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AN INEQUALITY FOR LOGARITHMIC MAPPING AND
APPLICATIONS FOR THE RELATIVE ENTROPY

S.S. DRAGOMIR

ABSTRACT. Using the concavity property of the log mapping and the weighted
arithmetic mean-geometric mean inequality, we point out an analytic inequal-
ity for the logarithmic map and apply it for the Kullbuk-Leibler dist.ance in
Information Theory. Some applications for Shannon’s entropy are given as
well.

1. INTRODUCTION

Let $p(x))q(x),x\in \mathfrak{X}$ , card $(\mathfrak{X})<\infty$ , be two probability mass functions. Define
the Kullback-Leibler distance (see [1] or [2]) $by_{l*}$

(1.1) $KL(p, q):=\sum_{x\in X}p(x)\log\frac{p(x)}{q(x)}$ ,

the $\chi^{2}-d\dot{u}$tance (see for example [3]) by

(1.2) $D_{\chi^{2}}(p, q):=\sum_{x\in X}\frac{p^{2}(x)-q^{2}(x)}{q(x)}$

and the variation distance (see for example [3]) by

(1.3) $V(p,q)$
$:=\sum_{x\in X}|p(x)-q(x)|$ .

The following theorem is of fundamental importance in Information Theory [4,
p. 26].

Theorem 1. (Information Inequality). Under the above assumptions for $p$ and $q$ ,
we have
(1.4) $KL(p,q)\geq 0$ ,

utth eguality iff$p(x)=q(x)$ for all $x\in \mathfrak{X}$ .
As a matter of fact, the inequality (1.4) can be improved as follows (see [4, $p$ .

$3\mathfrak{X}])$ :

Theorem 2. Let $p,q$ be as above. Then

(1.5) $KL(p,q)\geq\frac{1}{2}V^{2}(p,q)\geq 0$ ,

utth $e\Psi\iota dity$ iff$p(x)=q(x)$ for all $x\in \mathfrak{X}$ .
Date: 12th August, 1999.
1991 $Mauema\ell ics$ Subject Classification. $26D15,94Xxx$ .
Key words and phrases. Analytic Inequalities, Kull-buk-Leibler distances, $\chi^{2}$ -distanue. Vari-

ation distance.

–151–



S.S. DRAGOMIR

In [5] (see also [6]), the authors proved the following counterpart of (1.5).

Theorem 3. Let $p(x),q(x)>0,x\in \mathfrak{X}$ be two probability mass functions. Then

(1.6) $D_{\chi^{2}}(p,q)\geq KL(p,q)\geq 0$ ,

urith equality iff$p(x)=q(x),$ $x\in \mathfrak{X}$ .
In the same paper [6], the authors applied (1.6) for Shannon’s $(11\}\uparrow t\cdot()[)v$. $ltlt\uparrow$ ual

information, etc....
In the present paper, we point out an improvement of (1.6) and apply it in $tl\iota e$

same manner as in [6].

$l$

2. AN ELEMENTARY INEQUALITY

The following analytic inequality for the logarithmic function holds.

Theorem 4. Let $a\in(O, 1)$ and $b\in(O, \infty)$ . $\mathbb{R}en$ we have the inequality

(2.1) $\frac{a^{2}}{b}-a\geq(\frac{a}{b})^{o}-1\geq a\ln a-a\ln b\geq 1-(\frac{b}{a})^{a}\geq a-b$ .

The equality holds in each inequality iff $a=b$ .
$u$

Prvof We know that for a differentiable strictly convex mapping $f$ : $I\rightarrow R$ . we
have the double inequality

(2.2) $f^{\prime}(x)(x-y)\geq f(x)-f(y)\geq f^{\prime}(y)(x-y)$

for all $x_{)}y\in I,$ $x\leq y$ . The equality holds in (2.2) iff $x=y$ .
Now, if we apply this inequality to the strictly convex mapping $-\ln(\cdot)$ on the

interval $(0, \infty)$ , we obtain

(2.3) $\frac{1}{y}(x-y)\geq x-\ln y\geq\frac{1}{x}(x-y)$

for all $x>y>0$ , with equality iff $x=y$ .
Choose in (2.3) $x=a^{a}$ and $y=b^{a}$ to get

$(\frac{a}{b})^{a}-1\geq a\ln$a-aln $b\geq 1-(\frac{b}{a})^{a}$ : $a,b>0$ ,

with equality iff $a=b$ , and the second and third inequalities in (2.1) are proved.
Further, we are going to use the weighted arithmetic mean - geometric mean

inequality for two positive numbers, i.e., we recall

(2.4) $\alpha^{t}\beta^{1-\ell}\leq t\alpha+(1-t)\beta$ for $\alpha,$ $\beta>0$ and $t\in(O, 1)$ ,

with equality iff $\alpha=\beta$ .
Choose $\alpha=\frac{1}{a},$ $\beta=\frac{1}{b}$ and $t=a$ in (2.4) to obtain

$(\frac{1}{a})^{a}(\frac{1}{b})^{1-a}\leq a\cdot\frac{1}{a}+(1-a)\cdot\frac{1}{b}$

with equality iff $a=b$ , which is equivalent to

(2.5) $(\frac{1}{a})^{a}(\frac{1}{b})^{1-a}\leq 1+\frac{1-a}{b}$ .
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If we multiply (2.5) by $b>0$ , we have

$(\frac{b}{a})^{a}\leq 1+b-a$ ,

with equality iff $a=b$ , and the last inequality in (2.1) is proved.
In addition, if we choose in (2.4) $\alpha=\frac{1}{b},$ $\beta=\frac{1}{a}$ and $t=a$ , we obtain

(2.6) $(\frac{1}{b})^{a}(\frac{1}{a})^{1-a}\leq\frac{a}{b}+\frac{1}{a}-1$ ,

with equality iff $a=b$ .
If we multiply (2.6) by $a>0$ , then we get

$\frac{a^{a}}{b^{a}}\leq\frac{a^{2}}{b}-a+1$

with equalty iff $a=b$, which is the first inequality in (2.1). 1

3. INEQUALITIES FOR SEQUENCES OF POSITIVE NUMBERS

The folowing inequality for sequences of positive numbers holds.

Theorem 5. Let $a_{i}\in(0,1)$ and $b_{i}>0(i=1, .., n)$ . If $p_{i}>0(i=1, \ldots,n)$ is such
that $\sum_{i=1}^{\mathfrak{n}}p_{i}=1$ , then we have

(3.1) exp $[\sum_{1=1}^{\mathfrak{n}}p_{i}\frac{a_{i}^{2}}{b_{i}}-\sum_{1=1}^{n}p_{\dot{\iota}}a_{i}]$

$\geq$ $\exp[\sum_{i=1}^{\mathfrak{n}}p_{i}(\frac{a_{1}}{b_{1}})^{a}-1]\geq\prod_{i=1}^{n}(\frac{a}{b}\dot{)}^{a.\rho}$

$\geq$ exp $[1-\dot{\sum_{=1}^{\mathfrak{n}}}p_{i}(\frac{b}{a_{1}})^{a_{*}}]\geq\exp[\sum_{i=1}^{n}p_{i}a_{i}-\dot{\sum_{=1}^{n}}p_{i}b_{i}]$ ,

unth equality iff $a_{i}=b_{i}$ for all $i\in\{1, \ldots,n\}$ .

Proof. Choose in (3.1) $a=a_{i},$ $b=b_{i}(i=1, \ldots, n)$ to obtain

(3.2) $\frac{a_{i}^{2}}{b_{i}}-a_{i}\geq(\frac{a_{i}}{b_{i}})^{a}:-1\geq a_{i}a_{i}-a_{i}\ln b_{i}\geq 1-(\frac{b_{i}}{a_{i}})^{a}:\geq a:-b_{i}$

for al $i\in\{1, \ldots,n\}$ .
Multiplying (3.2) by $p_{i}>0$ and summing over $i$ from 1 up to $n$ , we get

(3.3) $\sum_{i=1}^{n}p_{i}\frac{a^{2}}{b_{i}}-\sum_{1=1}^{\mathfrak{n}}p;a_{i}$

$\geq$ $\sum_{:=1}^{n}p_{i}(\frac{a_{\dot{\iota}}}{b_{i}})^{a:}.:(\frac{a}{b_{i}})$

$\geq$ $1-\sum_{1=1}^{n}p_{i}(\frac{b_{\dot{*}}}{a_{i}})^{a:}\geq\sum_{i=1}^{n}p_{i}a_{i}-\sum_{\mathfrak{i}=1}^{n}p_{i}b,$ ,

which is equivalent to (3.1).
The case of equality folows from the fact that in $eacJu$ of the inequalities (3.2),

we have an equality iff $a_{i}=b_{i}$ for all $i\in\{1, \ldots, n\}$ . I
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The following corollary is obvious.

Corollary 1. With the above assumptions for $a_{i},$ $b_{i}(i=1, \ldots,n)$ , we have the in-

equality

(3.4) $\exp(\frac{1}{n}\sum_{1=1}^{\mathfrak{n}}\frac{a_{i}^{2}}{b_{i}}-\frac{1}{n}\sum_{i=1}^{\mathfrak{n}}a_{i})$

$\geq$

$\geq$

with equality iff $a_{i}=b_{i}$ for au $i\in\{1, \ldots,n\}$ .
Another result for sequences of positive numbers is the following one.

Theorem 6. Let $a_{i}\in(0,1)(i=1, \ldots,n)$ and $b_{\dot{f}}>0C=1,$ $\ldots,m$). If $p_{i}>0$

$(i=1, \ldots, n)$ is $ sud\iota$ that $\sum_{:=1}^{\mathfrak{n}}p_{i}=1$ and $q_{j}>0(j=1\ldots., m)$ is such fhat
$\sum_{j=1}^{m}q_{j}=1$ , then we have the inequality

(3.5) $\exp(\sum_{1=1}^{\mathfrak{n}}p:a_{i}^{2}\sum_{\dot{g}=1}^{m}\frac{q_{j}}{b_{j}}-\sum_{=;1}^{\mathfrak{n}}p_{i}a_{i}\int$

$\geq$ exp $[\sum_{i=1\dot{g}}^{\mathfrak{n}}\sum_{=1}^{m}p\dot{.}q_{\dot{f}}(\frac{a_{i}}{b_{j}})^{a\iota}-1]\geq\frac{\prod_{i--1}^{\mathfrak{n}}a_{i}^{a.p}}{\prod_{j=1}^{m}(b_{j}^{q_{j}})^{\Sigma}*-\iota P^{\dot{a}}}$

$\geq$ $\exp[1-\sum_{i=1j}^{\mathfrak{n}}\sum_{=1}^{m}p_{i}q_{j}(\frac{b}{a_{1}})^{a_{l}}]\geq\exp(\sum_{i=1}^{\mathfrak{n}}p_{i}a.\cdot-\sum_{j=1}^{m}q_{j}b_{j})$ .

$Zhe$ equality holds in (S.5) iff $a_{1}=\ldots=a_{n}=b_{1}=\ldots=b_{m}$ .
Prvpof Using the inequality (2.1), we can state that

(3.6) $\frac{a_{i}^{2}}{b_{j}}-a_{i}\geq(\frac{a_{i}}{b_{j}})^{\Phi}-1\geq a_{i}\ln a_{i}-a_{i}\ln b_{j}\geq 1-(\frac{b_{j}}{a})^{u}\geq a_{i}-b_{j}$

for $Wi\in\{1, \ldots,n\}$ and $j\in\{1, \ldots,m\}$ .
Multiplying (3.6) by $p_{i}q_{j}>0$ and $s$

i over $i$ from 1 to $n$ and over $j$ from
1 to $m$ , we deduce

$\sum_{i=1}^{\mathfrak{n}}p_{i}a_{1}^{2}\sum_{j=1}^{m}\frac{q_{\dot{f}}}{b_{j}}-\sum_{i=1}^{n}p_{i}a_{i}$

$\geq$
$\sum_{i=1j}^{\mathfrak{n}}\sum_{=1}^{m}p_{i}q_{j}(\frac{a_{i}}{b_{j}})^{a_{i}}-1\geq\sum_{i=1}^{\mathfrak{n}}p_{i}a_{i}\ln a_{i}-\sum_{i=1}^{\mathfrak{n}}p_{i}a_{i}\sum_{j=1}^{m}q_{j}1_{1t}b_{j}$

$\geq$
$1-\sum_{:=1j}^{\mathfrak{n}}\sum_{=1}^{m}p_{i}q_{j}(\frac{b_{i}}{a})^{a:}\geq\sum_{i=1}^{\mathfrak{n}}p_{i}a_{i}-\sum_{j=I}^{m}q_{j}b_{j}$ ,

which is clearly equivalent to (3.5).
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The case of equality follows from the fact that in each of inequalities in (3.6),
we have an equality iff $a_{i}=b_{j}$ for all $i\in\{1, \ldots, n\}$ and $j\in\{1, \ldots’\}|,\}$ . which is
equivalent to $a_{1}=\ldots=a_{n}=b_{1}=\ldots=b_{m}$ . $1$

The following corollary holds.

Corollary 2. Under the above assumptions for $a_{i},$ $b_{j}$ , we have the inequality

(3.7) $\exp(\frac{1}{n}\sum_{i=1}^{n}a_{1}^{2}\frac{1}{m}\sum_{J=1}^{m}\frac{1}{b_{j}}-\frac{1}{n}\sum_{i=1}^{n}a_{i})$

$\geq$ exp $[\frac{1}{nm}\dot{\sum_{=1\dot{g}}^{\mathfrak{n}}}\sum_{=1}^{m}(\frac{a_{i}}{b_{j}})^{a:}-1]\geq\frac{\sqrt[l]{\prod_{1--1}^{n}a^{a}}}{\prime\cdot\sqrt[\hslash]{\prod b_{j}*\approx|}}$

$\geq$ exp $[1-\frac{1}{nm}\sum_{i=1j}^{\mathfrak{n}}\sum_{=1}^{m}(\frac{b_{j}}{a_{i}})^{a}]\geq\exp(\frac{1}{n}\sum_{i=1}^{n}a_{i}-\frac{1}{m}\sum_{j=1}^{m}b_{j})$ .

Utth eguality iff $a_{1}=\ldots=a_{n}=b_{1}=\ldots=b_{m}$ .

4. SOME INEQUALITI\’e FOR DiSTANCE FUNCTIONS

In 1951, Kulback and Leibler introduced the following distance jfunction in In-
formation $Th\infty ry$ (see [2] or [3])

(4.1) $KL(p,q):=\sum_{:=1}^{n}p:\log\frac{p_{l}}{q_{i}}$ ,

provided that $p,q\in R_{++}^{n}:=\{x=(x_{1}, \ldots, x_{n})\in R^{n}, x_{i}>0, i=1.\ldots.7l.\}$ .
Another useful distance function is the $\chi^{2}$ -distance given by (see [3])

(4.2) $D_{\chi^{2}}(p,q):=\sum_{i=1}^{n}\frac{p_{1}^{2}-q_{\dot{\iota}}^{2}}{q_{l}}$ ,

where $p,q\in R_{++}^{n}$ .
In this section, we introduce the following two new distance functions

(4.3) $P_{2}(p,q):=\sum_{i=1}^{\mathfrak{n}}[(\frac{p_{i}}{q_{i}})^{\rho}-1]$

and

(4.4) $P_{1}(p,q)$ $:=\sum_{i=1}^{n}[(\frac{q_{1}}{p_{1}})^{p}-1]$ ,

provided $p,q\in R_{++}^{\mathfrak{n}}$ .
The folowing inequality $\infty nnecting$ all the above four distance functions holds.

Theorem 7. Let $p,q\in R_{++}^{\mathfrak{n}}$ with $p_{i}\in(0,1)$ . Then we have the inequality:

(4.5) $D_{\chi^{2}}(p,q)+Q_{\mathfrak{n}}-P_{\mathfrak{n}}\geq P_{2}(p,q)\geq KL(p, q)\geq P_{1}(p, q)\geq P_{1}-Q_{\tau\iota}$ ,

where $P_{\mathfrak{n}}$ $:=\sum_{\dot{l}=1}^{n}p_{i}=1,$ $Q_{n}$ $:=\sum_{:=1}^{\mathfrak{n}}q_{i}$ .
The ewdity holds in $(4\cdot 5)$ iff $p_{i}=q$: for all $i\in\{1, \ldots, n\}$ .
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Proof Apply inequality (2.1) for $a=p_{i},$ $b=q_{i}$ to get

(4.6) $\frac{p_{\dot{l}}^{2}}{q_{i}}-pi\geq(\frac{p}{q_{i}})\geq pi\ln pi^{-Pi}\ln qi\geq 1-(\frac{q_{i}}{p_{i}})^{p}\geq P\iota-qi$

for al $i\in\{1, \ldots,n\}$ .
Summing over $i$ from 1 to $n$ , we have

$\sum_{:=1}^{n}\frac{p_{i}^{2}}{q_{i}}-P_{\mathfrak{n}}\geq P_{2}(p,q)\geq KL(p,q)\geq P_{1}(p,q)\geq P_{\mathfrak{n}}-Q_{\mathfrak{n}}$ .

However, it is easy to see that

$\sum_{i=1}^{n}\frac{p_{i}^{2}}{q_{1}}-Q_{\mathfrak{n}}+Q_{\mathfrak{n}}-P_{\mathfrak{n}}=D_{\chi^{Z}}\cdot(p,q)+Q_{\iota}-P_{n}$

and the inequality (4.5) is obtained.
The case of equality is also obvious by Theorem 4. 1

Corollary 3. Let $p,q$ be a probability distrzbution. Then we have the inequality:
(4.7) $D_{\chi^{2}}(p,q)\geq P_{2}(p,q)\geq KL(p,q)\geq P_{1}(p,q)\geq 0$ .
1he equality holds in $(4\cdot 7)$ iff$p=q$ .

The proof is obvious by Theorem 7, on observing that for $p,$ $q$ as probability
distributions we have $P_{n}=Q_{\mathfrak{n}}=1$ .

5. APPLICATIONS FOR SHANNON’S ENTROPY

The entropy of a random variable $is$ a measure of the uncertainty of the random
variable, it is a measure of the amount of information required on the average to
describe the random variable.

Let $p(x),$ $x\in \mathcal{X}$ be a probability mass function. Define the Shannon’s entropy
$f$ of a random variable $X$ having the probability distribution $p$ by

(5.1) $H(X):=\sum_{x\in \mathcal{X}}p(x)\log\frac{1}{p(x)}$ .

In the above definition we use the convention (based on continuity arguments)

that $0\log(\frac{0}{q})=0$ and $p$ log $(_{0}^{e})=\infty$ .
Now assume that $|\mathcal{X}|$ (card $(\mathcal{X})=|\mathcal{X}|$ ) is finite and let $u(x)=\frac{1}{1.*I}1)et1\downarrow P$ tlif$()$rtll

probabihty mass function in $\mathcal{X}$ . It is well known that [4, p. 27]

(5.2) $KL(p,q)$ $=$
$\sum_{x\in \mathcal{X}}p(x)$

log $(\frac{p(x)}{q(x)})$

$=$ log $|\mathcal{X}|-H(X)$ .
The folowing result is important in Information Theory [4, p. 27]

Theorem 8. Let $X,p$ and $\mathcal{X}$ be as above. Then
(5.3) $H(X)\leq\log|\mathcal{X}|$ ,
with equality if and only if $X$ has a uniform distribution over $\mathcal{X}$ .

In what follows, by the use of Corollary 3, we are able to point out thp $f()11c)willg$

estimate for the difference log $|\mathcal{X}|-H(X)$ .
–156–



Theorem 9. Let $X,$ $p$ and $\mathcal{X}$ be as above. Then

(5.4) $|\mathcal{X}|E(X)-1$ $\geq$

$\sum_{x\in \mathcal{X}}[|\mathcal{X}|^{p(x)}[p(x)]^{p(x)}-1]$

$\geq$ $|\mathcal{X}|-H(X)$

$\geq$

$\sum_{x\in \mathcal{X}}[|\mathcal{X}|^{-p(x)}[p(x)]^{-p(x)}-1]\geq 0$ .

where $E(X)$ is the informational energy of $X,$ $i.e.,$ $E(X)$ $:=\sum_{x\in \mathcal{X}}p^{2}(x)$ .
The equality holds in (5.4) iff $p(x)=\Pi^{1}\mathcal{X}$ for all $x\in \mathcal{X}$ .

The proof is obvious by Corollary 3 by choosing $u(x)=\frac{1}{|\mathcal{X}|}$ .

6. APPLICATIONS FOR MUTUAL INFORMATION

We consider mutual information, which is a measure of the amount of informa-
tion that one random variable contains about another random variable. It is the
reduction of uncertainty of one random variable due to the knowledge of the other
[4, p. 18].

To be more precise, consider two random variables $X$ and $Y$ with a joint prob-
ability mass fiiction $r(x,y)$ and marginal $p^{\theta}robability$ mass functions $p(x)$ and
$q(y),$ $x\in \mathcal{X},$ $y\in \mathcal{Y}$. The mutual information is the relative entropy between the
joint distribution and the product distribution, that is,

$I(X;Y)$ $=$ $\sum_{x\in \mathcal{X},y\in \mathcal{Y}}r(x,y)\log(\frac{r(x,y)}{p(x)q(y)})$

$=$ $D(r,pq)$ .
The following result is well known [4, p. 27].

Theorem 10. (Non-negativity of mutual information) For any two mndom vari-
ables $X,$ $Y$

(6.1) $I(X,Y)\geq 0$ ,

with equality iff $X$ and $Y$ are independent.

In what follows, by the use of Corolary 3, we are able to point out the following
estimate for the mutual information.

Theorem 11. Let $X$ and $Y$ be as above. Then we have the $ine\varphi\iota ality$

$\sum_{x\in \mathcal{X}}\sum_{\nu\in \mathcal{Y}}\frac{r^{2}(x,y)}{p(x)q(y)}-1$

$\geq$ $\sum_{x\in X}\sum_{\nu\in \mathcal{Y}}[(\frac{r(x,y)}{p(x)q(y)})^{r(x,y)}-1]\geq I(X, Y)$

$\geq$ $\sum_{x\in \mathcal{X}}\sum_{\nu\in \mathcal{Y}}[1-(\frac{r(x,y)}{p(x)q(y)})^{r(x,y)}]\geq 0$ .

The equality $fw$lds in all inequalities iff $X$ and $Y$ are independent.

–157–



S.S. DRAGOMIR

REFERENCES
[1] S. KULLBACK and R.A. LEIBLER, On information and sufficiency, Annds Maths. Statist.,

22 (1951), 79-86.
[2] S. KULLBACK, $Info|ma\ell io\mathfrak{n}$ Theory and Statistics, J. Wiley, New York, 1959.
[3] A. BEN-TAL, A. BEN-ISRAEL and M. TEBOULLE, Certainty equivalents and information

measures: duality and extremal, J. Math. And. Appl., 157 (1991), 211 -236.
[4] T.M. COVER and J.A. THOMAS, Elements of $I\mathfrak{n}fo|mationThem/$, John Wiley&Svns, lnc..

1991.
[5] S.S. DRAGOMIR and N.M. DRAGOMIR, An inequality for logarithms and its application in

coding $th\infty ry$. Indian J. of Math. (in prms).
[6] S.S. DRAGOMIR, M. SCHOLZ and J. SUNDE, Some upper bounds for retative entropy and

applications, Computers and Mathematics $u’ i\ell hAppli\omega tions$ .( $i\mathfrak{n}$ press).
[7] D.S. MITRINOVI6, Analytic $ Ine\triangleleft uduie\epsilon$, Springer Verlag, 1970.
[8] M. MATI6. Jensen’s $In\eta udi\ell y$ and Applications in $Informat.io\mathfrak{n}Theon/$ (in Croatian), Ph. $D$

Dissertation, Split, Croatia.

SCHOOL OP COMMUNICATIONS AND INFORMATICS, VICTVRIA UNIVERSITY OFTECHNOLOGY. PO
BOX 14428, MELBOURNE CITY MC 80001, VICTORIA, AUSTRALIA

E-mail address: sever@matilda.vu.edu.au
URL: http: //melba.vu.edu.au/\tilde rgmia

Received September 6, 1999 Revised May 2, 2000

–158–


