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Orbit structure of quadratic maps and their
bifurcation
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, Abstract
We precisely study the structure of the orbit of critical point 1/2 and periodic
points for f, = az(1—1z),(0 < a < 3.5699...) on [0,1] and as an application give the
classification of those functions by topological conjugacy.

1 Introduction

Let f, be a quadratic map of [0,1] into itself defined by f.(z) = az(l — z) for z in
[0,1], where a is a real number in (0,4]. We have already well known that the family
{fa : 0 < a < 4} has a series of period-doubling bifurcations within the interval [1,a(2°)],
where a(2*°) = 3.5699- .- (cf.[3]). Namely there is a sequence {a,}2, in [1,a(2*)] such
that

(1) periodic points P(2")’s of prime period 2" (a non-zero fixed point when n = 0 ) appear
after a passes through a,(a > a,), together with

(2) periodic points P(2"~1)’s of prime period 2"~! (the fixed point 0 when n = 0 ) change
from attractive to repelling periodic points.

The set of real numbers {a,}32, is a monotone increasing sequence such that ap =1,a; =
3,a; = 1+ +/6,... and it’s limit point is a(2%°). Let b, be the number in [0, a(2*)] such
that the critical point 1/2 becomes the periodic point of prime period 2" for f;,. Then the
numbers {b,}32, is an increasing sequence such that by = 2,0, = 1+ V5,b, = 3.499... and
we have
0<ap<by<a;<...<ap,<b, <apy; <...<a(2%).

Here, for the sake of convenience, we put b_; = 0.

Now our purpose is to analyze the behavior of the orbit of critical point 1/2 for f, and
the periodic orbits when a passes through a, or b,. Especially we study the accurate order
of those points in [0, 1]. Therefore, as an application, we can obtain an exact proof of the

classification of the family {f, : 0 < a < a(2*)} by topological conjugacy.
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2 Bifurcations of periodic points and the orbit of the
critical point

Considering the usual order in [0, 1], we denote by P(2"); the largest periodic point of
prime period 2" for f, and put P(2") = ff~!(P(2");) for k = 1,2,...,2", where f* means
the k-fold composition of f with itself. Moreover we put zo = 1/2 and z, = f¥(1/2) for
k=1,2,....

2.1 Position of the points P(2"):’s and z;’s
First we show the order of those points in [0, 1] for the initial 7 cases.
Casel: (0=b_y<a<ay=1)
I0<: - <z, <<z < 1.
Case 2: (1=ap<a<by=2)
0<P(l)1<--<zp<---<zp<Ll
Case 3: (a= by = 2)
0< zo=P(1); < 1.
Case 4: 2=bp<a<a =3)
0<z0<zT3< - <ZTgpa<---<PA)1 <+ - <Tgpp1<---<z3<11<1

Case 5: (3=ay <a<b =1++5)
0<20<zy< <y, <---<P(2)y<P(l)1<P(2)1< - <Togpp1<--<

T3 <27 <1.

Case 6: (a=bl=1+\/§).
0<$0=$2=$2n=P(2)2<P(1)1<P(2)1=$2n+1=$3=$1=1.

Case T: (1+vV5=b<a<a=1+6)
0<z2<z6< P(2);<zg<z4<z0<P(l)1<z3<27<P(21<z5<z1<1.

In general we can see inductively the bifurcations of P(2").’s and z;’s as follows. For
n=0,1,2,...and k = 1,2,...,2", let r (k) and s,(k) be the indexes defined by

Tyo(k) = MIN{Tk, Txy2n} and Ty, k) = max{zx, Tx42n}.

We note that s,(1) = 1,r,(2) = 2 for every n. We begin induction with case of (b,, ap+1]-
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(1) Now we suppose that for a in (b, an41] it follows that

Trnk) < Trprypantt <00 < P27k < o0 < Ty hyp2ntt < Toue) (2-1.1).

where each sequence in the left or right hand side converges to P(2"); and there are no
zx(k > 1) outside the union U, [z, (&), Ts k)] When n = 0, it is Case 4.

(2) When a moves into the open interval (an41,bn+1) the periodic points {P(2"+!): k =
1,2,---,2"*1} are born from {P(2")x : k = 1,2, --,2"} and the order is as follows:

Trak) < Trp(iysantt < <00 < P(2"), 0y < P(2™) < P(2"*),00) <

s < Tyak)r2ntt < Top(k) (2.1.2),

where each sequence in the left and right hand side converges to P(2**?), ) and P(2"*?),,«)
respectively and there are no z;(k > 1) outside the union

2"
U ([&ragen P(2**)ru] U [P ) snk)s Tani])-
k=1

Here we remark that the order of {zx}$2, does not change.

(3) When a = bp41, z,,(k) and z,,(k) coincide with P(2"*+!), () and P(2"*1), (x) re-
spectively and the order is shown as follows:

Trat) = P2 )00 < P(2%)k < P(2%7) (k) = Tun(i)-

(4) When a moves into the semi-open interval (bp41, @n+2], though the order of position
of {P(2™*1); : k = 1,2,...,2"*} does not change, {z,,(k)42n+1} and {z,,(k)42n+1} change
the order of their position as follows:

Trnk) < P(2n+1),n(k) < Ty (kyp2ntt < P(2™)k < T4 k)42nt < P(2n+1),”(k) < Tyn(k)-

This is rewritten as follows:

Trnpr(rnk) < Trogi(ra(e)bzntt) < ..o < P(2"H), 0 <0 <2y raliyHants) <

Zonpr(ra() < P27k < Trppionk) < Traga(onhypant) < oo <
P(2n+1)sn(k) <o & Tspp1(snlk)+2n+2) < Zsnt1(sn(K)):

This phenomenon: z,,,,;y < P(2"*!); < z,,,,(;) corressponds to (2.1.1) in case of (bn+1, Gn+2),
and these bifurcations occur repeatedly. Thus for every n > 0 we have (2.1.1) and (2.1.2)
for a in (bn, Gnt1] and a in (ap41, bn+1) respectively.
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2.2 Positions of the periodic points {P(2™),:1 <k < 2™}
From Section 2.1 we can see the following.

(2.2.1) For k and j with 0 < k, j < 2™, it follows that
max{ P(2™)s, P2 )yygm} < min P27, P2™),43n}

if and only if P(Zm)k < P(2m)_,' .

(2.2.2) For k with 0 < k < 2™, it follows that

P(2m*1), < P(2™*!),45m if and only if P(27™), < P(2™)y,

where k; # k but k; = k (mod 2™1).

Statements (2.2.1) and (2.2.2) mean the following transition of bifurcations from the case:
ap < a < a; to the case: a3 < a < a4 and so on.

P(1),
- P(2)2 < P(2)x
P(4); < P(4)s < P(4)3 < P(4)
P(8); < P(8)s < P(8)s < P(8)s < P(8)3 < P(8)7 < P(8)s < P(8);.

..................

2.3 Position of the points {z;:1 <k < 2"} and {P(2™);,:0<m <
n—1,1<k<2m}

By the preceding discussion, the order of those points is fixed for all a > b,. In fact,
the order of the orbit {z; : 1 < k < 2"} and the periodic points of prime period 2™(0 <
m < n — 1) does not change when a increases in (b,, a(2*)), and the order is expressed as
follows. Suppose that a is in (bp,bn41). For m=10,1,2,...,n—1and k =1,2,...,2™, let

To(mk) = MIN{Tomt14x, Tomtrpk4om} aNd Ty(m k) = max{Tom+i 4, Tam+i gxqpom }

Here we note that 2™+ ' + £k =2-2" + k and 2™t 4+ k+2™ = 3-2™ + k . Then it follows
that

Tr(mk) < P(2"‘)k < ZTy(m,k) (2‘3.1)

and each open interval (Z,(m k), Z+(m,)) contains no points of {z) : k > 1}.
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2.4 Position of o among the orbit {z,}

Though the set {zx : 1 < k < 2"} keeps their order for any a > a,, the position of
To among {z,} changes as follows. Suppose that a is in (b,,b,41). Then we obtain the
following.

(1) If n = 0, then we have
zo < T, < P(1); < z3.

(2) If n is an odd number, we have
Tgon~1 < To < P(zn—l)zn—l < T3.2n-1 (241)-
(3) If n(> 0) is an even number, we have

T3.2n-1 < P(Zn—l)gn-x < T < Tgq.on-t (242)

(4) There are no points of {zx : k > 1} between two points z30-1 and z4.4n-1.

The change of position of z, from (2) to (3) can be recognized by the following inductive
observation.
When n = 1, we have

2 < P(2) < z4 <29 < P(1); < 23 (cf. Case 7 in 2.1).
Next we suppose that, for an odd number n and a in (b,,, by 41),
Ton < P(2")2n < ZTyon-1 < 2o < P(2n—1)2n—l < T3.gn-1.

When a is in (@n41,bn+41), fo has the periodic points P(2"*!);n+1’s and the order is as
follows:

Ton < P(2"+1)2n < P(2%)s < P(2"+1)2n+1 < Tontt < Tg < Tagn-1.
When a reaches to bn41, the order changes as follows: |
Tan = P(2")an < P(2%)2n < P(2™)gntt = Tgntt = T < Tzpn-1.
Moreover when a moves into (b,41, an+2), we have
Ton < P(2" )30 < Zonyonir < P(2™)3n < 29 < ZTanttgantt < P(2" )54t < Zpnat < T3on-1.
This is rewritten as follows:
Zzon < P(2")n < 29 < T42n < P(2"+1)2n+1 < Ton+t.

The change from (3) to (2) can be recognized in the same fashion. Thus we have Statements
(1)~(4) forn> 0.
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3 Applications

3.1 Conjugate classes

Two maps f and g on [a,b] are said to be topologically conjugate if there exists a
homeomorphism A : [a,b] — [a, b] such that hof = goh, and h is said to be a conjugacy for
f and g. Suppose that two quadratic maps f, and f;, on [0, 1] are topologically conjugate by
a conjugacy h. Since the critical point 1/2 for f, and f, is invariant for h, the forward orbits
of 1/2 for f, and f, have the same order in [0, 1]. In addition, these are combinatorially
equivalent, namely the backward orbits for two maps have the same order, too [3: Chap.II.
Theorem 3.1).

Nowweput F, = {fo :an < a < bp},Gn={fo:a=bs}and H, = {f, : b, < a < @41}
Then the results shown in the preceding section mean that distinct two maps are combina-~
torially equivalent if and only if the maps belong to H,, UF,4; for some n > —1. Moreover,
each map in F, UG, UH, has a periodic orbit of prime period 2". Thus, if f, and f, are
topologically conjugate then the two maps belong to the same family. In this section we
prove that the converse statement is valid. Namely we have the following theorem.

Theorem 3.1. Each family in {F,, G, Ho—1 : n > 0} is a topologically conjugate class.

Now, at first we consider cases of H_; and F,. Suppose that f, and f, are in H_;.
Let z, = f*(1/2) and y, = f?(1/2). Seeing the order of {z,} and {y,} (cf. Section 2.1,
Case 1), we can take a monotone increasing homeomorphism kg of [z, o] onto [y1, o]-
Since fao([Zn+1,%n]) = [Tn42, Tasa), fal[0,1]) = [0,21] and fo([yn+1,9n]) = [Yn+2,¥n41,
fa([90,1]) = [0, 11] respectively, ho can be extended to a homeomorphism of [0, 1] onto itself
with hof, = fyoh. In the case where fa and f; are in Fy, two homeomorphisms

ho : [z1, Zo] = [y1,Y0] and ko : {20, 21] — [wo, w1},

can be extended to a conjugacy for f, and f;, where 0 < 2y < nlgglo Tn,21 = f.(20) and
0<wy < anIolo Un, w1 = fo(wop) (cf. Section 2.1, Case 2).

For other cases we can obtain a conjugacy for f, and f, in the same family similarly
to the cases above, though we have to check more complex phenomena shown in Section
3. However in this note we show that two maps in the same family in {F,, G,} satisfy a
condition for those maps to be topologically conjugate. Such conditions are mentioned in
[4:Chap.II, Theorem 3.1] and [1:Theorem I1.6.3]. Here we use the latter condition since it is
more useful directly in our case. First we confirm the definition of kneading sequence used
in [1]. The kneading sequence I,(1/2) is a sequence consisting of three alphabets R, C,
and L, where j(> 1)-th element of I,(1/2) is R, C,or L if z; > 1/2, z; =1/2 or z; < 1/2
respectively, where z, is n-th image of critical (turning) point 1/2. Then by the results in
Section 2, we have the following.
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(1) I.(1/2) is invariant for f, in H,UF,;.

(2) For f, in F,, (xesp. H,), I,(1/2) = D*° (= the infinite repeat of D), where D is a finite
sequence with period 2"~! (resp. 2") and consists of two kinds of letters R and L,
where each number is odd.

(3) For f, in F, UG, U H,, the stable orbit of f, is the set {P(2"); : 1 < k < 2"} of
periodic points with prime period 2".

Especially we note that Section 2.4 implies that for a in (b,,b,41), the number d, of R’s
in (2) in the statements above is determined as follows:

2d,—1 — 1 if nis odd,

do=1 d d,= s
0 an { 2d,-.,+ 1 if nis even.

Now the family f.(z) = az(1—=z) on [1—z1, ;] (2 < a < 4) corresponds to those functions
fu(z) = 1—pz? (0 < p = a®/4—a/2 < 2) which belong to a family of functions discussed in
[1:Theorem I1.6.3]. Thus by 2.a of Theorem I1.6.3, it follows that two maps f, and f, in the
same family, F,, or Hy,, are topologically conjugate as functions on [f2(1/2), f,(1/2)] and
[f2(1/2), fo(1/2)] . From this we can easily drive that f, and f;, are topologically conjugate
as functions on [0, 1] in the same way as in case of H_;. Consequently we complete the
proof.

3.2 Covariant representation of topological dynamics

We consider that the topological dynamical systems ([0, 1], f,) have fruitful non-commutative
structure as well as the case of homeomorphisms (cf. [5]). The non-commutative structure
would be represented as covariant representation. Those representations of ([0, 1], f,) are
studied in [2] and the orbit structure described in Section 2 of this paper plays an important
role.
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