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OPERATOR INEQUALITIES RELATED TO
THE HEINZ-KATO-FURUTA INEQUALITY

MASATOSHI FUJII*, YOUNG OK KIM ** AND MASARU TOMINAGA ***

ABSTRACT. The Heinz-Kato-Furuta inequality; if A and B are positive operators on H
satisfying T*T < A? and TT* < B? for a given operator T on H, then

KTIT|*+P =2, y)| <I| A%z ||| BPy |

for all a, 8 € [0,1] with a+8 > 1 and z,y € H, has several extensions and improvements.
On the other hand, the Bernstein inequality for selfadjoint operators is generalized for
arbitrary operators. Recently we gave it Bessel type extensions. So we try to give a si-
multaneous Bessel type extension of the Heinz-Kato-Furuta inequality and the Bernstein
inequality. As an application of the Furuta inequality, we obtain Furuta type extension
of them. Moreover it is considered under the chaotic order, i.e., log A > log B for pos-
itive invertible operators A and B. Finally we discuss a simultaneous extension of the
Heinz-Kato-Furuta inequality and the Selberg inequality.

1. INTRODUCTION.

In what follows, an operator means a bounded linear one acting on a complex Hilbert
space H. An operator T is positive, denoted by T > 0, if (T'z,z) > 0 for all z € H. The
order S < T means that S and T are selfadjoint operators and S — T is positive. Let
T = U|T| be the polar decomposition of T on H in the below.

We first cite the Heinz-Kato-Furuta inequality [20], [21] which is shown by a generalized
Schwarz inequality via the Léwner-Heinz inequality:

The Heinz-Kato-Furuta inequality. Let T be an operator on H. If A and B are
positive operators on H such that T*T < A% and TT* < B2, then
(1.1) » (T|T|*+P 2, y)| <|| A%z ||| By |
holds for all o, € [0,1] witha+ 3> 1 and z,y € H.

In the below, we call it the HKF inequality. We here remark that the Heinz-Kato
inequality is just the case a + 8 = 1 in above, cf. [4]. In [12, Theorem 2], we proposed

the following improvement of the HKF inequality and gave conditions under which the
equality holds:
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Theorem A. Let T be an operator on H. If A and B are positive operators on H such

that T*T < A? and TT* < B?, then for each z € H

(T PPz, 2)]* || IT*[°y |I>

| Gk

for all a,8 € [0,1] with o+ B8 > 1 and y,z € H such that y # 0, T|T|**12 # 0

and (T|T|**P-'z,y) = 0. In the case a, 8 > 0, the equality in (1.2) holds if and only if
2a

A%y = |T|*z, By = |T*|*’y and |T|**#~'T*y and |T|?*(z— HT;‘I":I’IZ z) are proportional;

the third condition is equivalent to the condition that |T*|*y and T|T|**P~}(z— %?:—fl’l?z)

are proportional.

(1.2) (T\T|*+ 1z, y)* + <|l A%z ||*|| B®y |I?

It is easily seen that (1.2) is just Lin’s result [24] in the case of a + 3 = 1.

We recall the Bernstein inequality [1, p.319] which is used in testing convergence of
eigenvector calculations:

The Bernstein inequality. Let S be a selfadjoint operator on H. If e is a unit eigen-
vector corresponding to an eigenvalue A of S, then
|z I°ll Sz ||* —{z, Sz)*

| (S =Xz |I?

(1.3) |<$ae>|2 <

for all x € H for which Sz # Az.

It was extended to nonnormal operators, precisely dominant operators by Furuta [17]
and moreover operators with normal eigenvalues [6]. Afterwards we pointed out that
eigenvalues and its corresponding eigenvectors of adjoint operators are essential in this
discussion [14], and that it can be regarded as an extension of Bessel type inequality [10,
Theorem 1] as follows:

Theorem B. Let S be an operator on H and e; be a unit eigenvector corresponding to
an eigenvalue \; of S* fori=1,2,... ,n. Then for each x € H with [T—,(S — Az #0

- 2| ITica (S = M)z |12 —[{=, [Tiea (S = M) )2
1.4 Uio1, € 2 < " T “ “ Ht—l( i s Llg=1 1
a0 el < T (5 = M)z TP
for u; = u;—1 — (ui—1,€;)e; withuy =z fori=1,... ,n.
In particular, if {e1,ez,... ,e,} is an orthonormal set, then
(1.5) zn: lz, e < |z 1Pl MEea (S = M)z |12 —1(=z, [T5ea (S = )‘i)$>|2.

i=1 ” H?=1(S - Az “2

In [20], further extensions of the HKF inequality was obtained by the Furuta inequal-
ity [16]. , :

Finally we cite the Selberg inequality which is a generalization of the Bessel inequal-
ity, [23], cf. [19], [15]):
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The Selberg inequality. If z;, 2, ... , 2, are nonzero vectors in H, then for each x € H
SSCE D 2

(1.6) <llz .
i-:zl i=1 (2, %)

In [11, Theorem 4], we proposed a simultaneous extension of the HKF inequality and the
Selberg inequality. Moreover we showed the further extension by the Furuta inequality.

2. EXTENSIONS OF THE HKF AND BERNSTEIN INEQUALITIES.

In this section, we give a simultaneous extension of Theorems A and B which will be
mentioned in Theorem 2.3. For this, we present the following inequality along with [24,
Theorem 4]. We denote by ker T' the kernel of T

Theorem 2.1. Let T be an operator on H. Then for each z,y € H
TP w1, z:)° | TPy ||
| 1Tz |2

foralla,f >0 witha+ 3 > 1 and 21,... ,2, & ker T such that (T|T|*+F~1z,y) = 0,
where u; = u;_; — 'II]IL;IZ;:!]I’Zi z; withug =z fori=1,2,...,n. In the case o, 3 > 0, the
equality in (2.1) holds if and only if |T*|Py and U|T|*u, are proportional.

Proof. Noting that (T'|T|**#~1x,y) = (U|T|*z, |T*|Py) for all z,y € H. Hence we have

Ileaun—la zn)

< A|IT**z, z){|T*[*y, y)

(1) KTITI 2,52+

=1

(UIT P, [T* Py} = (UIT|*un_s, |T*]Py) — & (UIT|*2m, IT"P3)

T 1>z |2
= (UIT|*tn-s, |T*|Py) = - - = (UIT|, |T"|°y)
= (TIT|***"z,y),
and
T un-1, 2n)? = [T o1, )|
T2y 2__ TI%u,. _ 2_|<| n—1ls<n — .= IT'Q:L'”2— ti—l*~
e e e Y e e o [ > TR

by the definition of u; and (T|T|*+A~1y, z;) = 0. Hence we have by the Schwarz inequality
(TIT|** " 2, y)|* = (UIT|*un, |T* Py)I?
<N UIT P un [PIT* Py 11P=l ITun [IP]] 1T*%y |2

2 (TP uizy, 2:)|?
— Tax 2 T*ﬂ 2 I(l 1—1y~
I izies 17 oy 17 - 35 KA e

so we obtain the desired inequality (2.1). The equality condition is obvious by seeing the
only inequality in the above. O

TPy 11,

Theorem 2.1 is an extension of [12, Theorem 1] and [24, Theorem 4] for the cases n =1
and a+ 3 = 1 respectively. Here we remark that T'|T|**%~12z # 0 are equivalent to T'z # 0
for all z € H.
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Remark 2.2. Suppose that dimran(T) = 1, |T*|ly # 0 and o, > 0 in Theorem 2.1.
Then there doesn’t erist z; such that Tz; # 0 and (T|T|**#~12;,y) = 0. Furthermore it
implies that |T*|Py and U|T|*z are proportional, and so

(TITI* " 2, y)? = (T, 2)(|T* [*y, y).

Now we have the following theorem as a simultaneous extension of both Theorems A
and B via the Lowner-Heinz inequality [25], i.e., A > B > 0 implies A? > B? for all
p € [0,1]:

Theorem 2.3. Let T be an operator on H. If A and B are positive operators on H such
that T*T < A? and TT* < B?, then for each xz,y € H

n T 2a i1, Zi 2 |8 2
(2.2) |<TITIa+ﬂ—lx, y)|2+2 I(I I Ui-1 thl ”JT l Yy ”

i=1 | T |2 ||
foralla,f €[0,1) witha+B>1 and z1,... ,2, € ker T such that (T|T|*+5~12z;,y) =0,
where u; = u;_; — 7];:]';‘;"' Fily; withug = z for i = 1,2,... ,n. In the case o, > 0,
the equality in (2.2) holds if and only if A%**z = |T|?*z, By = |T*|*Py and |T*|Py and
U|T|*u, are proportional. '

<Il A%z 1’| B®y |I*

Remark 2.4. If we put n = 1 in Theorem 2.3, then we obtain Thorem A. Moreover
if n = 1 the equality condition of (2.2) ensures one of (1.2) by [12, Lemma)]. On the
other hand, let S, )\; and e; fori = 1,2,... ,n be as in Theorem B. Moreover if we put
T = I (the identity operator) and replace Tl'?ﬁ and y to e; and [I;_,(S — Aj)z respectively
in Theorem 2.1, then we obtain Thorem B by the following inequality

n n n n
{2, [1(S = M)z} + 3 uicr, ) | TI(S = M)z [1P<Il = 1171l TT(S = A= 1%,
=1 =1 =1 =1
80 Thorem 2.3 is a extension of Theorems A and B. Furthermore we can see that the
equality condition of Theorem B (1.4) holds if and only if [T%,(S — M)z and u, are
proportional.

The following corollary obtained by Theorem 2.1 is a generalization of [12, Theorem
4] and so [24, Theorem 3], too. For this we recall normal eigenvalues A for T, i.e., there
exists a nonzero vector e € H such that Te = Ae and T*e = Je.

Corollary 2.5. Let T be an operator on H. Let e; be an eigenvector corresponding to a
nonzero normal eigenvalue A\; of T for i = 1,2,... ,n. If y € H satisfies T*y # 0 and
(e;,y) =0 fori=1,2,... ,n, then for eachz € H

= Tz |?|| IT*1PT*y | —(TIT Pz, T*y)[?
2.3 il2[{uizy, €)% < I 2
C3) Rl el TE-PTy |
for all B > 0, where u; = u;—; — (u;—1,€;)e; with ug =z fori =1,2,... ,n. In the case

B > 0, the equality in (2.3) holds if and only if |T*|°T*y and Tu, are proportional.
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In particular, if {e1,ez,... ,e,} is an orthonormal set, then
| T |PIIT*PT"y ||> —KTIT 2, Ty)*
(2.4) Al [z, e)[? <
IVIETIE T FTy |7

=1

The equality in (2.4) holds if and only if |T*|PT*y and Tz are proportional.

Proof. We put o = 1, z; = e; and replace y to T*y in Theorem 2.1. Since (T|T|Pe;, T*y) =
0 by (e;,y) = 0 for i = 1,2,... ,n, the assumption of Theorem 2.1 is satisfied and so it
follows that

n
KTIT Pz, T*y) > + 3 APl icr, e P L IT*1PT*y P<I| T2 P( 1T 1PT*y |1* .
i=1
Hence we have the desired inequality (2.3).
If {ei, ez, ...,e,} is an orthonormal set, then the definition of u; gives (u;_1,e;) =
(Ui—g, €;) = -+ - = (ug, €;) = (z,¢;) for each i = 1,2,... ,n, so the inequality (2.4) holds.
The equality condition is obvious by Theorem 2.1. O

We give a further extension of Corollary 2.5 by using normal approximate eigenvalues.
Recall that ) is a normal approximate eigenvalue of T if there exists a sequence {z(™} of
unit vectors such that || (T'— A)z™ ||—= 0 and || (T — A)*z™ ||— 0. For convenience, we
cite the Berberian representation 7' — T°. We take a generalized limit Lim such that

Limy (2®), y®)[? = T (2, y®) 2.

The vector space V of all bounded sequences in H has a semi-inner product < z°,y° >=
Lim(z®), y*)), so that a Hilbert space H° is given by the completion of V/N, where
N={z€V;<z,2>=0 forall z€V}. Foran operator T on H, T° is defined by

T°({z®} + N) = {Tz®} + N.

Then it is an isometric *-1somorophlsm and the approximate eigenvalues of T' converts to
the eigenvalues of T°.

By this representation we show the following theorem which extends to results in [2],
(6], [10] and [14] as in the case n = 1:

Theorem 2.6. Let T be an operator on H. Let {egk)} be a sequence of unit vectors
corresponding to a nonzero normal approzimate eigenvalue A; of T fori=1,2,... ,n. If

y € H satisfies T*y # 0 and (egk),y) =0 fori=1,2,...,n, then for eachx € H

2 * | Brx 2 _ il * 2
05) ST, ) < 1T LT PTY [P TPz, 1)

= 1 1T*|PT=y |I?
for all B € [0,1)], where u® = u®) — (W® ®Ve®) with ul? =z fori=1,2,.
In particular, if {e(k) (k), ... ,e®)} is an orthonormal set, then
- | Tz [P 1T 1P Ty ||* —KT|T|’z, T*y)|*
(26) il (z, e < AT
g I [T*PTy |I?
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Proof. We have
(T|T\Px, T*y) = (U|T|**Pz, T*y) = (U|T\PU*U|T |z, T*y)
= (|T*|* Tz, T*y) = (Tz, |T*|°T"y).
Hence the right hand of (2.3) is as follows by putting f = —}%};%L:
| T [Pl PT y I = K72, T)P _ | Te 2] TPy [P —KT, [T T5)
| |T*[FTy |I? | |T*[FTy |I?
=|| Tz || - Tz, £)I*.

By the Berberian representation, we obtain that

(T°—X)eg =0, (T°—X)€¢=0 and |<u_,e>|= hm|(ufk)1, ey,

where u? = {u{®} + N and €¢ = {e{"'} + N. Hence it follows from Theorem 2.5 that

n
k k o
thkl)‘ |2|(u£_)1, ( )>|2 = Z|’\i|2| <u,e >
i=1

<[ T°2° || = < T°2°, f° > | =|| Tz || —(T=, f)I?,

where z° and f° are the canonical embedding of z and f into H® respectively. We have
desired inequality (2.5). By the same method the inequality (2.6) is obvious by (2.4). O

3. EXTENSIONS OF FURUTA’S TYPE INEQUALITY

The main tool in this section is the Furuta inequality [16]. We now cite it for conve-
nience:

. p =1 1+ 2r)q p+2r
The Furuta inequality. \
If A> B > 0, then for each r > 0, \\\\
()  (BTA?B")s > (B'BPB")« \\\\
and \‘
(ll) (ArApAr)% > (AerAr);l; (1,1) K
hold for p > 0 and ¢ > 1 with \\
(1+2r)g>p+2r. / (1,0 !
(0’ —T)
Figure

We refer [22] and [3] for mean theoretic proofs of it, and [18] for a one-page proof. The
best possibility of the domain drawn in the Figure is proved by Tanahashi [26).

The HKF inequality is extended by the use of the Furuta inequality in [20], and so
is Theorem A in [12, Theorem 3]. Theorem 2.3 also gives us improvement of the HKF
inequality via the Furuta inequality.

— 64 —



OPERATOR INEQUALITIES RELATED TO THE HEINZ-KATO-FURUTA INEQUALITY

Theorem 3.1. Let T be an operator on H. If A and B are positive operators on H such
that T*T < A? and TT* < B?, then for each ,y € H

[PH0u; g, i) |2 || TPy |2
I |T|(1+r)az. |2

r)a s)B— = T
(31) I(TITl(l-l- Ya+(1+s)8 lx,y)|2 + Z I(I

1,—1
< ((ITFA®(T) 555 2, 2)((1T* BT ) 7y, )
forallp,g>1,7,8>0,0a,8€(0,1] with(1+7r)a+(1+s)8>1and z, - ,2z, €kerT

such that (T|T|(+n)a+(+)8-14. W) = 0, where u; = uj_, — <|7|1|l|;(~}::2:)2';|1|5">z,~ with ug = x
for i = 1,2,--- 'n. In the case o, > 0, the equality in (3.1) holds if and only if
TP+ = (T A%|T ) 55z, [T 20498y = (IT*['BH|T*") 5"y and [T*|(+9%y
and U|T|*"%y,, are proportional.

Proof. We replace o and 3 to o3 = (1 + r)a and 1 = (1 + s)f respectively in Theorem
2.1. Then

1oz se KT
(TIT| o, )P+ 3
=1
Next we replace A, B, r and ¢ to A% |T|?, % and ﬁ% respectively in the Furuta
inequality. Then we have

IT‘zal _ |T|2(1+,.)a _ |T|2(p+r) p+r < (|T|rA2p|Tl ) P+r

w1, zi) |2 || TPy |2

HEAAE < AITPoz, 2)(|T* Py, y).

!

and
IT*|2/31 |Tt|2(1+8),3 — IT*|2(q+a) q_H < (IT*|3B2q|T*I )S__I.Eq+' )

Combining three inequalities above, we obtain the desired inequality (3.1). As in the
proof of [12, Theorem 3], the equality condition is easily checked. O

We see that if n = 1 in Theorem 3.1, [12, Theorem 3] is hold. We remark that the
condition (1+7)a+(14+s)8 > 1 in above is unnecessary if T is either positive or invertible.

From the operator monotonicity of the logarithmic function, we intoroduced the chaotic
order among positive invertible operators by A >> B if log A > log B in [5], and obtained
a characterization of the chaotic order in terms of Furuta’s type operator inequality [7], [8]
and [9]. Furthermore based on this, in [13, Theorem 4] we gave a chaotic order version of
Theorem A by the Furuta inequality. We show a variant of Theorem 2.3 by chaotic order.
For this, we use the following characterization of the chaotic order which is an extension
of Ando’s theorem [5], {7], [8], [9] and [27] for a polished proof.

Theorem C. For positive invertible operators A and B, A > B if and only if
(B"APB")s > (B"BPB")4
holds for ¢ > 1, p,r > 0 with 2rq > p + 2r.

The following chaotic version of Theorem 3.1 is an extension of [13, Theorem 4}:
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Theorem 3.2. Let T be an invertible operator on H. If A and B are positive invertible
operators on H such that A2 > T*T and B? > TT*, then for each z,y € H

Prew,_y, z)|2 || |T*|*y ||2
AR
< (T A% |T)) 7% 2, z)((|T"|* BX|T*|*)#¥ y, y)

forallp,gq>0,1,5>0, o;,,B €[0,1) and 2y, - - , 2, & ker T such that (T|T|7*+*#-1z;,y) =
0, where u; = u;_; — ml;l,';"z'il‘l"‘ z; with wg =z fori =1,2,...,n. In the case o, 8 >

0, the equality in (3.2) holds if and only if |T|**x = (|T|"A®|T|")s+z, |T*|**Fy =
(|T“|"Bz"|T“|‘)v"'*%y and |T*|**y and U|T|"®uy, are proportional.

(3.2) (T|T|e+A=1z, y)|2 + Zn: [KIT

=1

Proof. The proof is similar to that of [13, Theorem 4]. By Theorem 2.1, we have

Prouiy, 2)* || |T*|*y |I2

1Tz [I2 < (ITProz, z)(|T*[**Py, y).

ra+sf-1 2 = |(|T
|T'|T| Y+
=1
Moreover Theorem C says

r

(TP < (ITI"A%|T)#  and [T*[* < (|T"[*B(T"|*)¥%.

Combining three inequalities above, we obtain the desired inequality (3.2). As in the
proof of Theorem 2.1 and [13, Theorem 4], the equality condition is easily checked. [

Now in [11, Theorem 4] we showed the following theorem as a simultaneous extension
of the HKF inequality and the Selberg inequality:

Theorem D. Let T be an operator on H. Then for each z,y € H

_ n (T Pez, ) || 1T [Py |
(3.3 T|T|* 1z, )2 +
) KT W+ 2 = T Pegs, )]

for all 0,8 > 0 with o+ B > 1 and 2; & kerT such that (T|T|**#-1z,y) = 0 for
1=12,...,n.

< AITPoz, 2T [y, y)

In [11, Theorem 8] Theorem D was extended by applying the Furuta inequality. We
now show the chaotic version of it by applying Theorem C:

Theorem 3.3. Let T be an invertible operator on H. If A and B are positive invertible

operators on H such that A2 > T*T and B? > TT*, then for each z,y € H

| _ ® (T, ) I 1Ty |
(3.4) (T |T|r+eP lz,9))* +
TIT| 2 (TP )

ra

< (T A%\ )5 2, 2) (T |* BH|T* ) 5y, y)

for allp,g >0, 7,5>0, 0,8 € [0,1] and 2; € ker T such that (T|T|*+*~1z, y) = 0 for
1=1,2,...,n.
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Proof. By replacing o and (3 to ra: and sg respectively in Theorem D, we have

ez, )2 || 1Ty |I?
j=1 T Prezs, 25)|

- = T r * |28
(TiTre+s=ie, gy + 3 1 < (T, )T [0y, y).

Hence we have the desired inequality from Theorem C. O

Furthermore we gave an alternative simultaneous extension of the HKF inequality and
the Selberg inequality in [11, Theorem 3] and its extension in [11, Theorem 7] by applying
the Furuta inequality. By the same method with Theorem 3.3, we shall show the following
theorem as an extension of [11, Theorem 3] under the chaotic order:

Theorem 3.4. Let T be an invertible operator on H. If A and B are positive invertible
operators on H such that A2 > T*T and B? > TT*, then for each z,y € H

_ Tz, z:)|? || IT**y ||?
3.5 TIT ra+sf liL‘, 2 |<
(3.5) (T|T| v g T )z, 2]

< ((ITI A%(T") 7 2, o) ((|T*|* BX|T*|*) ¥y, v)

for allp,g >0, 1,5>0, a,8 € [0,1] and 2; & ker T* such that (T|T|*A*1-"22;, y) = 0 for
1=1,2,...,n

Proof. By replacing a and 3 to ra: and sf3 respectively in [11, Theorem 3], we have

)| || [Ty |2

[(|T*|20-r@) 2, 2;)| = < (llemx,x)(,T*lz’ﬂy, Y)-

_ Tz,
(T (T e+ -1z, y>|2+2: i

3—1
Hence we have the desired inequality from Theorem C. 0O

Next we interpolate between Theorems 3.1 and 3.2 by the use of Furuta’s type operator
inequality which interpolates the Furuta inequality and Theorem C.

Theorem 3.5. Let T be an operator on H. If A and B are positive operators on H such
that |T|® < A% and |T*|® < B® for some é € |0, 1], then for each z,y € H

2(6+r)a,; . N2 Ttl(&-’—s)ﬂ ”2
(6+r)a+(8+s)B-1 2 (|7 ui-1, ) |* || | Y
(3.6) (T s +3 AR

r r (6+r)a .18 " (8+s)8
< (T A*|T1) 50z, z)((IT**B¥|T*|°) %y, y)

forallp>6,9>1,75s>0,a,f€[0,1] with(§+r)a+([+38)B>1and 2z, -+ ,2, &
S4r)a,,. .

ker T such that (T|T|¢+e+(6+98-14 4 = 0, where u; = u;_; — 7;”2;;:, Z‘z‘lll’,z‘ z; with

up =x fori =1,2,...,n. In the case o, B > 0, the equality in (3.6) holds if and only

if [TJ26g = ([T 4%(TTr) 595, [T[R6+98y = (T*B2|T[2) Sy and T+(6+98y

and U|T|®*")ey,, are proportional.

— 67 —



MASATOSHI FUJII, YOUNG OK KIM, AND MASARU TOMINAGA

Proof. By Theorem 2.1, we have

(TP )P || [Ty |2
TT(5+7‘)0+(5+8)13—1 2 K' i—1y 24
KT Ul + 2 [T\ @z |2

< (|TPE+eg, g)(|T P+, y).
Moreover the following inequality is known in [8]
(TR < (TP APITI) T+ and [TREP < (1T BHIT"|7) .

Combining three inequalities above, we obtain the desired inequality (3.6). As in the
proof of [13, Theorem 5] the equality condition is easily checked. O

Now we have the following theorem interpolating between Theorem 3.3 and [11, Theo-
rem 8|.

Theorem 3.6. Let T be an operator on H. If A and B are positive operators on H such
that |T|® < A% and |T*|® < B® for some é € [0,1), then for each z,y € H

2 [T+, z)|? || [T[+y |
3.7 T|T|G+r)at@+as-15 4y2 | (I ) Zi
( ) I{ | | y)l ; E?:l |(|T|2(6+r)a Zi, z:)l

r r M& *|8 *|8 M
< (T A™|T") # 2, z)((IT*"BX|T*|") ++ y,y)

forallp>6,92>1,7r,8>0,a,B€0,1) with(6+r)a+(6+35)3>1andz & kerT
such that (T|T|(¢+r)e+(6+8)8=15 4N =0 fori=1,2,... ,n.

In addition, we show the following theorem interpolating between Theorem 3.4 and [11,
Theorem 7].

Theorem 3.7. Let T be an operator on H. If A and B are positive operators on H such
that |T|® < A% and |T*|® < B® for some § € [0,1], then for each z,y € H

(T, z:)[? || |T*|C*+)5y ||2
g1 [(|T* P00+ 2, 2;)|

< ((TIr A% | T 555 2, o) (T BT ) 52y, )

(3.8) I(T|TI(5+r)a+(6+s)ﬂ—1x, y)|2 + Z I

=1

forallp>6,q>1,7r5s>0,aB€[0,1] with(6+71)a+(0+3s)3>1 and z; & kerT*
such that (T|T|E+)B+1-(+r)ay. 0N =0 fori=1,2,... ,n.
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OPERATOR INEQUALITIES RELATED TO THE HEINZ-KATO-FURUTA INEQUALITY
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