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Abstract

Let Zn’p(a) be the class of functions of the form
f(z) = -P + Zakz (ap #0,p € N = {1,2,...})
k=0
which are regular in the punctured disk E = {z: 0 < |z| < 1} and satisfying

Re {Z(D"f(z))’ } <

D™ f(2) T (PENo=1{0,1,2,.},|s| < 1,0 a < 1),

+1

where

n a— = n m—
D f(z)=z_p”+ > (p+m)itam-1z™

m=1

It is proved that 3 ., (@) C 3, («). Since 3, ,(a) is the class of p-valent
meromorphic starlike functions of order a, all functions in 37, («) are p-valent

starlike. Futher property preserving integrals are considered.

1. Introduction

Let ), denote the class of functions of the form
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(11) fz) =" +> arz* (ap #0,pEN={1,2,..})

k=0

which are regular in the punctured disk E = {z: 0 < |z| < 1}. Define

(1.2) D°f(z) = f(2),

(1.3) D'f(z) = “"’ +(p+1ao + (p+2)arz + (p+ 3)azz” + ...

_ (Z”*‘f(z))’,

2P

(14)  D*f(z) = D(D'f(2)),
and for n = 1,2, ...,
(1.5) D" f(z) =D(D""" f(2)
=2 i (p+m) " am_r 2™}

m=1

_(HD )Y

a4

In this paper, we shall show that a function f(z) in Er’ which satisfies one

of the conditions

z(D"f(z))

o) < Py (U ={z: ] <)),

(1.6) Re { —

for somea (0 < a < 1l)andn € Np = {0,1,2,...}, is p-valent meromorphic starlike

in E. More precisely, it is proved that, for the classes 3 (a) of functions in 3
satisfying (1.6), 3,4, (@) C X2, (@) holds. Since 3, ,(a) equals the class of
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p-valent meromorphic starlike functions of order « [4], the starlikeness of members

of 3, (@) is a consequence of (1.7). Further for ¢ > 0, let

(1.7) F(z) = — /o o

zetp

it is shown that F(z) € 3, () whenever f(z) € 3_,, ,(). Some known results
of Bajpai [1], Goel and Sohi [2] are extended.

2. Properties of the class > onpl@)

~ In proving our main results, we shall need the following lemma due to Jack

[3]-

Lemma. Letw be non-constant regular in U = {2z : |z| < 1}, w(0) = 0. If
|lw| attains its mazimum value on the circle |z| =r < 1 at zq, we have zow'(20) =

kw(zo) where k is a real number, k > 1.

Theorem 1. 3 ., (a) C 3, (a) for each integer n € No.

Proof. Let f(z) € 3_ .., (). Then

(2.1)

z(D" f(2)) n+l+a
Re{ D™ f(z) f<- nte

We have to show that (2.1) implies the inequality
(2.2) Re{f(_D_f(L))_} < —pite

D" (=) ntl

Define w(z) in U = {z: |z] < 1} by
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(2.3)

(DM __rnta (1= )l u()
D) n+1 (n FDA+w())’

Clearly w(z) is regular and w(0) = 0. Using the identity

(2.4) 2(D"f(2))' = D"*'f(z) - (p+ 1)D" f(2),

the equation (2.3) may be written as

D" f(z) _ (n41)+(n+1+2p(1 - a))u()
D™ f(z) (n + (1 + w(2)) '

(2.5)

Differentiating (2.5) logarithmically, we obtain

(2.6)

XD e (-0l - ule)
Dn+1 f(2) n+1 (n + 1)(1 + w(z))
2p(1 — a)zw'(2)
(1 +w(z))(n+1+(n+1+2p(1 - a))w(z))

We claim that |w(z)| < 1in U. For otherwise (by Jack’s lemma) there exists zg
in U such that

(2.7) zow'(20) = kw(z0)
where [w(20)| =1 and k > 1. From (2.6) and (2.7), we obtain

(D7 ) e (12 0)(1 = ()
Dn+1 f(20) n+1l  (n+1)(1+ w(z))
2p(1 — a)kw(2o)
T A w0+ 1+ (n+ 1+ 2p(1 = a))w(zo))’

(2.8)

Thus
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zo(D"+1f(zg))'} > _p,nte (1l —a) n+a

(2.9) Re{ Dif(z) JZ Pndi tamtispl-a)  FPn+l’

which contradicts (2.1). Hence |w(z)] < 1 in U and from (2.3) it follows that
f(Z) € En,p(a)°

Theorem 2. Let f(z) € 3, satisfy the condition

(D" f(2)) n+a p(l —a)
(2.10) Re{ TS } < Pt s i —ay C€Y)

for a given n € Ny and ¢ > 0. Then

(2.11) F() = =5 /0 C =1 (1)t

belongs to 3, (a).

Proof. Let f(z) € 3°, (). Define w(z) in U by

(DF) _ [nta . (1—a)(l-w(z)
(2:12) i = Pt * GG e

Then w(z) is regular and w(0) = 0. Using the identity

(2.13) (D"F(2)) = eD"f(2) - (c + P)D"F(z),
after simple computation, the equation (2.12) may be written as

z2(D"f(2)) _ _ [n +a (1-a)1- w(Z))]
D f(z) n+1  (n+1)1+w(z))
+ 2p(1 — a)zw'(z)
T+ w(@))en + 1) + (e(n + 1) + 201 = a)u(2))

(2.14)
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We claim that |w(z)| < 1 in U. The remaining part of the proof is similar to that

of Theorem 1.

Remarks. (1). A result of Bajpai [1] turns out to be a particular case of the
above Theorem 2 when p=1,a_; =1,n=0,a =0 and c = 1.
(2). Forp=1,a_; = 1,n =0, and a = 0, the above Theorem 2 extends a result

of Goel and Sohi [2].
Theorem 3. Let f(2) € 3=, () if and only if
, 1 [*
(2.15) F(o) = 5 [ 0

belongs to 3°_ ., ().

Proof. From the definition of F(z), we have

(2.16) D*(zF'(z) + (p + 1)D"F(z) = D" f(z).
That is,
(2.17) z(D"F(z) + (p+ 1)D"F(z) = D" f(z).

By using the identity (2.4), equation (2.17) reduces to D" f(z) = D™+1F(z).

Hence

z2(D"f(z)) _ z(D"MF(z))
D f(2) D" HF(z)

(2.18)

and the result follows.

Theorem 4. Let F(z) € 2np(@) and let f(z) be defined as >(2.1). Then
f(z) € 32, (@) in |z| < R., where
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(2.19)

—(n+1+p(l=—a))++/(n+1+p(1—a))?+c(n+1)(c(n+1)+2p(1 —a))

Re = c(n+1)+2p(1 — a)

Proof. Since F(z) € 3, ,(a), we can write

(2.20) % =-p (Zi? + (i::) "(z)) ’

where u(z) € P, the class of functions with positive real part in U and normalized

by u(0) = 1. Using the equation (2.13) and differentiating (2.20), we obtain

(D™ ()’ +
o +P(2+‘1’)

zu'(z)
(2.21) - — =u(z) +
e (c+p) - p (255 + 155u(2))

Using the well known estimates, L}l%(%l < —_—r,- (lz| = r) and Reu(z) < £ (J2| =

r), the equation (2.21) yields
(2.22)
#(D" f(2))' ata) )
i - TP\,
Re § =~ (#)) ; euio (1- 2r
SR (1-r2)(c+p)-p (22 + ,,“u(z))

Now the right hand side of (2.22) is positive provided r < R.. Hence f(z) €
2_n,p(@) for |z| < Re.
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