}\frac{\theta H}{\theta y^{j}}$

(see [4]), we get

(2.23) $\sum_{j=1}^{n-1}g_{ni}\frac{\theta H}{\theta\dot{y}}F^{j}=g_{ni}F^{n}-\sum_{j=1}^{n}g_{ni}\oint\frac{\theta H}{\theta x^{j}}$

and

(2.24) $\sum_{j=1}^{n-1}g_{nn}\frac{\theta H}{\theta y^{i}}\frac{\theta H}{\theta y^{j}}F^{j}=g_{\pi n}F^{n}\frac{\theta H}{\theta y^{i}}-\sum_{j=1}^{n}g_{nn}\frac{\theta H}{\theta y^{i}}j\frac{\theta H}{\theta ae^{j}}$

for $i=1,$ $\cdots,n-1$ . Hence, by substituting (2.23) and (2.24) into (2.21),
we get

(2.25) $\sum_{j=1}^{n}(g_{ji}+g_{ju}\frac{\theta H}{\theta y^{i}})F^{j}-(g_{ni}+g_{nn}\frac{\theta H}{\theta y^{;}})\sum_{j=1}^{n}\dot{\oint}\frac{\theta H}{\theta ae^{j}}$

$+\sum_{h=1}^{nn}\sum_{j=1}^{-1}g_{nh}y^{h}\frac{\theta^{2}H}{\theta\dot{\psi}\theta y^{i}}F^{j}=0$
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for $i=1,$ $\cdots,$ $n-1$ . On one hand, we have, by differetiating (2.18) along
$\sum_{a=1}^{n}y^{a}\frac{\theta}{\theta ae^{a}}$ ,

(2.26) $\sum_{h,a=1}^{n}\frac{\theta g_{ih}}{\theta_{l^{t}}}y^{h}y^{a}+\sum_{a=1}^{n}gin\frac{\theta H}{\theta_{l^{l}}}y^{a}+\sum_{h,a=1}^{n}\frac{\theta g_{nh}}{\theta x^{l}}y^{h}y^{\bullet}\frac{\theta H}{\theta i}$

$+\sum_{a=1}^{n}g_{nn}\frac{\theta H}{\theta_{l^{t}}}y^{\iota}\frac{\theta H}{\theta y^{i}}+\sum_{k,a=1}^{n}g_{nh}y^{h}\frac{\theta^{2}H}{\theta x^{\iota}\theta y^{i}}y^{\iota}=0$ ,

and, &om Proposition 2.6 in [4] and (2.26), we have

$nn-1$

$\sum_{h=1j}\sum_{=1}g_{nh}y^{h}F^{j}\frac{\theta^{2}H}{\theta y^{j}\theta y^{1}}$

$=\sum_{h=1}^{n}g_{nh}y^{h}\frac{\theta H}{\theta x^{i}}+\sum_{h=1}^{n}g_{nh}y^{h}\frac{\theta H}{\theta\dot{\psi}}\frac{\theta H}{\theta r^{n}}+\sum_{h,\bullet=1}^{n}\frac{\theta g_{ih}}{\theta\iota^{a}}y^{h}y^{a}$

$+\sum_{h,a=1}^{n}\frac{\theta g_{nh}}{\theta_{l^{l}}}y^{h}y^{\iota}\frac{\theta H}{\theta i}+\sum_{\iota=1}^{l}(g_{in}+g_{rn}\frac{\theta H}{\theta y^{;}})(y^{a}\frac{\theta H}{\theta_{l^{l}}})$

for $i=1,$ $\cdots,n-1$ . Therefore, we get, by mabg use of (2.19) and (2.25),

(2.27) $\sum_{j=1}^{n}(g_{ji}+g_{ju}\frac{\theta H}{\theta\dot{\phi}})F^{j}+\sum_{h,a=1}^{u}\frac{1}{2}((\frac{\theta g_{ih}}{\theta x^{\iota}}+\frac{\theta g_{ia}}{\theta ae^{h}}-\frac{\theta g_{ah}}{\theta x^{i}}I$

$+(\frac{\theta g_{nh}}{\theta ae^{\iota}}+\frac{\theta g_{na}}{\theta ae^{h}}-\frac{\theta g_{ah}}{\theta r^{n}})\frac{\theta H}{\theta y^{i}})y^{h}y^{o}=0$

for $i=1,$ $\cdots,n-1$ . Let

(2.28) $\Gamma_{i}(ae, y)=\sum_{j=1}^{n}g_{ji}F^{j}+\sum_{h,\iota=1}^{n}\frac{1}{2}(\frac{\theta g_{ih}}{\theta x^{a}}+\frac{\theta g_{ia}}{\theta x^{h}}-\frac{\theta g_{ah}}{\theta ae^{i}})y^{\iota}y^{h}$

for $i=1,$ $\cdots,n$ . Then, the above equation (2.27) becomes

$\theta H$

(2.29)
$\Gamma_{i}=-\Gamma_{n_{\overline{\theta y^{i}}}}$
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for $i=1,$ $\cdots,n-1$ . We want to show that $\Gamma_{i}=0$ for $i=1,$ $\cdots,n$ . To do
this we first have that $\sum_{h=1}^{n}\Gamma_{h}y^{h}=0$ . In fact, since $L^{2}$ is constant along
both solutions of the original equation (1.1) and of (2.1), we have

(2.30) $\sum_{j=1}^{n}\dot{\oint}\frac{\partial L^{2}}{\theta ae^{j}}+\sum_{j=1}^{n}F^{j}\frac{\theta L^{2}}{\theta y^{j}}=0=\sum_{j=1}^{n}\dot{\oint}\frac{\theta L^{2}}{\theta_{l^{j}}}+\sum_{j=1}^{n}\frac{d^{2}x^{j}}{dt^{2}}\frac{\theta L^{2}}{\theta y^{j}}$

and, therefore, by $\frac{\theta L^{2}}{\theta y^{;}}=\sum_{h=1}^{n}2g_{jh}y^{h}$ and (2.1), we get

(2.31) $\sum_{j=1}^{n}2g_{j1}F^{j}y^{\ell}=-\sum_{j,\ell,a=1}^{n}\oint(\frac{\theta g_{ja}}{\theta ae^{1}}+\frac{\theta g_{jl}}{\theta x^{a}}-\frac{\theta g_{d}}{\theta\dot{\theta}})y^{\iota}y^{\ell}$ ,

namely, $\sum_{j=1}^{n}\Gamma_{h}y^{h}=0$ . If $\Gamma_{n}=0$ , then $\Gamma_{i}=0$ for $i=1,$ $\cdots,n-1$ because
of the above equation (2.29). Suppose for indirect proof that $\Gamma_{n}\neq 0$ for
some $y\in S$ . Then,

$0=\sum_{h=1}^{n}\Gamma_{h}y^{h}=\Gamma_{n}(y^{n}-\sum_{h=1}^{n-1}\frac{\theta H}{\theta y^{h}}y^{h})$ .

By assumption, we have

$y^{n}=H(x^{1}, \cdots, x^{n},y^{1}, \cdots,y^{\mathfrak{n}-1})=\sum_{h=1}^{n-1}\frac{\theta H}{\theta y^{h}}y^{h}$

on a neighborhood of $y$ . We work in a coordinate neighborhood $(U;x^{1},\cdots$ ,
$x^{n})$ such that $x(\pi(y))=0,$ $\frac{\theta}{\theta x^{n}}|_{0}=y$ . Then, the $y$ has the coordinate

$(0, \cdots, 0,1)$ . On the other hand,

$y^{n}=H(0, \cdots,0)=\sum_{h=1}^{n-1}\frac{\theta H}{\theta y^{h}}(0, \cdots,0)y^{h}=0$ ,

contradicting $y=0\not\in S$ . Hence, we claim that $\Gamma_{n}=0$ , and, therefore,
$\Gamma_{i}=0$ for $i=1,$ $\cdots,$ $n$ . This completes the proof.
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3. Generalized metrics and connections. We cal a function $f$ :
$TM\rightarrow B$ a generalized function on $M$ and a map $X$ : $TM\rightarrow TM$ with
$X(y)\in T_{\pi(l)}M$ a generalized vector field on $M$ . Hereafter let $Q$ be a
generahzed distribution on $M$ such that $y\in Q(y)\subset T_{\pi(y)}M,$ $Q(\lambda y)=$

$Q(y)$ for $\lambda>0$ , and the fundamental tensor $g(y)=(g_{ij}(y))$ is positive
definite on $Q(y)$ for any $y\in C$ . Let $B_{1}=\frac{y}{L(y)},$ $\cdots,$

$B_{m}$ be an orthonormal
basis of $Q$ with respect to $g$ , namely, $g(y)(B_{i}(y), B_{j}(y))=\delta_{ij}$ and $\{B_{1}(y),$ $\cdot$ .

$B_{m}(y)\}$ spans $Q(y)$ for any $y\in C$. Define a generahzed metric $h$ as
folows, by makin$g$ use of a Riemannian metric $\tilde{g}$ on $M$ ,

(3.1) $h(y)(X, Y)=\tilde{g}(\pi(y))(X-P(X),Y-P(Y))+g(P(X),P(Y))$

for any $X,$ $Y\in T_{\sim(z)}M$ , where $P(X)=\sum_{j=1}^{m}g(X,B_{j}(y))B_{j}(y)$ . We
should notice that the function $L$ is represented with this generalized met-
ric, i.e.,

(3.2) $\sum_{;,j=1}^{n}h_{ji}(y)\dot{f}y^{i}=L(y)^{2}$

for any $y\in C$ . Since $h(X, \cdot)=g(X, \cdot)$ for any $X\in Q(y)$ , we have the
folowing.

LEMMA 3.1. It holds that

(3.3) $\sum_{j=1}^{n}h_{ji}(y)i=\sum_{i=1}^{n}g_{ji}(y)y^{j}$ ,

(3.4) $\sum\frac{\theta h_{jl}}{\theta ae^{h}}\oint n=\sum\frac{\theta g_{ji}}{\theta\iota^{h}}\oint n$

$j=1$ $j=1$

(3.5) $\sum_{j=1}^{n}\frac{\theta h_{ji}}{\theta y^{h}}\oint=g_{hi}-h_{hi}$

for any $y\in C$ an$dh,i=1,\cdots,n$ .
We omit the proof.
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Let an associated vector field $V$ be

(3.6) $V=\sum_{j=1}^{n}\dot{\oint}\frac{\partial}{\theta x^{j}}+\sum_{j=1}^{n}\dot{\nu}(y)\frac{\theta}{\theta\dot{\psi}}$

on $S$ . We may think $\dot{\mathcal{U}}=F^{j}|S$ for $j=1,$ $\cdots,$ $n$ in virtue of Proposition
2.1 and 2.2. We extend the vector field $V$ on $S$ to $C$ by putting $\dot{\mathcal{U}}(\lambda y)=$

$\lambda^{2}\dot{\nu}(y)$ for any $y\in S$ and $\lambda>0$ . As seen before for $L^{2}(y)$ , we put

$\gamma j^{h}i(y)=-\frac{1}{2}\frac{\theta^{2}b^{h}}{\theta y^{j}\theta y^{i}}(y)$

(cf. [4]). We define the coefficients $N_{i}^{h}$ of a non-linear connection by

(3.7) $N_{i}^{h}(y)=\sum_{j=1}^{n}\dot{\oint}\gamma_{j^{h}i}(y)$ ,

and a differential operator (see [7])

($.8) $\frac{\delta}{\delta_{l^{i}}}=\frac{\theta}{\theta\iota^{i}}-\sum_{h=1}^{n}N_{i}^{h}\frac{\theta}{\theta y^{h}}$

for $i=1,$ $\cdots,n$ . For a generalized function $f$ : $C\rightarrow B$ we put

(3.9) $Xf=\sum_{j=1}^{n}X^{j}\frac{\delta f}{\delta x^{j}}$

if a generalized vector field $X$ is expressed as $X=\sum_{j=1}^{n}X^{j}\frac{\theta}{\theta_{l^{j}}}$ in a
coordinate neighborhood $(U;x^{1}, \cdots, x^{n})$ , where $X^{j}$ : $C\cap\pi^{-1}(U)\rightarrow B$ .
We also define the coefficients $\Gamma_{j^{i}h}$ of a V-connection (see [7]) by

(3.10) $\Gamma_{jh}^{i}(y)=\frac{1}{2}\sum_{a=1}^{n}h^{i}$
“

$(\frac{\delta h_{ah}}{\delta x^{j}}+\frac{\delta h_{j\bullet}}{\delta ae^{h}}-\frac{\delta h_{jh}}{\delta x^{\iota}})$ ,

and a covariant differentiation $\nabla$ (see [7]) by

(3.11) $\nabla_{X}Y(y)=\sum_{j,i=1}^{n}X^{i}(\frac{\delta Y^{j}}{5_{l^{i}}}+\sum_{h=1}^{n}\Gamma_{i^{j}h}(y)Y^{h})\frac{\theta}{\theta ae^{j}}$

for any generalized vector fields $X=\sum_{j=1}^{n}X^{j}\frac{\theta}{\theta x^{j}}$ and $Y=\sum_{j=1}^{n}Y^{j}\frac{\theta}{\theta_{l^{j}}}$

on $M$ . From definition we have the following.
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LEMMA 3.2. It holds that

(3.12) $Xh(Y, Z)=h(\nabla xY,Z)+h(Y, \nabla_{X}Z)$

for any generalised vector $f$elds $X,$ $Y,$ $Z$ on $M$ .
As usual we can define the $c$ovariant differentiation of a vector field $Y$

along a curve $c:I\rightarrow M$ with $\dot{c}(\ell)\in C$ (see [7]);

(3.13) $\nabla_{\dot{(}\ell)}Y=\sum_{j=1}^{\pi}(\frac{dY^{j}}{dt}+\sum_{i,h=1}^{n}\Gamma_{t^{j}h}(\dot{c}(t))\frac{dae^{i}}{dt}Y^{h})\frac{\theta}{\theta ae^{j}}$

We call a curve $c$ : $I\rightarrow M$ a geodesic if $\nabla_{\dot{c}(t)}\dot{c}=0$ for any $t\in I$.
LEMMA 3.3. Let $\alpha_{I}(t)=\pi fy$ for $t$ and $y\in S.$ Then, $\alpha_{\nu}$ is a

$geode\dot{a}c$ .
PROOF. We suppose $\alpha,(t)=(\iota^{1}(t),\cdots, x^{n}(t))$ in a coordinate

neighborhood $(U;ae^{1}, \cdots,x‘‘)$ . Since $f^{\ell}y$ is an integrd curve of $V$ and

(3.14) $b^{i}(y)=-\sum_{j,h=1}^{n}\gamma_{j^{i}h}(y)iy^{h}$ ,

we see &om (3.4) that

(3.15) $\frac{d^{2_{l}i}}{A^{2}}=b^{i}(ae(t))=-\sum_{j,h=1}^{u}\gamma_{j^{i}h}(\dot{x}(t))i^{j}(t)i^{h}(t)$ .

Hence, it suMces to prove that

(3.16) $b^{i}=-\sum_{j,h=1}^{n}r_{jh}^{i}iy^{h}$

for any $y\in S$ . By (3.10), (3.8), (3.5), (3.14), (3.4), (3.3) and (2.17), we
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have

(3.17) $\sum_{i,j,h=1}^{n}h_{i\ell}\Gamma_{j^{i}h}y^{;}y^{h}=\frac{1}{2}\sum_{j,h=1}^{n}((\frac{\theta h_{\ell h}}{\theta ae^{j}}+\frac{\theta h_{j\ell}}{\theta ae^{k}}-\frac{\theta h_{jh}}{\theta x^{\ell}})$

$-\sum_{a,b=1}^{n}(y^{b}\gamma_{b^{a}j}\frac{\theta h_{\ell h}}{\theta y^{a}}+y^{b}\gamma_{b^{0}h}\frac{\theta h_{j\ell}}{\partial y^{a}}-y^{b}\mathfrak{N}^{a}\ell\frac{\theta h_{jh}}{\theta y^{a}}))\oint y^{h}$

$=\frac{1}{2}(\sum_{j,h=1}^{n}(\frac{\theta h_{\ell h}}{\theta_{l^{j}}}+\frac{\theta h_{j\ell}}{\theta ae^{h}}-\frac{\theta h_{jh}}{\theta x^{\ell}})\dot{f}y^{h}+\sum_{a=1}^{n}2b^{a}(g_{\ell a}-h_{ta}))$

$=-\sum_{a=1}^{n}g_{at}b^{\iota}+\sum_{a=1}^{n}b^{a}(g_{\ell a}-h_{\ell a})=-\sum_{a=1}^{n}b^{\iota}h_{t\iota}$ .

Since $h_{\ell a}$ make a non-singular matrix, we get the desired equation.

LEMMA 3.4. Let $\alpha_{y}$ be a geodesic an $d$ let $X,$ $Y$ be any generalized
vector Relds alon$ga_{y}$ . Then,
(3.18)

$\frac{d}{dt}h(\dot{\alpha}_{y}(t))(X,Y)=h(\dot{\alpha}_{y}(t))(\nabla_{\dot{a},(t)}X,Y)+h(\dot{\alpha}_{y}(t))(X, \nabla_{\dot{\alpha}.(t)}Y)$

for any $t$ .
PRO OF. Let $\alpha_{y}(\ell)=(ae^{1}(t), \cdots, x^{n}(t))$ in a coordinate neighborhood

$(U;x^{1}, \cdots, x^{n})$ . Then, we have

(3.19) $\frac{d}{dt}h_{\ddot{v}}(\iota(t),$ $\frac{dx}{dt}(t))=\sum_{h=1}^{n}(\frac{dae^{h}}{dt}\frac{\theta h_{ij}}{\theta ae^{h}}+\frac{d^{2_{l}h}}{dt^{2}}\frac{\partial h_{ij}}{\theta y^{h}})$

$=\sum_{h=1}^{n}(\frac{dae^{h}}{dt}\frac{\theta h;i}{\theta ae^{h}}-\sum_{a,b=1}^{n}\gamma_{ab}^{h}\frac{d_{l^{0}}}{dt}\frac{dae^{b}}{dt}\frac{\theta h:j}{\theta y^{h}})$

$=\sum_{h=1}^{n}\frac{dx^{h}}{d\ell}(\frac{\partial h_{ij}}{\theta ae^{h}}-\sum_{a,b=1}^{n}\frac{dr^{a}}{dt}\gamma_{a^{b}h}\frac{\theta h_{ij}}{\theta y^{b}})$

$=\sum_{h=1}^{n}\frac{dae^{h}}{d\ell}\frac{\delta h_{ij}}{\delta x^{h}}=\sum_{\ell,h=1}^{n}\frac{dae^{k}}{d\ell}(h_{j}\Gamma_{i^{\ell}h}+h_{i\ell}\Gamma_{j^{\ell}h})$ .

By using (3.19) and (3.11) we get (3.18). This completes the proof.

–17 –



4. Curvature tensor. We have already defined a covariant differenti&
tion by generalized vector fields. Here we also define a covariant differen-
tiation by vertical vector fields. Let $f$ : $C\rightarrow B$ be a generahzed function
on $M$ and $Y$ a vertical vector field on $C$ , namely $Y=\sum_{\dot{j}}^{u}=\iota Y^{j}\frac{\theta}{\theta y^{j}}$ in a
coordinate neighborhood. Then,

(4.1) $Yf=\sum_{j=1}^{n}Y^{j}\frac{\theta f}{\theta y^{i}}$ .

If $X$ is a generahzed vector field, then

(4.2) $\nabla_{Y}X=\sum_{i_{\dot{\theta}}=1}^{n}Y^{j}\frac{\theta X^{i}}{\theta\dot{y}}\frac{\theta}{\theta ae^{;}}$

in a coordinate neighborhood $(U;x^{1}, \cdots, ’’)$ . To define a curvature tensor
we need the generahzed Lie bracket {X, $Y$} for generalized vector fields
$X,$ $Y$ on $M$ , which is by definition

{X, $Y$}$f=X(Yf)-Y(Xf)$

for any generalized function $f$ : $TM\rightarrow R$ . By direct computation we get
the folowing.

LEMMA 4.1. It holds that

(4.3) {X, $Y$} $=\sum_{i,j=1}^{n}(X^{j}\frac{\delta Y^{i}}{\delta ae^{j}}-Y^{j}\frac{\delta X^{i}}{\delta ae^{j}})\frac{\theta}{\theta ae^{i}}$

$+\sum_{a,i,j=1}^{n}X^{j}Y^{\iota}(\frac{\delta N^{a_{j}}}{\delta ae^{i}}-\frac{\delta N^{a_{i}}}{\delta_{l^{j}}})\frac{\theta}{\theta y^{a}}$

where $X,$ $Y$ are generahrd $vec\ell orR$elds on $M$ nitA $X=\sum_{i=1}^{n}X^{i}\frac{\theta}{\theta_{l^{i}}}$

and $Y=\sum_{i=1}^{n}Y^{i}\frac{\theta}{\theta ae^{i}}$ in a coordinate $n$eighborhood $(U;\iota^{1}, \cdots,r^{n})$ .
LEMMA 4.2. The follovring are true.

(4.4) {X, $Y$} $=-\{Y,X\}$ .
(4.5) $\{fX,Y\}=f\{X,Y\}-(Yf)X$.

{X, $fY$} $=(Xf)Y+f\{X,Y\}$ .
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Here $f$ is any generalized function and $X,$ $Y$ ar $e$ any generalized vector
Relds on $M$ .

We can define the curvature tensor $R$ by

(4.6) $R(X,Y)Z=\nabla_{X}\nabla_{Y}Z-\nabla_{Y}\nabla_{X}Z-\nabla_{t^{X,Y\}}}Z$

for any generaliz$ed$ vector fields $X,$ $Y,$ $Z$ on $M$ as seen in [7].. The loc$a1$

expression is given in the folowing.

LEMMA 4.3. It holds that

(4.7) $R(X,Y)Z=\sum_{a,b,j,i=1}^{u}X^{a}Y^{j}Z^{b}(\frac{\delta\Gamma_{jb}^{;}}{\delta ae^{a}}-\frac{\delta\Gamma_{ab}1}{\delta x^{j}}$

$+\sum_{h=1}^{\pi}(\Gamma_{ah}^{i}\Gamma_{j^{h}b}-\Gamma_{j^{i}h}\Gamma_{ab}^{h}))\frac{\theta}{\theta ae^{t}}$ .

For convenience we write $<\cdot,$ $\cdot>=h(\cdot, \cdot)$ .
LEMMA 4.4. For any tangent vectors $X,$ $Y,$ $Z,$ $WofM$, we Aave

the foJlowing.

(4.8)
$<R(X,Y)Z,$ $W>=-<R(Y,X)Z,W>$

(4.9)
$<R(X,Y)Z,$ $W>+<R(Y, Z)X,W>+<R(Z,X)Y,$ $W>=0$

We define a curvature tensor $N$ of the non-linear connection by

(4.10) $N(X,Y)=\sum_{j,i=1}^{n}X^{j}Y^{i}(\frac{\delta N^{a_{j}}}{5ae^{t}}-\frac{\delta N^{a_{i}}}{\delta x^{j}})\frac{\theta}{\theta y^{a}}$

for any tangent vectors $X,$ $Y$ of $M$ as seen in [7]. The coefficients $N_{j^{0}i}$

are given by
$N;^{a_{i}}=\frac{\delta N_{j}^{a}}{\delta x^{i}}-\frac{\delta N^{a_{i}}}{\delta x^{j}}$ .

LEMMA 4.5. For any tangent vectors $X,$ $Y,$ $Z,$ $W$ of $M$ , the fol-
lowing is tru $e$.
(4.11) $<R(X, Y)Z,$ $W>=-<R(X,Y)W,$ $Z>+(\nabla_{N(X,Y)}h)(Z,W)$
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PROOF. Let $p$ be a point of $M$ with $X,$ $Y,$ $Z,$ $W\in T_{p}M$ and let
$y\in C$ with $T(y)=p$ . Extend $X,$ $Y,$ $Z,$ $W$ to generalized vector fields on
a neighborhood of $p$ such that they depend only on the underlying points
$p$ . We denote them by the same notation. Erom (3.12) we have

(4.12) $X(Y<Z,W>)=<\nabla_{X}\nabla_{Y}Z,$ $W>+<\nabla_{Y}Z,$ $\nabla_{X}W>$

$+<\nabla_{X}Z,\nabla_{Y}W>+<Z,\nabla_{X}\nabla_{Y}W>$

(4.13) $Y(X<Z, W>)=<\nabla_{Y}\nabla_{X}Z,$ $W>+<\nabla_{X}Z,$ $\nabla_{Y}W>$

$+<V_{Y}Z,$ $V_{X}W>+<Z,V_{Y}\nabla_{X}W>$

and

(4.14) {X, $Y$} $<Z,$ $W>=<\nabla_{\{X,Y\}}Z,W>$

$+<Z,\nabla_{\{X,Y\}}W>+(\nabla_{N(X,Y)}h)(Z, W)$ .
These formulas and the definition (4.6) of $R$ give us this lemma.

We wil get the symmetric property of the curvature tensor, assuming
a condition.

THEOREM 4.6. ff th $e(0,2)- t$ensor $\sum_{i=1}^{n}y^{i}N_{ji}^{b}(g_{\ell b}-h_{\ell b})$ is zero at
$y\in S$ , then

(4.15) $<R(X,y)y_{t}Y>=<R(Y,y)y,X>$

for any tangent vectors $X,$ $Y\in T_{\pi(y)}M$ .
PROOF. By (4.11), (4.10), (3.5), (4.9) and the assumption, we have

(4.16)

$<R(X,y)y,$ $Y>=-<R(X,y)Y,y>+\sum_{j,i,b,h,\ell=1}^{n}X^{j}y^{i}N_{ji}^{b}\frac{\theta h_{h\ell}}{\theta y^{b}}y^{h}Y$

$=-<R(X,y)Y,y>+\sum_{j,i,b,\ell=1}^{l}X^{j}y^{i}N_{ji}^{b}(g_{\ell b}-h_{\ell b})Y^{\ell}$

$=<R(y,Y)X,y>+<R(Y,X)y,$ $y>$ .
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By (4.11), (3.5) and (3.3), we get

(4.17)

$<R(Y,X)y,$ $y>=-<R(Y, X)y,y>+\sum_{j,i,b,\ell=1}^{n}Y^{j}X^{i}N_{ji}^{b}(g_{\ell b}-h_{\ell b})y^{\ell}$

$=-<R(Y)X)y,y>$ ,

and, therefore,

(4.18) $<R(Y,X)y,$ $y>=0$ .

and, hence

(4.19) $<R(X,y)y,Y>=<R(y,Y)X,y>$

Combining (4.19), (4.8) and (4.11), we get, by the skew-symmrtric prop-
erty of $N$ ,

(4.20)

$<R(X,y)y,Y>=<R(Y,y)y,$ $X>+\sum_{j,i,b,t=1}^{n}\dot{\oint}Y^{i}N_{ji}^{b}(g_{\ell b}-h_{\ell b})X$

$=<R(Y,y)y,$ $X>$

This completes the proof.

We conclude this section to see that the curvature tensor $R(\cdot,y)y$ ap-
pears $hom$ the geodesic variation. To see it we need a lemma.

LEMMA 4.7. Let $Y$ be a generalised vector $f$eId on $M$ and $\alpha$ a
geodesic. Then

(4.21) $\nabla_{\dot{\alpha}(t)}Y=\sum_{i=1}^{n}(\frac{dY^{i}}{\&}+\sum_{j,h=1}^{n}\Gamma_{j^{i}h}\frac{dae^{j}}{d\ell}Y^{h})\frac{\theta}{\theta ae^{i}}$

where $\alpha(\ell)=(r^{1}(\ell), \cdot\cdot x^{n}(\ell))$ an $dY=\sum_{;\iota}^{n}=Y^{i}\frac{\theta}{\theta x^{i}}$ in a coordinate

neighborhood $(U;x^{1}, \cdots,ae‘‘)$ .
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PROOF. By definition, (3.13), (3.14), (3.7) and (3.8), we have

(4.22)

$\nabla_{\dot{\alpha}(\ell)}Y=\sum_{i,j=1}^{n}\frac{dx^{j}}{d\ell}(\frac{\delta Y^{i}}{\delta_{l^{j}}}+\sum_{h=1}^{n}\Gamma_{j^{i}h}Y^{h})\frac{\theta}{\theta x^{i}}$

$=\sum_{i,j=1}^{n}\frac{d\dot{d}}{d\ell}(\frac{\theta Y^{i}}{\theta ae^{j}}-\sum_{a=1}^{\hslash}N_{j}^{a}\frac{\theta Y^{i}}{\theta y^{a}}+\sum_{h=1}^{n}\Gamma_{j^{i}h}Y^{h})\frac{\theta}{\theta ae^{i}}$

$=\sum_{i=1}^{u}(\frac{dY^{i}}{d\ell}(x(\ell), i(\ell))+\sum_{h,j=1}^{n}\Gamma_{j^{i}h}\frac{dr^{j}}{d\ell}Y^{h})\frac{\theta}{\theta x^{i}}$

because $\alpha$ is a geodesic.
Let $\beta:$ $I$ $x(-e,e)\rightarrow M$ be a geodesic variation, namely $\beta_{s}$ : $I\rightarrow M$ is a

geodesic for each $s\in(-e,e)$ , and let $X(t, s)=\frac{\theta\beta}{\theta\ell}(\ell, s),$ $Y(\ell, s)=\frac{\theta\beta}{\theta}(\ell,s)$

for any $(t,s)\in Ix(-\epsilon,\epsilon)$ . We make the covariant derivative of $Y^{S}along$

the geodesic $\alpha=\beta_{0}$ twice in a coordinate neighborhood. Then, we have,
by (4.21), (3.14), (3.7), (3.15), (3.16),

$\nabla_{\dot{a}(\ell)}\nabla_{\dot{\alpha}(\ell)}Y=R(\dot{a}(\ell),Y)\dot{\alpha}(\ell)$

$-\sum_{i,j,a,k=1}^{n}\frac{\theta\Gamma_{j^{i}h}}{\theta y^{a}}(\frac{\theta Y^{a}}{\theta\ell}X^{h}+\sum_{b=1}^{n}N^{a_{b}}Y^{h}X^{b})X^{j}\frac{\theta}{\theta x^{i}}$

In the computation we should notice that $\nabla_{\dot{\alpha}(\ell)}Y$ is a generahsed vector
field along $\alpha$ . We have just proved the folowing.

PROPOSITION 4.8. If $\frac{\theta\Gamma_{j^{i}h}}{\theta y^{a}}(y)\dot{\psi}=0$ for any $y\in S$ , then any
geodesic $va\dot{na}\ell ion$ vector feld $Y$ along any geodesic $\alpha$ satisRes the $eq$uation
of Jacobi type

$\nabla_{\dot{\alpha}}\nabla_{\dot{a}}Y+R(Y,\dot{\alpha})\dot{a}=0$ .
It should be noted that the assumptions of Theorem 4.6 and Proposition

4.8 are satisfied if $h=g$, namely, $y\rightarrow L(y)^{2}$ is $st$rictly convex and $Q(y)=$
$T_{\pi(y)}M$ for any $y\in S$ and we can see a systematic description for this case
(cf. [7]). The properties in Theorem 4.6 and Proposition 4.8 play very
mportant roles in the proof of Rauch’s companison theorem.

–22 –



REFERENCES

1. J. Cheeger and D. Ebin, $uComparison$ theorems in Riemannian ge-
ometry,” North-Holand, Amsterdam, 1975.

2. S. Chern, On Finsler geometry, C. R. Acad. Sci. Ser. 1314 (1992),
757-761.

3. P. Foulon, $G\text{{\it \’{e}}} om\acute{e}\ell rie$ des \’equation diff\’erentielles $du$ second ordre,
Ann. Inst. Henri Poincar\’e 45,1 (1986), 1-28.

4. N. Innami, The class of second order equations which Riemannian
geometry can be applied to, J. Math. Soc. Japan 45,1 (1993), 89-103.

5.–, Locally Riemannian metrics for flows which sat$ is\hslash$ Huy-
gens’ pnnciple. Preprin\ell .

6. H. Izumi, On the geometry of generaliz$ed$ metric spaces $J$ , Connections
and identities, Publ. Math. Debrecen 3,1-2 (1991), 113-134..

7. M. Matsumoto, $uFoundations$ of Finsler geometry and special Finsler
spaces,” Kaiseisha, Otsushi, 1986.

Department of Mathematics, Faculty of Science, Niigata University
Niigata 950-21, JAPAN

Received July 7, 1994, Revised December 14, 1994

–23 –


