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1 Introduction
Let $\Gamma_{24}$ be the genus consisiting of all the equivalence classes of positive def-
inite even unimodular lattices of rank 24. Let $L$ be an element of $\Gamma_{24}$ . An
element $x$ in $L$ is called a $2m$-vector if $x$ satisfies $(x, x)=2m$ for some pos-
itive integer $m$ . In $\Gamma_{24}$ , there is a unique class $\{L\}$ , in which there is no
2-vector. Such a lattice is first given by Leech [3], and it is called the Leech
lattice. Leech’s construction is based on the binary Golay code of length
24. Later on Leech and Sloane [4] gave another construction for the Leech
lattice based on the self-dual ternary codes of length 24. After that various
constructions for the Leech lattice have been given (e.g. [6], [16]) because of
the plentiful structures and properties which the Leech lattice has.
In [10], [11] and [12] we have investigated the notion of the c-sublattice $M$ of
an even unimodular lattice L. As a byproduct we give a construction of the
Leech lattice by using a self-dual code $C$ over GF(5) of length 24.

Remark 1 We expect that the present method may serve to search positive
definite even unimodular extremal lattices of ranks 72, 80 or 88. However it
would take much labors, such as giving codes over $GF(5)$ with large minimum
distances or computing Lee weight enumerators of such codes, to attack the
problem.

Remark 2 It seems to us that there would be another constructions of the
Leech lattice using (special) self-dual codes of length 24 over $GF(p)_{f}$ the field
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of $p$ (a prime) elements along our idea. It would require a closer study of
such codes, as the present work or the papers $[3J,[4],[11]$ show.

2 Preliminary notions and results
Let $\mathbb{Z}$ be the ring of rational integers and $R$ the field of real numbers. Let
F5 $=GF(5)$ be the field of 5 elements. Elements in F5 are denoted by

$\overline{0},$ $\overline{1},$ $\overline{2},$
$\overline{3}$ and $\overline{4}$ respectively. We adopt many notations from [5]. We use

a special code $Q_{24}$ given in [5], page 186. The code $Q_{24}$ has the generator
matrix

$(\star)$ $(\overline{2}I_{12}, B_{12})$ ,
where $B_{12}=(b_{\lambda\mu})$ is the Paley matrix of order 12 and $I_{12}$ the unit matrix.
The matrix $B_{12}$ is given by:

$B_{12}=\left(\begin{array}{ll}\overline{0} & e\\\overline{4}e^{T} & W\end{array}\right)$

where $e$ is the all $\overline{1}$ row vector of length 11, $e^{T}$ is the transpose of $e$ , and $W$

is the circulant matrix of order 11 whose first row vector is

$(\overline{0}, \overline{1}, \overline{4},\overline{1},\overline{1},\overline{1},\overline{4},\overline{4}, \overline{4},\overline{1}, \overline{4})$ .

The rows of the above matrix $(\star)$ generate the code $Q_{24}$ . Usualy the number
of non-zero coordinates in a codeword is called the weight of the codeword.
The first clue to our present work is the fact stated in [5], page 186 :

Lemma 1 The minimal weight of the code $Q_{24}$ is 9.

Next lemma is a further information on $Q_{24}$ not given in [5].

Lemma 2 There is no codeword of weight 10 with $all\pm\overline{1}s$ or $all\pm\overline{2}^{f}s$ as
the non-zero coordinates.

This is verified by using an electronic computer, and more precisely we have
determined the Lee weight enumerator $L(x,y)z)$ of the code $Q_{24}$ . Here we
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give $L(x,y,z)$ explicitly :

$L(x, y, z)=$

$x^{24}+528x^{15}(y^{7}z^{2}+y^{2}z^{7})+11088x^{14}y^{5}z^{5}$

$+18480x^{13}(y^{8}z^{3}+y^{3}z^{8})+206976x^{12}y^{6}z^{6}+$

$2688x^{12}(y^{11}z+yz^{11})+295680x^{11}(y^{9}z^{4}+y^{4}z^{9})+$

$59136x^{10}(y^{12}z^{2}+y^{2}z^{12})+2264064x^{10}y^{7}z^{7}+$

$880x^{9}(y^{15}+z^{15})+2642640x^{9}(y^{10}z^{5}+y^{5}z^{10})+$

$554400x^{8}(y^{13}z^{3}+y^{3}z^{13})+12687840x^{8}y^{8}z^{8}+$

$16896x^{7}(y^{16}z+yz^{16})+11501952x^{7}(y^{11}z^{6}+y^{6}z^{11})+$

35130480x6 $y^{9}z^{9}+2199120x^{6}(y^{14}z^{4}+y^{4}z^{14})+$

$77616x^{5}(y^{17}z^{2}+y^{2}z^{17})+23003904x^{5}(y^{12}z^{7}+y^{7}z^{12})$

$+3548160x^{4}(y^{15}z^{5}+y^{5}z^{15})+42156576x^{4}y^{10}z^{10}+$

$117040x^{3}(y^{18}z^{3}+y^{3}z^{18})+17685360x^{3}(y^{13}z^{8}+y^{8}z^{13})$

$+16720704x^{2}y^{11}z^{11}+1759296x^{2}(y^{16}z^{6}+y^{6}z^{16})+$

$528x^{2}(y^{21}z+yz^{21})+36960x(y^{19}z^{4}+y^{4}z^{19})+$

$3379200x(y^{14}z^{9}+y^{9}z^{14})+923216y^{12}z^{12}+$

$119328(y^{17}z^{7}+y^{7}z^{17})+48(y^{22}z^{2}+y^{2}z^{22})$ .

Now we describe the method of construction of the lattice.
Let $f_{1},f_{2},$

$\cdots,$
$f_{24}$ be vectors in $R^{24}$ satisfying

$(f_{\lambda},f_{\mu})=5\delta_{\lambda\mu}$ for $1\leq\lambda,$ $\mu\leq 24$ ,

where $(, )$ is the usual inner product on $R^{24}$ and $\delta_{\lambda\mu}$ is Kronecker) $s$ delta.
Let $M$ be the lattice generated by the vectors $\pm f_{\lambda}\pm f_{\mu}(1\leq\lambda, \mu\leq 24)$ .
It can be seen that the lattice $M$ is similar to the root lattice $D_{24}$ with the
similitude $\sqrt{5}$ (Conf. [10], [12]). If we let $M^{1}$ denote the dual lattice of $M$ ,
then we have

$[M^{l} : M]$ $=$ $d(M)$

$=$
$2^{2}\cdot 5^{24}$ ,

where $d(M)$ is the determinant of the lattice M.
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3Quinary Code construction of the Leech
lattice

Let $B_{12}=(b_{\lambda\mu})$ be the Paley matrix as in \S 2. Its entries are in F5. The
original Paley matrix $A_{12}=(a_{\lambda\mu})$ of order 12, whose entries lie in $\mathbb{Z}$ , can be
obtained from the above matrix $B_{12}$ by replacing $\overline{1}’ s$ (resp. $\overline{0}’ s$ or $\overline{4}’ s$) in $B_{12}$

by l’s (resp. $0’ s$ or-ls). We put

$x_{\lambda}=\frac{1}{5}(-3f_{\lambda}+\sum_{\mu=1}^{12}a_{\lambda\mu}f_{\mu+12})$ $(1\leq\lambda\leq 12)$ .

By definition we see that

(2) $(x_{\lambda}, x_{\lambda})=4$ and
(3) $(x_{\lambda}, x_{\mu})=0$ for $\lambda\neq\mu$ .

The property (3) is a direct consequence of the orthogonality of the Paley
matrix $A_{12}$ .
The lattice generated by $x_{1},$ $\cdots,x_{12}$ and the lattice $M$ over $Z$ is denoted by
J. Clearly the lattice $J$ is even integral. Any element $x$ of $J$ can be expressed
as

(4) $x=\frac{1}{5}\sum_{\lambda=1}^{24}c_{\lambda}f_{\lambda}$ with suitable $c_{\lambda}\in \mathbb{Z}$ .

We now define a map $\phi$ from the lattice $J$ to the code $Q_{24}$ . For $x\in J$ , we
put

supp $x=\phi(x)=(\xi_{1}, \xi_{2}, \cdots, \xi_{24})\in F_{5}^{24}$ ,

where $\xi_{\lambda}$ is the residue class modulo $5\mathbb{Z}$ to which $c_{\lambda}$ belongs. We remark that
$\phi$ satisfies the properties :

(5) $\phi(x+y)=\phi(x)+\phi(y)$ for any $x,$ $y\in J$ ,
(6) $\phi(tx)=\overline{t}\phi(x)$ for any $x\in J$ and any $t\in \mathbb{Z}$ ,

where $\overline{t}$ is the residue class of $t$ modulo $5\mathbb{Z}$ . We prove

Lemma 3 Let the notations be as above. then the kernel ker $\phi$ of $\phi$ is M.

–158–



Proof. It is obvious that ker $\phi\supset$ M. By the definition of the vectors $x_{\lambda}$

$(1\leq\lambda\leq 12)$ , we see that

$-3+\sum_{\mu=1}^{12}a_{\lambda\mu}\equiv 0$ $(mod 2)$ for $(1\leq\lambda\leq 12)$ .

If we rewrite each element $x$ in $J$ of the form (4), then the coefficients $c_{\lambda}$ of
$x$ also satisfy

(7) $\sum_{\lambda=1}^{24}c_{\lambda}\equiv 0$ $(mod 2)$ .

Thus, any element $x$ in $J$ of the form (4) should satisfy the congruence (7).
Let $x$ be an element of ker $\phi$ of the form (4), then

$c_{\lambda}\equiv 0$ $(mod 5)$ for $\lambda$ with $1\leq\lambda\leq 24$ .

By putting $c_{\lambda}=5c_{\lambda}^{\prime}$ with $c_{\lambda}^{\prime}\in \mathbb{Z}$ , then we substitute these into (7), so that
we have

(8) $\sum_{\lambda=1}^{24}c_{\lambda}^{\prime}\equiv 0$ $(mod 2)$ .

Therefore the vector $x\in ker\phi$ can be written as

$x=\sum_{\lambda=1}^{24}c_{\lambda}^{\prime}f_{\lambda}$ with the condition (8).

It is easy to check that the above $x$ belongs to the lattice $M$ , implying
ker $\phi=M$ .

Q.E.D.

By the equations (5),(6), the image $\phi(J)$ forms a vector subspace of $F_{5}^{24}$ .
Since $\phi(M)=\{0\}$ and $\phi(x_{\lambda})(1\leq\lambda\leq 12)$ are a basis of the self-dual code
$Q_{24}$ of length 24. $\phi(J)$ is self-orthogonal vector subspace of $F_{5}^{24}$ , of dimension
12 over F5, and therefore coincides with the code $Q_{24}$ . By the Lemma 3, $\phi$

defines a bijective map $\overline{\phi}$ between $J/M$ and $Q_{24}$ . We summarize this fact as
a proposition :

Proposition 1 Let the notations be as above, then $J/M$ is isomorphic to
the code $Q_{24}$ .
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As a consequence of this proposition, we have

(9) $[J:M]=5^{12}$ .

We introduce a new vector $x_{0}$ :

$x_{0}$ $=$ $\frac{1}{2}x_{1}-\sum_{\lambda=2}^{12}x_{\lambda}-\frac{1}{2}(f_{2}+f_{3}+\cdots+f_{12}+5f_{13})+f_{1}$

$\frac{1}{10}(7f_{1}+\sum_{\lambda=2}^{12}f_{\lambda}-3f_{13}+\sum_{\lambda\overline{\sim}14}^{24}f_{\lambda})$ .

The vector $x_{0}$ does not belong to $J$ , but $2x_{0}\in J$ . We observe that
$(x_{0},x_{0})=4$ ,
$(x_{0},x_{1})=-1$ ,
$(x_{0},x_{\lambda})=0$ for $2\leq\lambda\leq 12$ ,

and
$(x_{0},y)\in \mathbb{Z}$ for any $y\in M$ .

Thus the lattice $L$ generated by $x_{0}$ and $J$ over $\mathbb{Z}$ is an even integral lattice.
We prove

Theorem 1 The lattice $L$ is an even unimodular lattice of rank 24, and $L$

has no 2-vector.

Proof. We have already shown that $L$ is an even integral lattice. Let $L^{1}$

$(resp.J^{1})$ be the dual lattice of $L$ (resp. J). By the definition of $L$ , it holds
that

(10) $[L:J]=2$ .

It is known that

(11) $[M^{1} : M]$ $=[M^{1} : J^{1}][J^{[} : L^{1}][L^{[} : L][L:J][J : M]$ ,
(12) $[J^{1} : L^{1}]$ $=[L:J]$ ,
(13) $[M^{1} : J^{I}]$ $=[J : M]$ .
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By the conditions (1), (9), (10), (11), (12) and (13), we must have $[L^{1} : L]=$

1. Thus $L$ is unimodular.

It remains to prove that $L$ does not contain any 2-vector. We divide the
arguments into three cases, namely, (a) for the elements in $M,$ $(b)$ for the
elements in J–M, and (c) for the elements in L-J. In each case,we show
that the vecors $x$ in the subset in question satisfy $(x,x)\geq 4$ .

Case (a). First we remark that any non-zero element $y$ of $M$ satisfies

$(y,y)\geq 10$ .

This comes from fact that the lattice $M$ is a scaled lattice of the root lattice
of type $D_{24}$ with scaling factor $\sqrt{5}$, whereas the minimal vectors of the lattice
$D_{24}$ are 2-vectors.

Case (b). Let $x$ be an elemnt of J–M of the form (4), then it holds that

$(x, x)=\frac{1}{5}\sum_{\lambda=1}^{24}c_{\lambda}^{2}$ .

Since supp $x$ is a non-zero codeword in $Q_{24}$ and the minimal weight of $Q_{24}$

is 9 (Lemma 1), we may say that at least 9 of $c_{\lambda}’ s$ are non-zero. If the weight
of supp $x=(\xi_{1}, \cdots, \xi_{24})$ is 9, then after [5] we take that there are $j\pm\overline{1}’ s$ and
$k\pm\overline{2}’ s$ among $\xi_{\lambda}’ s$ with $j+k=9$ . By the restriction (1) in [5], we must have
either $j=2,$ $k=7$ or $j=7,$ $k=2$ . At any rate, we get

$|c_{\lambda}|\geq 2$ for at least two $\lambda^{\prime}s$ ,

and
$(x,x)=\frac{1}{5}\sum_{\lambda=1}^{24}\dot{c}_{\lambda}^{2}\geq\frac{1}{5}(4+4+7)>2$ .

Since (x,x) is an even integer, we have $(x, x)\geq 4$ . If the weight of supp $x$ is
10, then by (1) in [5] we also have either (i) $j=10,$ $k=0$ or (ii) $j=0,$ $k=10$

or (iii) $j=k=5$ . However, by Lemma 2 the cases (i) and (ii) do not give
rise, so that we get

$|c_{\lambda}|\geq 2$ for at least five $\lambda^{\prime}s$ ,
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and
$(x, x)=\frac{1}{5}\sum_{\lambda=1}^{24}c_{\lambda}^{2}\geq\frac{1}{5}(5+4x5)\geq 5$ ,

implying $(x,x)\geq 6$ .
If the weight of supp $x$ exceeds 10, then we can easily show that $(x, x)\geq 4$ .
Thus for each $x\in J-M$ , we have $(x, x)\geq 4$ .

Case (c). Any element $z$ in L–J can be written as

$z=x_{0}+x$ with $x\in J$ .

If we express $x$ in the form (4), then $z$ takes the form :

(14) $z$ $=$ $\frac{1}{10}[(7+2c_{1})f_{1}+\sum_{\lambda=2}^{12}(1+2c_{\lambda})f_{\lambda}$

$+(2c_{13}-3)f_{13}+\sum_{\lambda=14}^{4}(1+2c_{\lambda})f_{\lambda}]\underline{\prime)}$

$\frac{1}{10}\sum_{\lambda=1}^{24}t_{\lambda}f_{\lambda}$ .

Note that $t_{\lambda}(1\leq\lambda\leq 24)$ are all odd integers and $2z\in J$ . If the weight of
supp $2z$ is less than 24, then there exists at least one $t_{\lambda}$ with $t\equiv 0$ $(mod 5)$ .
In this case we have

$(z, z)\geq\frac{5}{100}(23+25)>2$ ,

implying that $(z, z)\geq 4$ .
The remaining case is that when the weight of supp $2z$ is 24. We put

supp $2z=(\zeta_{1}, \zeta_{2}, \cdots, \zeta_{24})$ ,

where $\zeta_{\lambda}$ is the residue of $t_{\lambda}$ mod 5. Let $S_{1}$ (resp. $S_{2}$ ) be the set of the
indeces $\lambda$ with $\zeta_{\lambda}=\overline{1}$ or 4 (resp. $\zeta_{\lambda}=\overline{2}$ or $\overline{3}$ ). Note that $|t_{\lambda}|\geq 3$ holds
for $\lambda\in S_{2}$ , because this $t_{\lambda}$ is odd and $\equiv 2$ or 3 $(mod 5)$ . Let $j$ (resp. k) be
the cardinality of $S_{1}$ (resp. $S_{2}$ ). By the condition (1) in [5], we know that
$j\equiv k$ $(mod 5)$ . Since $j+k=24$ , there are five possibilities for the pair
(j,k), namely, (i) $(22,2)$ , (ii) $(17,7)$ , (iii) $(12,12)$ , (iv) $(7,17)$ and (v) $(2,22)$
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In the cases $(ii)-(v)$ , we can easily prove that $(z, z)\geq 4$ . For instance, let
$j=17$ and $k=7$ , then we have

$(z, z)$ $=$ $\frac{1}{20}\sum_{\lambda=1}^{24}t_{\lambda}^{2}$

$\geq$ $\frac{1}{20}(17+9*7)=4$ ,

because we know 1 $t_{\lambda}|\geq 3$ for $\lambda\in S_{2}$ . To treat the case (i), we need alemma:

Lemma 4 Let the notations be as above. Let $z$ be an element of L-J of the
form (14) with the weight of supp $(2z)=24$ . Suppose $j=22$ and $k=2$ holds
for this vector $z$ . Then it is imposssible to set simultaneously that

(15) 1 $t_{\lambda}|=1$ for all $\lambda\in S_{1}$ and 1 $t_{\lambda}|=3$ for all $\lambda\in S_{2}$ .

Proof of lemma. By using an electronic computer, we have enumerated all
the codewords of weight 24 with $j=22$ and $k=2$ , and they are described
in the Appendix. Suppose that

$(\zeta_{1}, \zeta_{2}, \cdots, \zeta_{24})$ ( $\zeta_{\lambda}=t_{\lambda}$ mod 5)

is any one of 48 codewords in the Appendix, and further $|t_{\lambda}|=1$ for aJ1
$\lambda\in S_{1}$ and 1 $t_{\lambda}|=3$ for all $\lambda\in S_{2}$ . Then we verify that

$(x_{0}, z)\not\in \mathbb{Z}$ for $z=\frac{1}{10}\Sigma_{\lambda=1}^{24}t_{\lambda}f_{\lambda}$ .

To ilustrate this, we give two examples of computation.

Example 1. When

$(\zeta_{1)}\zeta_{2}, \cdots, \zeta_{24})=(\overline{4}\overline{2}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{4}\overline{2}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4})$

then the precise shape of $z=\frac{1}{10}\Sigma_{\lambda=1}^{24}t_{\lambda}f_{\lambda}$ is

$z$ $=$ $\frac{1}{10}(-f_{1}-3f_{2}+f_{3}-f_{4}+f_{5}+f_{6}+f_{7}-f_{8}-f_{9}-f_{10}+f_{l1}-f_{12}$

$-f_{13}-3f_{14}+f_{15}-f_{16}+f_{17}+f_{18}+f_{19}-f_{20}-f_{21}-f_{22}+f_{23}-f_{24})$ .

–163–



And we get

$(x_{0}, z)=-\frac{1}{2}\not\in \mathbb{Z}$ .

Example 2. When

$(\zeta_{1}, \zeta_{2}, \cdots , \zeta_{24})=(\overline{4}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{3}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}\overline{4}\overline{1}\overline{2}\overline{4}\overline{1}\overline{4}\overline{4}4\gamma$

then the shape of $z$ is

$z=$ $\frac{1}{10}(-f_{1}-f_{2}-f_{3}-f_{4}+f_{5}-f_{6}+3f_{7}+f_{8}-f_{9}+f_{10}+f_{l1}+f_{12}$

$+f_{13}+f_{14}+f_{15}+f_{16}-f_{17}+f_{18}-3f_{19}-f_{20}+f_{21}-f_{22}-f_{23}-f_{24})$ .

And we also get

$(x_{0}, z)=-\frac{1}{2}\not\in Z$ .
Remaining 46 cases are treated simlarly. Since $L$ is integral, the vectors
satisfying (15) can not belong to L. Q.E.D.

We now return to the proof of the Theorem. By the above lemma, for the
case (i) we have either $|t_{\lambda}|\geq 9$ for some $\lambda\in S_{1}$ or $|t_{\lambda}|\geq 7$ for some $\lambda\in S_{2}$ .
In the former case we get

$(z, z)\geq\frac{1}{20}(21+81+9*2)>5$ .

In the latter case we get

$(z, z)\geq\frac{1}{20}(22+49+9)\geq 4$ .

Thus we have proved that $(z, z)\geq 4$ for any $z\in L-J$ . This completes the
proof of the Theorem.

Q.E.D.

By a characterization of the Leech lattice ([1], Theorem 7), the lattice $L$ is
the Leech lattice.
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Appendix

We give a description of all codewords of weight 24 in $Q_{24}$ with $j=22$

and $k=2$ ( $j$ and $k$ are explained in the proof of Theorem 1). By observing
the Lee weight enumerator of the code $Q_{24}$ , which is given in the second
section, we see that there are 48 such codewords.
The codewords are divided into two different types. The repeat type is
expressed as $(uu)$ , where $u$ is a vector in $GF(5)^{12}$ . The converse type is ex-
pressed as $(uv)$ , where $u$ and $v$ are vectors in $GF(5)^{12}$ such that $u+v=0$ ,
and $0$ is the all $\overline{0}$ vector. In both types it is sufficient to give the first half
vector $u$ . We give only 24 first codewords, because the rest codewords are
obtained as scaler multiples by $\overline{4}$ of the codewords given above.

repeat type:

$(\overline{2}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}\overline{1}),$ $(\overline{4}\overline{2}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4})$

$(\overline{4}\overline{4}\overline{2}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}),$ $(\overline{4}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{2}\overline{1}\overline{4}\overline{1}\overline{1}^{=}1\gamma$

( $\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{2}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}^{=}4\gamma$ , ( $\overline{4}\overline{4}\overline{1}\overline{4}\overline{2}\overline{1}\overline{4}\overline{1}\overline{1}$ T44)

$(\overline{4}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{2}13$ , $(\overline{4}\overline{1}\overline{4}\overline{2}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}4\gamma$

$(\overline{4}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{2}\overline{1}\overline{4}\overline{1}\overline{1}))$ $(\overline{4}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{2})$

$(\overline{4}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{2}\overline{1}\overline{4}1\gamma , (\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{2}\overline{1}\overline{4})$

converse type:

$(\overline{2}\overline{4}\overline{4}\overline{4}\overline{4}\overline{4}\overline{4}\overline{4}\overline{4}\overline{4}\overline{4}43,$ $(\overline{4}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{3}\overline{1}\overline{4}\overline{1}\overline{1}13$

$(\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{3}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}43 , (\overline{4}\overline{4}\overline{1}\overline{4}\overline{3}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4})$

$(\overline{4}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{3}1\gamma$ , $(\overline{4}\overline{4}\overline{3}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}1\gamma$

$(\overline{4}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{3}\overline{1}\overline{4}\overline{1}13$ , $(\overline{4}T411144\overline{4}\overline{1}\overline{4}33$

$(\overline{4}\overline{1}\overline{4}\overline{3}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}4\gamma$ , $(\overline{4}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}T45\overline{1}\overline{4}1\gamma$

$(\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}\overline{4}\overline{3}\overline{1}4\gamma$ , $(\overline{4}\overline{3}\overline{1}\overline{4}\overline{1}\overline{1}\overline{1}\overline{4}\overline{4}\overline{4}\overline{1}4\gamma$
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