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Shifts with two generators on the hyperfinite $II_{1}$ -factor

Keiichi Watanabe

1. Introduction

R. T. Powers ([6]) in troduced a co ncep $t$ of a shi ft on the

hype $r\cdot finite$ II $1^{-factor}$ $\Re$ , wh $i$ ch $is$ an 1 $dentity$ $pr$ eserv $i$ ng
$\infty$ $k$

$*$ -endmorphism $\sigma$ such that $\bigcap_{k=1}\sigma$
$(\Re)$ $=$ $\mathbb{C}1$ . He defined the index of

$\sigma$ as the Jones index $[\Re;\sigma(\Re)]$ . He discussed on coniugacy or on

outer conjugacy of binary shifts which is a class of shifts of index

two on $\Re$ . A shift $\sigma$ on $\Re$ is said to be a binary shift if there

$is$ a un $it$ ary $el$ emen $t$ $u$ $\in$ $\Re$ wl $th$
$u^{2}$

$=$ 1 wh $i$ ch $s$ a $tisfi$ es $\Re$ $=$

$\{\sigma^{k}(u) ; k \geq 0\}^{\prime\prime}$ and ua $k(u)$ $=$
$\pm\sigma^{k}(u)u$ $for$ $k$ $\in$ N. Ther $e$ are

uncountably many non coniugate, at least countably many non outer

coniugate binary shifts on $\Re$ . Enomoto, Choda and Watatani considered

a general shift $\sigma$ on a group von Neumann algebra $R_{m}(G)$ on a group

$G$ twis ted by a mul ti pl $i$ er $m$ such tha $t$ $t$ he shi ft $\sigma$ is $i$ nduced

$f$ rom a shi ft on $G$ , and they general $i$ zed resul ts of Powers ‘ binary

shifts. Bures and Yin also independently studied the shifts as

mentioned above.

In this paper we consider a class of shifts which have two

ge $ner$ a $tors$ $in$ a $s$ en $se$ . A $t$ $first$ , we $sh$ a11 $show$ $th$ a $t$ a $shift$ $with$ $t$ wo
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generators assumed some conditions is a sh $lft$ . induced from the ones

on the restricted direct product $G$ $=$ $U$ $ZeZ$ Secondly, we give a$i=0$ $2$ 2
$suffici$ en $t$ $co$ nd $ition$ $for$ a mul $t1p1i$ er $m$ wh 1 ch makes $R_{m}(G)$ a
factor. Then, under some condi tion, we shal 1 express the relative

commutant algebras $\sigma^{n}(R_{m}(G))$ ’ $\cap$

$R_{m}(G)$ in terms of the three

sequences which determine the multiplier $m$ .

2. Sh \ddagger $f$ ts wi th two $\backslash - ge$ nerators

Let $G$ be a countable discrete group. A multiplier $m$ on $G$ is

a map $fr$ om GXG $into$ $T$ $=$ $\{z E C ; 1 z| = 1\}$ $s$ uch $t$ ha $t$

$m(1_{G}, x)$ $=$

$m(x, 1G)$ $=$ 1 and $m(x, y)m$ (xy, z) $=$ $m$ ( $x$ , yz) $m(y, z)$ $for$ $x,$ $y,$ $z$ $\in$ G.

We denote by
$\lambda m$ the left regul ar proiective representation of $G$

as $soci$ a $t$ ed $with$ $m$ $on$ the $Hi1$ be $rt$ space $\iota^{2}(G)$ . Th a $t$ $is$ , $(\lambda m(x)\zeta)(y)$

$=$ $m$ $(x, x^{-1}y)\zeta(x^{-1}y)$ for $\zeta$ $\in$
$\iota^{2}(G)$ .

Powers defined binary shifts using a generator (one unitary

operator) and commutation relations between two images of the

generator under the shift.

De $fin$ \ddagger $ti$ on 2. 1. Le $t$ $\sigma$ be a sh $ift$ $on$ the hyper $finite$ II $1^{-f}$ ac $tor$

$\Re$ . Then we say that $\sigma$ has two generators if there exist two unitary

0 pera to rs $u$ and $v$ in $\Re$ wh $i$ ch sat isfy the fOll OW $i$ ng Cond itions

(1), (2) and (3);

(1) $u^{2}$
$=$ 1 and $v2$

$=$ 1

(2) $\{\sigma^{1}(u), \sigma^{j}(v) ; i j \geq 0\}$
’

$=\Re$
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(3) $\sigma^{1}(u)\sigma^{j}(v)$ $=\sigma^{j}(v)\sigma^{i}(u)$
$or$

$-\sigma^{j}(v)\sigma^{i}(u)$ ,

$u\sigma^{i}(u)$
$=$ a $i(u)u$ $or$

$-\sigma^{i}(u)u$ and

$v\sigma^{i}(v)$ $=\sigma^{i}(v)v$
$or$

$-\sigma^{1}(v)v$ .

A $f$ un $ction$ a: $\mathbb{Z}$ $\rightarrow$ $\{0 , 1 \}$ 1 $s$ $c$ a11 ed a $sign$ a $t$ ure $s$ eque $n$ Ce $if$

a (n) $=$ a $(-n)$ for any $n$ $\in$ Z. Fo $r$ any sh lft $\sigma$ wh $i$ ch $h$ as $t$ wo
generators, there exist three signature sequences $b$ , andau $a_{V}$

such that

$\sigma^{i}(u)\sigma^{j}(v)$
$=$ $(-1)^{b(i-j)}\sigma^{j}(v)\sigma^{i}(u)$ ,

$u\sigma^{i}(u)$
$=$

$(-1)\sigma^{i}a_{u}(i)(u)u$
and

$v\sigma^{i}(v)$
$=$

$(-1)\sigma^{i}a_{V}(i)(v)v$ .
Here we should note that it need not be $b(0)$ $=$ $0$ .

Due to a characterization of group shifts by Bures and Yin ([1;

$Proposition$ 2. 11), a $shift$ wh $i$ ch $h$ as $t$ wo ge $ner$ a $tors$ $is$ a group $shift$ .
Enomoto, Choda and Watatani introduced in [41 a notion of a
$co$ mmu $t$ a $tion$ $re1$ a $tor$ 1 $n$ $0$ rd $er$ $to$ ge $ner$ al $ize$ $r$ es $u1ts$ $of$ Po we $rs$ ‘ $bin$ ary

shifts to the shifts induced by the shifts on a countable discrete

group. They showed that there exists a one to One CorreSpondence

$bet$ wee $n$ $the$ $set$ $of$ al 1 $c$ ommu $t$ a $tion$ $re1$ a $to$ rs and a $c1$ as $s$ $of$

blcharacter on the restricted direct product of the group. Here we
$n$ eed a $s1i$ gh $t1y$ mod $ifi$ ed the $ir$ resul $ts$ as $fo11$ ows.

Definition 2. 2, Let $G$ be a countable discrete group. Let $G$
$i$

$G$ $for$ $i$ $=$ $0,1$ , 2 , and X $=U_{i=0}^{\mathfrak{v}}G_{i}$ , $the$ res $trict$ ed $di$ rec $t$ produc $t$ .
Le $t$

$G_{i}$ be $the$ $set$ $of$ $e1$ emen $ts$
$(x_{j})j\geq 0$

$in$ X such $th$ a $t$

$x_{j}$
$=$

$1_{G}$

for $i$ $\neq$ $i$ . We denote by
$P_{i}$ the canoni cal $is$ omo rph 1 sm from $G$ to
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$c_{i}$ in X. A function $a;Z$ $x$ $G$ $\times$ $G$ $\rightarrow$ $T$ is called a commutation

relator if

(1) a ( $n$ ; gh, k) $=$ a $(n;g, k)$ a (n; $h,$ $k$-)

(2) a ( $n;g$ , hk) $=$ a $(n;g, h)$ a $(n;g, k)$

(3) a $(n;g, h)$ $=$ a ( $-n;h$ , g)

for any $n$ $\in Z$ , $g,$ $h,$ $k\in$ G.

Let Comm (G) be the set of all commutation relators. Let $\sigma$ be

the canonical shift on X. Let Bich (X , T) be the set of all

$f$ unc $t10$ ns $m:Xx$ X $\rightarrow$ I such tha $t$

(a) $m$ is a bicharacter

(b) $m$ ( $\sigma$ (x) $\sigma(y)$ ) $=m(x, y)$

(c) $m(P_{i}(g) , P_{j}(h))$
$=$ 1 if 1 $\langle$ $i$ .

Le $t$ $u$ be a mapp $ing$ $f$ rom $x_{0}$
$=$ $\cup^{\infty}\rho i=01(G)$ to the un it ary group

$U(B(H))$ of $B(H)$ on a separable Hilbert space H. Then $u$ is

called a generator representation with respect to an element a in

Comm (G) if $u$ sat $i$ sf $i$ es the fo 11 ow $i$ ng co ndi tions;

(i) $u(\rho 1(g))u(P_{j}(h))$ $=$ a $(i-j ; g, h)u(P_{j}(h))u(P_{i}(g))$ $for$ $g,$ $h\in G$

$(ii)$ $u(p (g))u(p (h))$ $=$ a $(0;g, h)u$ ( $p$ (gh)) $for$ $g,$ $h\in$ G.1 $i$ $i$

Remark 2. 3. Under the situation in [4], we should consider that

a $(0;g, h)$ $=$ 1, $g,$ $h$ $\in$ $G$ provided that $G$ is abelian. Indeed, the

res tri ct 1 on of $u$ to $P_{i}(G)$ is def $i$ ned to be a un it ary

represen tat $i$ on in [4; De fi ni ti on 3. 21. I $t$ is the on ly di fference of

$the$ abo $ve$ $definition$ $of$ Comm (G) $f$ rom the $0$ ne 1 $n$ [4] $t$ ha $t$ a

commutation relator is defined on $t0$ } $x$ $Gx$ $G$ and may not equal 1.

Al so the onl $y$ di fference be $t$ ween two defi ni ti ons of Bi ch (X, T)

$is$ $t$ he cond $itio$ ns ‘
$if$ $i$ \langle $j$

”
$or$

“
$if$ $i\leq j$

”
$in$ (c).
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Th $en$ we $h$ ave $the$ $fo11owi$ ng 1 emmas. $Proofs$ $of$ $those$ ar $e$ $simi1$ ar

$to$ $the$ $proofs$ $of$ $the$ $co$ rres $po$ nd $ing$ 1 emmas $in$ [4] , and $it$ $sf\iota o$ ul $d$ be

$omitt$ ed.

Lemma 2. 4 (cf. [4; Lemma 3. 1]). There is a one to one correspondence

between Comm (G) and Bich (X, T) such that

$m(x, y)$ $=$ $\Pi$ a (i-j ; $x(i)$ , $y(j)$ )
$(i j)\in(N\cup t0\})x(N\cup\{0\})$

$i\geq j$

a $(n;g, h)$ $=$ $m$ ( $p1$ (g) $p_{j}(h)$ ) $/m(P_{j}(h) , P_{1}(g))$ if $n$ $=$ i-j \rangle $0$

$m$ (
$p_{i}$ (g) $\rho_{i}(h)$ ) if $n$ $=$ $0$ .

Lemma 2. 5 (cf. [4; Lemma 3. 3]). Th $ere$ ex is ts a one to one

correspondence between the set of all proiective representations $u$

$f$ $r$ om X $into$ $U(B(H))$ $wi$ th $re$ $sp$ $ect$ $to$ $e1$ emen $ts$ $in$ $Bi$ ch (X , T) and

th $e$ $set$ $0f$ al 1 genera $tor$ represen $t$ a $t10$ ns $f$ rom $X_{0}$ $into$ $U(B(H))$ .

Fr $om$ $n$ ow $on$ , we co $nsider$ th $e$ cas $e$ $of$ $G$ $=$
$Z_{2}\oplus Z_{2}$ . Le $t$

$a_{1}$
,

$a_{2}$
, $b$

be signature sequences such that $a_{1}(0)$
$=$

$a_{2}(0)$
$=$ $0$ and $b(0)$ may

not equal $0$ .
Let a be an element in Comm $(ZeZ )$ determined by the2 2

$fo110$ wl ng co nd $itio$ ns;

a $(n;\left(\begin{array}{l}1\\0\end{array}\right), \left(\begin{array}{l}l\\0\end{array}\right))$ $=$

$(-1)a_{1}(n)$

a $(n;\left(\begin{array}{l}0\\1\end{array}\right), \left(\begin{array}{l}0\\1\end{array}\right))$ $=$

$(-1)a_{2}(n)$

a $(n ; \left(\begin{array}{l}l\\0\end{array}\right) , \left(\begin{array}{l}0\\l\end{array}\right))$ $=$ a $(n : \left(\begin{array}{l}0\\l\end{array}\right) , \left(\begin{array}{l}1\\0\end{array}\right))$ $=$ $(-1)b(n)$

Then there exists an element $m$ in Bich (X, T) by Lemma 2. 4, and the

cano ni cal $Z\oplus Z$ -sh ift $\sigma$ as soci ated wi th $m$ has $t$ wo $ge$ nera tors2 2
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A $m(e_{0}^{1})$ and $\lambda m(e_{0}^{2})$ , where we pu $t$ $e_{j}^{1}$ $=$ $P_{j}(\left(\begin{array}{l}l\\0\end{array}\right))$ and $e_{k}^{2}=$ $o_{k}(\left(\begin{array}{l}0\\l\end{array}\right))$ .

Propos \ddagger $tIon2.6$ . Let $\sigma$ is a shift which has two generators $u$

and $v$ . Pu $t$ $\mathfrak{P}$ $=$
$\{\sigma^{i}(u);1\geq 0\}$ “ and $0$ $=$

$\{\sigma^{j}(v) ; j\geq 0\}$ “. As sume the

foll ow $i$ ng co ndi ti ons (1) and (2);

(1) as $\cap 0=\mathbb{C}1$

(2) dim $(\mathfrak{P})$ $=\infty$ and dim (Q) $=\infty$ .
Then $\sigma$ $is$ co njuga $te$ $to$ a $Z\oplus Z$ -sh $ift$ .2 2

Proof. Put $S$ $=$ $\{u, v\}$ and denote by $c_{\sigma}(S)$ the group of

un $it$ ar $i$ es genera $ted$ by $\{\sigma^{k}(S) ; k\geq 0\}$ . Le $t$ $G$ be $t$ he quo $ti$ en $t$ group

$c_{\sigma}(S)/G_{\sigma}(S)\cap \mathbb{C}$ . Due to [1; Proposition 2. 11, it is enough to prove that

$G$ is isomorphic to $U_{i=0}^{\infty}Z_{2}\oplus Z_{2}$ . However we can define a group

$is$ omo rph $i$ sm $\Phi$ $f$ rom $G$ $t0$ $U\infty Z\oplus Z$ as $fo11$ ows;
$i=02$ 2

$\Phi([u^{k(0)}\sigma(u)^{k(1)}\cdots\sigma^{n}(u)^{k(n)}v^{l(0)}\sigma(v)^{l(1)}\cdots\sigma(v)])nl(n)$

$=k(0)e_{0}^{1}$ $+$ $\cdot$ . . $+k(n)e^{1}n$ $+$ $1(0)e_{0}^{2}$ $+$ $\cdot$ . . $+$ $l(n)e^{2}n$

I ndeed, $if$ $[u^{k(0)}\sigma(u)k(1)\ldots\sigma^{n}(u)^{k(n)}v^{l(0)}\sigma(v)l(1)\ldots\sigma^{n}(v)l(n)]$

$1_{G}$ , then there is a scalar $\alpha$ $E$ $C$ such that
$u^{k(0)}\sigma(u)^{k(1)}\cdots\sigma^{n}(u)^{k(n)}$

$=$
$\alpha v^{l(0)}\sigma(v)^{l(1)}\cdots\sigma^{n}(v)^{l(n)}$ By the

as sump tion (1), we have $u^{k(0)}\sigma(u)^{k(1)}\cdots\sigma^{n}(u)^{k(n)}$
$\in$ $C1$ . Suppo se tha $t$

$t$ here $exists$ a number $k(i)$ $\neq$ $0$ . Pu $tti$ ng $i_{0}$
$=$ max { $i$ ; $k(i)$ $\neq$ $0$ , $ 0\langle i\leq$

$n\}$ , we can eas $i1y$ $see$ $\mathfrak{P}$ $=$ $\{\sigma^{i}(u) ; 0\leq i \langle i_{0}\}\prime\prime$ Th $is$ co $nt$ rad $icts$ $to$

$dim(\mathfrak{P})$ $=$ $\infty$ . Thus we have $k(0)$ $=$ . . . $=$ $k(n)$ $=$ $l(0)$ $=$ . . . $=$ $l(n)$ $=$ $0$ .
Thus $G$ is isomorphic to $U_{1=0}^{\infty}Z_{2}\oplus Z_{2}$ . $o$

Remark 2. 7. In the assumption of the previous proposition, if $u$

$\epsilon$ $\sigma(\Re)$ then we have dim $(\mathfrak{P})$ $=$ $\infty$ . Indeed, one can immediately see
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$th$ a $t$ the $set$ { $u,$ $\sigma$ (u)
$\sigma^{2}$

(u), } $is$ 1 $i$ near 1 $y$ $i$ nd $epe$ nden $t$ .

3. Factor condition and relative commutant algebras

Le $t$ $G$ $=$
$Z_{2}\oplus Z_{2}$ and X $=$ $U_{1=0}^{\infty}G_{i}$ , where $G_{i}$

$=$ G. Le $t$ $s$ be the

canoni cal shi ft on X wh $i$ ch is de fin ed by $s(e_{i}^{1})$ $=$
$e_{i}$ : and $s(e_{i}^{2})$

$=$ $e_{1+1}^{2}$ . Let $a_{1}$
,

$a_{2}$ and $b$ be signature sequences which need not be

$b(0)$ $=$ $0$ . Then there is an element $m$ in Bich (X, T) corresponding to

$a_{1}$
,

$a_{2}$ and $b$ by Lemma 2. 4. We denote by $p$ the character of the

second exterior product $X\wedge X$ which is induced by $m$ via

$p(g\wedge h).=m(g , h)\overline{m(h,g)}$ , $g,$ $h\in$ X.

I $n$ $this$ $section$ we $st$ udy $so$ me $suffitient$ $co$ nd $itio$ ns $in$ $t$ erms $of$
$a_{1}$ ’

$a_{2}$ and $b$ $for$ $m$ $to$ be $non$ -dege $ner$ a $te$ , $i$ . $e$ , $\lambda m(X)$
“ $is$ a $f$ ac $tor$ .

Also we shall give some examples to show that some analogue of the

res ul ts of n-shlfts are $f$ al se.

Lemma 3. 1. Suppo se $g$ $=$ $\sum_{j=0}^{\infty}g_{j}^{1}e_{j}^{1}$ $+$ $g_{j}^{2}e_{j}^{2}$ $\in$ X, where $g_{j}^{1}$ , $g_{j}^{2}$ $\in$

$Z_{2}$

Th en $\rho(g\wedge s^{m}(X))$ $=$ 1 $if$ and $on1y$ $if$

$2_{j=0^{g}j1}^{\infty 1_{a}}$ (k-j) $+$ $g_{j}^{2}b$ (k-j) $=$ $0$

$\sum_{j=0^{g}j^{b}}^{\infty 1}$ (k-j) $+$ $g^{2}aj2$ (k-j) $=$ $0$

for al 1 $k\geq m$ .

Pro $of$ . $Sin$ ce $s^{m}(X)$ $is$ gen $e$ ra $ted$ by $te_{k}^{1}$ , $e_{l}^{2}$ ; $k,$ $ l\geq m\rangle$ , $\rho(g\wedge s^{m}(X))$

1 $if$ and $on1y$ $if$ $p(g\wedge e_{k}^{1})$ $=$ $p(g\wedge e_{l}^{2})$ $=$ 1 $for$ all $k$ , $l$ $\geq m$ . On the

$0$ $ther$ $h$ and , we $h$ ave $\rho(e_{j}^{1}\wedge e_{k}^{1})$ $=$ $m(e_{j}, e_{k}11)m(e_{k}1 , e_{j}^{1})$ $=$
$a_{1}$

(k-j ; $\left(\begin{array}{l}1\\0\end{array}\right),$ $\left(\begin{array}{l}l\\0\end{array}\right)$ ) $=$

$(-1)a_{1}(k-j)$
$S1mi1$ ar 1 $y$ , $p(e_{j}\wedge e_{k}22)$ $=$

$(-1)a_{2}(k-j)$
and $p(e_{j}^{1}\wedge e_{k}^{2})$
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2 1 $b$ (k-j)
$p$ $(e\wedge e )$ $=$ $(-1)$ Th en $it$ $fo11$ ows tha $t$

$j$ $k$

$\rho(g\wedge e_{k}^{1})$ $=$ $P(\sum_{j=0^{g_{j}e_{j}\wedge e_{k}}}^{\omega 111}+g_{j^{e_{j}\wedge e_{k})}}^{221}$

$=n_{j=0^{p(e_{j}\wedge e_{k})p(e_{j}\wedge e_{k})}}^{\infty 11^{g_{j21}^{1}g_{j}^{2}}}$

$=$

$(-1)\sum_{j=0^{g}j1}^{\infty 1_{a(k-j)}}$ $+g_{j}^{2}b$ (k-j)

The second equal ity follows simi larly. This completes the proof. $0$

$Pri$ ce showed tha $t$ a mul $ti$ pl $i$ er $m$ $on$ $u_{i=0}^{\infty}Z_{2}$ as $soci$ a $t$ ed $wi$ th a

signature sequence a is nondegenerate if and only if a is not

per $i$ od $ic$ .

Example 3.2. Le $t$

$a_{1}$
$=$

$a_{2}$
$=$ $(0,0 , 1, 0,1 , 0,1, \cdots)$ and $b$ $=$ (1, $0$ ,

$0,$ $\cdots$ ). Namely, $a_{1}(0)$
$=$

$a_{2}(0)$
$=$ $0$ ,

$a_{1}$
( $2$ j-l) $=$

$a_{2}$
( $2$ j-l) $=$ $0$ , $a_{1}(2j)$ $=$

$a_{2}(2j)$ $=$ 1, $b(0)$ $=$ 1 and $b(j)$ $=$ $0$ $for$ al 1 $j$ $\in$ N. Then $a_{1}$
,

$a_{2}$

and $b$ are not periodic at all, however the corresponding element $m$

$\in$ Bl ch (X, I) $is$ degen $er$ a $te$ . I ndeed, pu $tti$ ng $g$ $=$ $e_{0}^{1}$ $+$ $e_{0}2$ $+$ $e_{2}^{1}$ $+$ $e_{2}^{2}$ . $it$

$is$ eas $y$ $to$ $s$ ee tha $t$ $p(g\wedge X)$ $=$ 1.

A signature sequence a is called to be essentially periodic if

there ex $ist$ $int$ egers $p$ \rangle $0$ and $N\geq 0$ such tha $t$ a $(i+p)$ $=$ a (i) $for$

al 1 $i$ $\geq N$ ( $cf$ . $[5$ , De $finition$ $3.1]$ ).

$a_{1}$
,

$a_{2}$Lemma 3. 3. Let and $b$ be nonzero signature sequences

which may not be $b(0)$ $=$ $0$ . Let $m$ be an element in Bich (X, T)

co rr $e$ spo nd $i$ ng to $a_{1}$
,

$a_{2}$ and $b$ . I $f$
$\lambda m(X)$

“ is not a fac tor, then

$a_{1}$
,

$a_{2}$ and $b$ are es $sent1$ al 1 $y$ per 1 od $ic$ .

This proposition can be proved by a similar way to some proof of
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$the$ $corres$ po nd $i$ ng $resu1t$ $for$ n-s $hifts$ ( $see$ [1] $for$ $inst$ an $ce$ ). However

we give a pro of for compl et enes $s$ .

$Proof$ . $Sin$ ce $\lambda m(X)$
“ $is$ $not$ a $f$ ac $tor$ , $t$ here ex $ists$ a no $n$ zero

$e1$ emen $t$ $g$ $in$ X such $th$ a $t$ $p(g\wedge X)$ $=$ 1. Pu $t$

$i1$
$=$ $min\{j ; g_{j}^{1} \neq 0\}$ , $j_{1}$

$=$ max $\{j;g_{j}^{1} \neq 0\}$ , $i_{2}$
$=$ $min\{j ; g_{j}^{2} \neq 0\}$ and $j_{2}$

$=$ max $\{j ; g_{j}^{2} \neq 0\}$ . Al so we
pu $t$

$d_{1}$
$=$ max $ti\in N;a_{1}(1)$ $\neq$ $0$ } , $d2$

$=$ max $ti\in N;a_{2}(i)$
$\neq$ $0$ } and $d_{b}$

$\epsilon$

max $ti\in$ $N\cup$ $t0$ } ; $b(i)$ $\neq$ $0$ }. Then by Lemma 3. 1 , $g$ $s$ a $tisfi$ es the

$fo11owi$ ng $fo$ rmu 1 a $e$ ;

$(*)$ $\sum_{j=i}j_{1}1$ $g_{j}^{1}a_{1}$ (k-j) $+\sum_{j=i}j22$ $g_{j}^{2}b$ (k-j) $=$ $0$

$(**)$ $\sum_{j=i_{2}}j2$ $g_{j}^{2}a_{2}$ (k-j) $+\sum$

$j_{1}$ 1
$j=i_{1}$

$g_{j}b$ (k-j) $=$ $0$

for al 1 integer $k$ $\geq$ $0$ . We may as sume that $j_{1}$
$\leq$

$j_{2}$ .
Es $peci$ al 1 $y$ , wh $en$ $k$ \rangle

$d_{b}$
$+$

$j_{2}$ , we $h$ ave $g_{j}^{1}b$ (k-j) $=$ $0$ $for$ any $j$ $\geq 0$ .
I $t$ $fo110$ ws $f$ rom the $fo$ rmul a $(**)$ tha $t$

$a_{2}(k-i_{2})$ $=\Phi(a_{22}(k-i-1). a_{2}(k-i_{2}-2), \cdot. . , a_{22}(k-j))$

$for$ $k$ \rangle $db$
$+$

$j_{2}$ , wh ere $\Phi$ $is$ a $f1$ xed 1 $i$ near $f$ unc $ti0n$ . Le $t$ $r$ $=$

$j_{2}-i_{2}$ and assume first that $r$ \rangle $0$ . Then we have

$a_{2}(k)$ $=\Phi(a_{2}(k-1), a_{2}(k-2)$ , ’ $\cdot\cdot$ ,
$a_{2}$

(k-r)) $for$ $k$ \rangle
$d_{b}$

$+$ $r$ .
$S1nce$ $there$ ar $e$ $on1y$ $finite1y$ many $d1stinct$ val ues $for$ an n-t up 1 $e$

$from$ $Z_{2}$ , $there$ $is$ a $n$ umbe $r$ $l$ \rangle $0$ $s$ uch $th$ a $t$ ( $a_{2}(d_{b}+r)$ , $\cdot$ . . ,

$a_{2}(d_{b}+1))$
$=$

$(a_{2}(d_{b}+r+l), \cdot. . , a_{2}(d_{b}+1+l))$ . Then we $h$ ave $a_{2}(d+r+1b)$ $=$

$\Phi$

$(a_{2}(d_{b}+r), , a_{2}(d_{b}+1))$ $=$ $\Phi(a_{2}(d_{b}+r+l), \cdot. . , a_{2}(d_{b}+1+l))$

$a_{2}(d_{b}+r+1+l)$ . Thus $a_{2}(k)$
$=$

$a_{2}(k+l)$ $for$ $k$ \rangle $d+rb$

Now as $s$ ume that $r$ $=$ $0$ . I $t$ fo 11 ows from the fo rmul a $(**)$ th a $t$

$g^{2}$ a (k-i 2) $=$ $0$ $for$ $k$ \rangle $d_{b^{+j}2}$ . He $nce$ we $h$ ave $a_{2}(k)$
$=$ $0$ $for$ a11 $k$

$i_{2}$ 2
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$\rangle d$

$b$

$Simi1$ ar 1 $y$ we ob $t$ a $in$ $t$ he es $s$ en $ti$ al 1 $y$ per $i$ od $ic1ty$ $0f$
$a_{1}$ and $b$ .

This completes the proof. $0$

$W$hen the signature sequences have only finite supports, we can

realize the relative commutant algebras $\sigma^{n}(\Re)$ . $\cap$ $\Re$ concretely as

we 11 as n-sh $ifts$ . The resul $t$ $cont$ a $i$ ns a $suffitient$ co nd $ition$ $for$ a 1 ’

$a_{2}$ and $b$ such that $m$ makes $\lambda m(X)^{\prime\prime}$ a factor.

Theorem 3. 4. Let $a_{1}$
,

$a_{2}$ and $b$ be nonzero signature sequences

who $se$ suppo $rts$ are $finite$ . Pu $t$

$d_{1}$
$=$ max $ti\in N:a_{1}(i)$

$\neq$ $0$ }, $d_{2}$

max $ti\in N;a_{2}(i)$
$\neq$ $0$ } and $d_{b}$

$=$ max $ti\epsilon N\cup$ $t0$ } ; $b(i)$ $\neq$ $0$ }. Le $t$ $m$ be

the multiplier associated with $a_{1}$
,

$a_{2}$ and $b$ . Consider the

$fo11$ ow $i$ ng cond $itio$ ns (i) and $(ii)$ ;

(i) $db\leq d_{1}\leq d_{2}$ and $d_{b}$
$\langle$

$d_{2}$

$(ii)$ $d_{1}\leq d_{2}\leq d_{b}$ and $d_{1}$
$\langle$

$d_{b}$ .
I $f$ ei. ther (i) or (ii) is satisfied, then $\lambda m(X)$

“ is a hyperfinite

II $\iota^{-f}$ ac tor. Moreover, for the cas $e$ of (i) , we have

$\sigma^{n}(\Re)$ ’ $\cap\Re=\mathbb{C}1$ if $0\leq n\leq d_{1}$ .
$\sigma^{n}(\Re)$ ’ $\cap\Re=$ $\{\lambda m(e_{i}^{1}) ; 0\leq i \leq n-d_{1}-1\}^{\prime\prime}$ $if$ $d_{1}+1\leq n\leq d_{2}$ and

$\sigma^{n}(\Re)$ ’ $\cap\Re=$ { $\lambda m(e_{i}^{1})$ , $\lambda_{m}(e_{j}^{2})$ ; $ 0\leq$ $i$

$\leq n-d_{1}-1$ . $0\leq i$ $\leq$ n-d2
if $d_{2}+1\leq n$ .

For the case of (ii), we have

$\sigma^{n}(\Re)$ ’ $\cap\Re=$ Cl $if$ $0\leq n\leq db$ and

$\sigma^{n}(\Re)$ ’ $\cap\Re=$ $\{\lambda_{m}(e_{i}^{1}), \lambda m(e_{j}2) : 0\leq i j \leq n-d_{b}-1\}^{\prime\prime}$ if $d_{b}+1$
$\leq n$ .

Proof. For a subgroup $Y$ of X, we put $D_{Y}$
$=$ { $ g\in$ X ; $p(g\wedge h)$ $=$ 1
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$for$ a11 $h$ $\in$ $Y$ }. We $sh$ a11 $pro$ ve $the$ $theor$ em $on1y$ $for$ $the$ cas $e$ $of$ (i)

(a $simi1$ ar pro $of$ wo rks $for$ $t$ he cas $e$ $of$ $(i1)$ ). Due $to$ [1; Co $ro11$ ary

1. 3] , $it$ $is$ $s$ uf $fici$ en $t$ $to$ show th $e$ $fo11owing$ ;

$D_{n ,s(X)}$
$=$ $\{0\}$ if $0\leq n\leq d1$

$Ds^{n}(X)$
$=$

$[e_{i}^{1} : 0\leq i \leq n-d_{1}-1]$ if $d1+1$ $\leq n\leq d_{2}$

$Ds^{n}(X)$
$=$ [ $e_{i}^{1},$ $e_{j}^{2}$ ; $ 0\leq$ $i$

$\leq n-d-1l$ ’
$ 0\leq$ $j$ $\leq n-d-112$ if $d_{2}+1$

$\leq n$ ,

where we deno $te$ by [ $e^{1}$ : n-d the subgroup of X
$i$ : $0$ $\leq$ $i$ $\leq$ n-d $1^{-1]}$

generated by $e^{1}$ , It is clear that containes
$i$

$0$ $\leq$ $i$ $\leq$

$n-d_{1}-1$ . It is clear that
$Ds^{n}(X)$

$the$ $right$ $side$ $of$ $the$ ab $ove$ $fo$ rmu 1 a $in$ $e$ ach $c$ as $e$ . We sha11 $show$ $the$

$r$ ev $erse$ $inc1$ us $ion$ . A $t$ $first$ , we as $s$ ume $th$ a $t$ $the$ co nd 1 $tion$ (i) $is$

satisfied. Suppose that there exists a nonzero element $g$ in
$Ds^{n}(X)$

Pu $t$

$j_{1}$
$=$ max $\{j ; g^{1}j \neq 0\}$ and $j_{2}$

$=$ max $\{j ; g_{j}^{2} \neq 0\}$ . I $t$ $fo110$ ws $fr$ om

$Le$ mma 3. 1 $th$ a $t$

$(*)$ $\sum_{j=0}j1g^{1}a(k-jj1)$ $+\sum_{j=0}j_{2}g_{j}^{2}b(k-j)$ $=$ $0$

$(**)$ $\sum_{j=0}j2g^{2}aj2$ (k-j) $+\sum_{j=0}j1g^{1}bj$ (k-j) $=$ $0$

for each integer $k\geq n$ .
$St$ ep (1). Le $t$ $0$ $\leq$ $n$ $<$

$d1^{\cdot}$ I $f$
$j1$

$\leq$

$j_{2}$ , $then$ we can app 1 $y$ $t$ he $fo$ rmul a

$(**)$ $for$ $k$ $=$
$d2$

$+$
$j_{2}$

$\geq$

$d1$
$\geq$ $n$ . I $t$ $fo11$ ows $f$ rom $db$ \langle $d2$

$t$ ha $t$ al 1

terms in the formula $(**)$ except of $g^{2}aj_{2}2(d2)$ equal to $0$ . Hence

$g_{j_{2}}^{2}a_{2}(d2)$
$=$ $0$ . $Si$ nce $a_{2}(d_{2})$

$=$ 1 , we have $g_{j_{2}}^{2}$
$=$ $0$ . Th $is$ $is$ a

co ntrad 1 ct $i$ on. I $f$
$j_{1}$

\rangle
$j_{2}$ , $t$ hen we can app 1 $y$ the fo rmul a $(*)$ for $k$

$=$
$d_{1}$

$+$
$j_{1}$

$\geq$ $n$ . Th en all $te$ rms 1 $n$ $(*)$ exc $ept$ $of$ $g_{J_{1}}^{1}a_{1}(d_{1})$ equal $to$

$0$ . He $n$ ce $g^{1}$ a $(d )$ $=$ $0$ . $Since$ a $(d )$ $=$ 1, we $h$ ave $g^{1}$
$=$ $0$ . Th $is$ 1 $s$

$j_{1}$ 1 1 1 1 $j_{1}$

–131–



a contradiction. Therefore we conclude that $g^{1}j$ $=$ $0$ for all

integers $j$ $\geq 0$ .
$St$ ep (2). Le $t$

$d_{1}+1$
$\leq$ $n$ . As sume tha $t$ $g_{s}^{2}$ $=$ 1 $for$ $s$ ome $s$ $\geq$ $0$ . Then a

similar argument in step (1) immediately yields a contradiction.

Ther $efo$ re $g_{j}^{2}$ $=$ $0$ for al 1 in tegers $j$ $\geq$ $0$ . Assume th a $t$ $g_{s}^{1}$ $=$ 1 for

$s$ ome $s$ $\geq$

$n-d_{1}$ . I $f$
$j_{1}$

$\leq$

$j_{2}$ , we have by the as sump $tion$ tha $t$

$j_{1}$
$\geq$ $s\geq$

$n-d_{1}$ . Thus we can appl $y$ the $fo$ rmul a $(**)$ $for$ $k$ $=$
$d_{2}$

$+$
$j_{2}$ $\geq d_{1}$

$+$
$j_{1}$

$\geq$

$n$ , and we have a contrad iction as step (1). If $j_{1}$
\rangle

$j_{2}$ , cons idering

the formul a $(*)$ for $k$ $=$
$d_{1}$

$+$
$j_{1}$

$\geq$ $n$ , we reach a co nt rad iction

$s$ imi 1 arl $y$ . There fo re $g_{j}^{1}$ $=$ $0$ for al 1 $i$ ntegers $j$

$\geq n-d_{1}$ .
$St$ ep (3). Le $t$

$d_{2}+1$
$\leq$ $n$ . Assume $t$ ha $t$ $g_{S}^{2}$ $=$ 1 $for$ $s$ ome $s$ $\geq$

$n-d_{2}$ . Then

we have $j_{2}$
$\geq$ $s$ $\geq$

$n-d_{2}$ . Co ns $ideri$ ng th $e$ $fo$ rmul a $(**)$ $for$ $k$ $=$
$d_{2}+$ $j_{2}$

$\geq$ $n$ , we have a contrad $i$ ct $i$ on as abo $ve$ . There fo re $g_{j}^{2}$ $=$ $0$ for all

integers $j$ $\geq$ n-d Clearly these arguments complete the proof. $0$

2

Remark 3. 5. In the above proposition, we can not drop the

co nd $ition$ (i) $0r$ $(ii)$ . Le $t$

$a_{1}$
$=$

$a_{2}$
$=$ $b$ . Then $\rho(g\wedge X)$ $=$ 1 $for$ any $g$

$in$ X such tha $t$ $g_{j}^{1}$ $=$ $g_{j}^{2}$ $for$ all $j$ $\geq 0$ .

Corollary 3. 6. There are at leas $t$ a coun table infini ty of outer

conjugacy classes among the $Z\oplus Z$ -shifts.2 2

(d)
Pro $of$ . Fi $x$ any $int$ eger $d$ $\geq$ 1. Le $t$ $a_{1}^{d}$ $=$ $a_{2}^{d}$ $=$ $(0, \cdots 0 , 1, 0, \cdots)$

and $b$ $=$ $(1, 0,0, \cdots)$ . Namely, $a_{1}^{d}(d)$ $=$ $a_{2}^{d}(d)$ $=$ 1 and $a_{1}^{d}(i)$ $=$ $a_{2}^{d}(i)$ $=$

$0$ $for$ $i$ $\neq$ $d$ , $b(0)$ $=$ 1 and $b(1)$ $=$ $0$ $for$ $i$ $\neq$ $0$ . Then $d_{b}$ $\langle d1$
$=$

$d_{2}$ . Denote by
$\sigma_{d}$ the $Z_{2}\oplus Z_{2}-shift$ associated with $a_{1}^{d}$ , $a_{2}^{d}$ and $b$ .
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I $t$ $fo110$ ws $from$ $the$ $p$ ro $c$ eed $i$ ng $theorem$ $th$ a $t$ $\sigma_{d}^{n}(\Re)$
’ $\cap\Re$ $=$ $\mathbb{C}1$ $if$ $n\leq$

$d$ and $\sigma_{d}^{n}(\Re)$
‘ $\cap$ $\Re$ $\neq$ $\mathbb{C}1$ $if$ $n$ $\geq$ $d+1$ . $Sin$ ce $l1_{t}^{-\epsilon}$ $re1$ a $ti$ ve commu $t$ an $t$

algebras are invariant under outer conjugacy,
$\sigma_{d_{1}}$

is not outer

co nj uga te to
$\sigma_{d2}$

if $d1$
$\neq$

$d_{2}$ . Thus we have coun $t$ abl $e$ $i$ nf $i$ ni ty of

outer conjugacy classes among the $Z$ $Z -shifts. This completes the2 2
proof. $0$

Fl $n$ al 1 $y$ , we $sh$ al 1 $cons1der$ a convers $e$ $of$ Propo $sit10n$ 3. 3 and

Theorem 3. 4. Let $a_{1}$
,

$a_{2}$ and $b$ are signature sequences and let $m$

be the element in Bich (X, T) associated with $a_{1}$
,

$a_{2}$ and $b$ . Assume

tha $t$

$\lambda m(X)^{\prime}$ is a fac tor. I $s$ it nec $ess$ ary tha $t$ one of $a_{1}$
,

$a_{2}$ and

$b$ $is$ $not$ $essenti$ al 1 $y$ $peri$ od $ic^{9}$ I $s$ $it$ $necess$ ary $th$ a $t$ a11 $of$
$a_{1}$

,
$a_{2}$

and $b$ have fi ni $te$ suppo rts $\eta$ Th $e$ fo 11 owi ng examp 1 $e$ gives an answer
$to$ $the$ above qu $estion$ .

Examp 1 $e$ $3.7$ . Le $t$

$a_{1}$
$=$ $(0 , 1, 0,0, \cdots)$ ,

$a_{2}$
$=$ $(0,1,1 , 1, \cdots)$ and $b$

$=$ $(1, 0,0, \cdots)$ . Name 1 $y$ , $a_{1}(1)$
$=$ 1 and $a_{1}(i)$

$=$ $0$ $if$ $i$ $\neq$ 1 , $a_{2}(i)$
$=$

$1$ $if$ $i$ $\neq 0$ and $a_{2}(0)$
$=$ $0$ , $b(0)$ $=$ 1 and $b(i)$ $=$ $0$ 1 $f$ $i$ $\neq 0$ . Then

all of these signature sequences are essentially periodic, and $a_{2}$

do es no $t$ have fi ni te suppo $rt$ . However $\lambda m(X)$
“ is a fac tor.

Pro $of$ . I $t$ $is$ suf $fici$ en $t$ $to$ sho $w$ tha $t$ $tg\in$ X ; $P(g\wedge X)$ $=$ 1} $=$ $t0$ }.

Suppose that there exists a nonzero element $g$ $=$ $\sum_{j=0}^{\infty}g_{j}^{1}e_{j}^{1}$ $+$ $g_{j}^{2}e_{j}^{2}$ in

X such tha $t$ $\rho(g\Lambda X)$ $=$ 1.

Then $g$ $s$ a $t1sfi$ es the $fo11owi$ ng co nd $itio$ ns;

(1) $g^{1}1$ $+g_{0}^{2}=$ $0$
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(2) $g_{k-1}^{1}$ $+g_{k+1}^{1}$ $+g_{k}^{2}=$ $0$ $for$ al 1 $k\geq 1$

(3) $2_{j\geq 0}g^{2}j$ $+g_{k}^{1}=$ $0$ $for$ al 1 $k\geq 0$ .
$j\neq k$

Suppo se tha $t$ $\sum_{j\geq 0}g_{j}^{2}$ $=$ 1. Co ns ideri ng the fo rmul a (3) for

suf $f1ci$ en $t1y$ 1 arge $k$ , we have $g_{k}^{1}$ $=$ 1 $for$ $infinite1y$ many $k$ . Th $is$

is a contradiction, and we have $\sum_{j\geq 0j}g^{2}$ $=$ $0$ . Addi ng this and

the equa $tion$ (3) , we have $g_{k}^{2}$ $=$ $g_{k}^{1}$ $for$ al 1 $k$ $\geq$ $0$ . So we pu $t$

$g_{k}$
$=$

$g_{k}^{1}$ $=$ $g_{k}^{2}$ . From the equa $tion$ (1) and (3) $for$ $k$ $=$ 1, $0$ ne can $s$ ee tha $t$

$\sum_{j\geq 2j}g$ $=$ $0$ . Ther $efore$ $g_{0}$
$+$

$g_{1}$
$=$ $0$ . Al $so$ we see $f$ rom $t$ he equa $tion$ (2)

for $k$ $=$ 1 that $g_{0}$
$+$

$g2$
$+$

$g1$
$=$ $0$ . Hence $g2$

$=$ $0$ .
Suppo se tha $t$

$g_{3(m-1)}$
$=$ $g3(m-1)+1$ and $g3(m-1)+2$ $=$ $0$ for $s$ ome

pos it ive $i$ nteger $m$ . I $t$ fo 11 ows from the equa ti on (2) tha $t$

$g_{k-1}$
$+$

$g_{k+1}$
$+$

$g_{k}$
$=$ $0$ . Since $g_{3m-1}$

$=$ $0$ , we have $g3m-2$ $=$
$g_{3m}$ from the

equa $tion$ $for$ $k$ $=$ 3 m-l. $Simi1$ ar 1 $y$ , $the$ $e$ qua $tion$ $for$ $k$ $=$ $3m$ $s$ ays $t$ ha $t$

$g3m+1$ $=g_{3m}$ . Wh en $k$ $=$ $3m+1$ , we have $g3m+$ $g3m+2$ $+$

$g_{3m+1}$
$=$ $0$ , and so

$g_{3m+2}$
$=$ $0$ . By an induction, we conclude that $g3m$

$=$

$g_{3m+1}$
$=$

$g0$ and

$g_{3m+2}$
$=$ $0$ $for$ al 1 $int$ ege $rs$ $m$ $\geq$ $0$ . $Sin$ ce $g$ be 1 $ongs$ $to$ the

restricted direct product, we have $g$ $=$ $0$ . This completes the proof. $0$
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