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1. Introduction

Strongly continuous semi-groups and holomorphic ones of bounded linear operators in
Banach spaces have been investigated by a number of authors, and many results on them
have been, thanks to the restriction of equicontinuity, generalized to the case of equicon-
tinuous semi-groups in locally convex spaces (See for example K. Yosida [4]). It is,
however, in 1968 that the notion of the differentiability of semi-groups was introduced
systematically by A. Pazy, who gave in his paper [ 3] among other things a necessary
and sufficient conditions for a strongly continuous semi-groups in a Banach space to be
differentiable. In this note, we intend to generalize his results and to deal with the
differentiability of semi-groups in a locally convex space.

Let X be a locally convex linear topological space which is assumed to be sequentially
complete, and Ty, =0 be a semi-group of continuous linear operators on X of class (C%
such that

Jfor some b>0, Tt, 0<t<b is equicontinuous.

This semi-group is called differentiable at t=a (<b) if T.X is included in the domain of
the infinitesimal generator A (Definition). We are concerned particularly with the charac-
terization of this A in terms of its spectral properties. Throughout this paper, we make
frequent use of the following formula:

AI—A)1 = {Ta+zg:ez<a-s>Tsds}(zexaI—A T,

This formula holds as long as iere]—A T, has the everywhere defined continuous inverse
and enables us represent the resolvent R(1; A) = (AI—A)~! of A in a different manner
from the usual one by the Laplace transform (Theorem 2. 2), playing an essential role in

our theory. Actually we make, for the validity of the above formula, an additional
assumption:

Jor some C> 0, (CATo)", n=1, 2,...... is equicontinuous.
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Thus, we characterize the infinitesimal generator of an equicontinuous or not neces-
sarily an equicontinuous semi-group which is differentiable in the above sense (Theorems
2.1and 5). Also we obtain necessary and sufficient conditions for a class of semi-group
to be differentiable or to be C* (Theorems 3. 2 and 4. 3).

The author wishes to express his hearty thanks to Professor Tanabe for his kind
advices.

2. A class of differentiable semi-groups.

Throughout the rest of this paper, we assume that X is a locally convex linear topo-
logical space which is to be sequentially complete. A semi-group T, £=0 of continuous
linear operators on X is called of class (C9) if

Jor every x € X, Tix is continuous in =0,
The infinitesimal generator A of a semi-group T, t=0 is defined as usual by

A=1lim A 1(Th—1I).
hi0

DEFINITION. A semi-group T: ¢=0 of class (C?) is called differentiable at t=a if
there exists an ¢>0 such that 7.X is included in the domain D(A) of A. It is called C*
if it is diffierentiable at every £>0. '

By this definition, it is easy to see that if 7%, =0 is differentiable at /=g, then it is
differentiable at every #=a, and moreover T:X is included in D(A™) for ¢ =na, n=1, 2,....

In this section, we are cencerned mainly with the properties of the resolvent set p(A)
and the resolvent R(2; A)=(I—A)! of the infinitesimal generator A of a differentiable
semi-group Tt, t=0. Here we always assume that T, #=0 is of class (C%) and satisfies

Jor a constant b>0, Ty, 0=t<b is equicontinuous.

The above condition is satisfied by a locally equicontinuous semi-group T, ¢=0 in the
sense (due to T. Komura [2]):

for any fixed 6>>0, T:, 0=t=0b is equicontinus.
Our main result in this section is the following

THEOREM 2. 1. Let Ty, t>0 be a semi-group of class (C°) with the infinitesimal genera-
tor A, and satisfy the condition that for a constant b >0, Tt, 0=t <0b is equicontinuous. If
this is differentiable at t=a for some positive a<b and (CATa)", n=1, 2,...... is equicontinu-

 ous for some positive constant C, then the domain

=[;. 1 jog2 1
2_{2,Relgalogc alogllmll}

is included in p(A) and A"1R(A; A), A€, ReA<7 is equicontinuous for any fixed 7=0.
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ReEMARkK. This problem was discussed first by E. Hille-R. S. Phillips [ 1] and recently
by A. Pazy [3] both in the case where Ty, =0 is a strongly continuous semi-group in a
Banach space. In this case, the equicontinuity of T 0<¢<b and (CAT.", n=1,2,...
is always satisfied and hence need not be assumed.

We shall now prepare several lemmas.

Lemma 2. 1. Let T be a continuous linear operator on X such that (CT)", n=1, 2,......
is equicontinuous for a constant C> 0. Then every complex number 2 such that |2 > 1/C
belongs to p(T) and the domain of R (2; T) is all of X.

Proor. For any continuous semi-norm p there exists a continuous semi-norm ¢ such
that forall x& X
PQA"T" x) < (Cl2]D)~ " q(x), n=1, 2,......

Hence, because of C|1] > 1, the Nemann series

RQA; T) =X 11T

n=0

converges to be a continuous operator on X. Q. E.D.

Remark. If X is a Banach space, (CT)", n=1, 2,......... s equicontinuous with

1/C=I|TI.

LEMMA 2. 2. Let B be a densely defined closed linear operator, and T, S continuous
linear operators on X. Assume further that T has the continuous inverse T~ defined on X.
If for every y & D(B), Sy belongs to D(B) and Ty = BSy = SBy, then B has the continuous
inverse B™1 = ST defined on all of X. '

Proor. Clearly B is a one-one operator. From the fact that B is closed and densely
defined, it follows that for all x © X, Tx=BSx as well as Sx & D (B) and hence that for all
%*E X, x=BST™1 x. Thus Bis a one-one and onto operator and has the continuous inverse
B™1 = ST-1 as was to be proved.

LemMMA 2. 3. Let A be the infinitesimal generator of a semi-group T, t=0 of class (C%)

such that Ty, 0= t=<b is equicontinuous for a constant b>0. Then, A is a densely defined
closed linear operator in X.

Proor. It is easily verified that
x&E X belongsto D(A) and Ax=y
if and only if
Ttx—x=S: Tsy ds for every ¢t with 0= ¢ =<b.

Making use of this relation, we prove the lemma. For any s & X, A-1 S:: Tsx ds
belongs to D(A) and tends to x as 4 | 0, which shows that D(A) is dense in X. Next, let-
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{x<} bea netin D(A) such that x.—x and Ax,—y. Nothing that
To a—a=| TeAsa ds, 0= 0

and T, 0=¢=<0b is equicontinuous, we obtain
Tm—x:SZ Tsy ds, 0= tgb:

That is, x belongs to D(A) and Ax = y, which implies that A is closed. Q. E.D.
As a consequence of the above lemmas, we have

THEOREM 2. 2. Under the assumptions of Theorem 2. 1,

1) A is a densely defined closed linear operator;

ii) every complex number 2 such that Rex > % log —lc———}? log |2 belongs to p(A), and

R(@; A) is an everywhere defined continuous linear operator given by
R(z;A)={Ta+z [seice> T ds}czezaz—A T,

Proor. We have only to prove ii). By Lemma 2. 1, for every 2 saisfying

1 . 1 1 1
| 2e2a| > < that is, Rexi> p log C p

log |4],
Aete belongs to p(AT:) and (Aera[—AT,)! is a continuous operator everywhere defined
on X. On the other hand, for every 2 and y & D(A)
ere[—AT)y=QI—A) Ty + 2(ea[—To)y
a

=(2[—A){Ta+2 Soezc - Ty ds} y

=[Tuta] x> 13 ashar—ady,
where x— Tax + 2 SZ ei(?-%) Tsx ds is a continuous operator on X. Thus, with the aid

of Lemma 2. 2, we conclude this theorem.

Proor oF THEOREM 2. 1. Because of Theorem 2. 2, a subset 3 of the set {1; Rea >
allogC1—agllog (2]} is included in p(A). Furthermore, there exists, for any continu-
ous semi-norm p, a continuous semi-norm ¢ such that for all x € X and A=o¢+ir & X}
with e <7

PR ; DD={1+121{] exe=> ds](|2le "~ g

< (1+ 2] aea) Cq(x).

Nothing that for any 2 & X, |1]esa = 2/C, we obtain that p(R(1; A)x) is dominated by
Cear(C/2+4+a)|2|q(x) for every 2 € 3} with ¢ <7, which completes the proof.
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3. Conditions for differentiability

Our main problem in this section is to find sufficient conditions for the infinitesimal
generator A of a semi-group T3, =0 satisfying the condition stated below to generate a
differentiable semi-group:

for a constant w=0, e *tT:, t=0 is equicontinuous.

A semi-group which satisfies this condition with =0 is called generally an equicon-
tinuous semi-group. The following theorems will be established analogously to the case
of an equicontinuous semi-group or to that of a strongly continuous semi-group in a
Banach space. See[1]and [2].

THEOREM A. A necessary and sufficient condition for a closed linear operator A with
dense domain to generate a semi-group Tt, t=0 of class (C%) such that for a constant » =0,
e “tTy, t =0 is equicontinuous is that every complex number 2 with Rei™> w belongs to p(A)
and

(Rez—a)"R(; A)", Rea > o, n=1, 2,...... is equicontinuous.

THEOREM B. Let T, t=0 be a semi-group of class (C%) such that for a constant o =0,
e @t Ty, t=0 is equicontinuous, and A be the infinitesimal generator. Then for every positive
number e,

To=lim

1 Sw‘*‘e'*‘ir a .
erR(2; Ay d, t>0, y&eD(A).

wie-iv

Since e ! Ty, t=0 is an equicontinuous semi-group with the infinitesimal generator
—wl+A, many other results on equicontinuous semi-groups will be extended to such
semi-groups as this 7% £=0. So that there may be little that is new. But, we intend to
prove in Section 5 that the infinitesimal generators of differentiable semi-groups dealt
with in Section 1 do generate, even if they are not necessarily assumed to be equicon-
tinuous, semi-groups of the above type.

Our first assertion is

THEOREM 3. 1. Let A be the infinitesimal generator of a semi-group Ti, 1=0 of class
(C% such that for a constant 0=0, e *tT:, t=0 is equicontinuous. If for some positive
numbers a, B, p(A) contains the domain

21={2; ReaA=a—g log |Im1|}

and if for some constant p =0, 7 PR(2; A), A & 3 is equicontinuous, then T, t =0 is differ-
entiable at every t > (p+2) /8 and

E—@+2 /B (CATOH", (p+2)/B<t= (p+2)/B+1, n=1,2,........
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is equicontinuous for some positive constant C independent of t and n.

COROLLARY. Let A be the infinitesimal generator of a strongly continuous semi-group
T:, t=0 in a Banach space X. If for some positive numbers a and B, p(A) contains the domain
1= {4; ReA=a —B log |Ima|} and if for some constant p=0 and C>0, |R(2; AD|=<C|a|»s,

AES), then Ti, t=0 is differentiable at every t > -2 2—2 and

(t—%?)uATtug C' forall t with 1’;2 <t=< _f’%z—ﬂ,

where C' is a positive constant independent of t (cf. A. Pazy [3]).

Before the proof of this theorem, we must prove several preparatory lemmas. ‘

Now let us consider a domain >'=3%U3>, in the complex number plane, where
2u=1{4; Rea > o} and 3= {1; w+1=Rei=a—pB log |Imi|} for positive numbers «, B
and @=0. Let R(2) be a complex valued continuous function defined on >3 such that

IR | < (ReA—w)lon >} and = |2]? on D)
for a constant p=0. Assuming these things, we study the successive derivatives with
respect to ¢ of the Riemann integral

)= _2_1;1_ SCeNR(DdX,

where C=C,U C,U C3 and G, C; and Cj are given by

C={A=oc+ir;o+l=0c=a—Flog(—7)},
Co={A=w+1+ir; —L=t=<L, L=e“*/F,
CG={1=0+ir;wo+1=0=a— Blog z}.

We first establish
Lemma 3. 1. I(t) is well defined for t> (p+1)/B, and n times differentiable for
t>n+p+1)/8, and () is estimated in absolute value as

) 1 ooty gn_ Bt—n—p . _
| I | < —e H ,Bt—n—p—-l’n 1,2,....... ,

where H is some positive constant independent of t and n.

Proor. Put L) = % SC' eiR(Ada, i=1, 2,3. Clearly I;(t) is well defined and

n times differentiable for every #>0, and

[ 12| = (/m) (@+1+L)"LetwDr,

On Cy || =< |a—Blog t|+ < Kr, K= Max(—ﬂ’z—l, e‘1“'“9)+ 1, and therefore

L o L a /4 \ " p-
2O SCSe'lllf’ldllé o eat KP(L+5/L)\ o7t dr,
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which implies that I3(¥) converges uniformly for #=# > (p+1)/8. Similarly

—Z—}TTSCSM e R(2) da converges uniformly for ¢=# > (n+p+1)/8 and hence L(¢) is well

defined for ¢> (p+1)/B and = times differentiable for #> (n+p+1)/B. Moreover
LOY() is estimated as

| L(E)| = o et K*2(L+BILY| ccn+o=pt>de
=— K"+ P (L4 B/ L)L 1eCw Dt [ (ft—n—p—1).
Similar estimates hold for I;(¢) and I;»(¢). Thus we obtain that I(¢) is well defined
for t>(p+1)/B8 and » times differentiable for ¢ > (n+p+1)/8, and
[ ()| = (1/n)ele* Dt H* (14 (Bt—n—p—1)"1}, n=1,2,......

where the positive constant H = Max {(o+ 14+L)2, K?2*1(1+8/L)(L+1)?*2} is independ-
ent of ¢ and x. Q. E. D.
We then have immediately

Lemma 3. 2. For (0+2)/B<t< (»+2)/8+1
G-+ /B I =< A/n)M", n=1, 2,...... R
where M is a positive constant independent of t and n.

Proor. ¢> (p+2)/8 implies that nt > n(p+2)/8 = (»n+p+1)/B and hence, by the
previous lemma, Im(nt) is estimated as
[ Im(nt) | = (1/m)eCetDntH" {1+ (Bt—p—2)71}.
Thus, for p+2)/8 <t < (p+2)/8+1
G-+ /D Imm) | < (A /m)M?, n=1, 2,...... ,
where M = H eCe*DA+(p+2/5(141/8). Q.E.D.

Proor oF THEOREM 3. 1. Put for every x&=X Six= —z}rﬂc et R(2; A)x da, where C
is the integral path used in the definition of I(¢#).

By Theorem A, (Rei—w) R(2; A), ReA>>w is equicontinuous and therefore S¢x is, by
Lemma 3. 1, well defined for #> (p+1)/B8 and » times differentiable for ¢> (n+p+1)/8.
With the aid of Lemma 3. 2, we find, for any continuous semi-norm p, a constant semi-
norm ¢ such that for all x & X

{t—=+2)/8 p(Sniwx) = (1/m)M™ ¢(),
P+ /8<t = (p+2)/+1, n=12,........ ,

which means that {t —(p+2)/8} M~" S, (p+2)/8<t = (p+1)/p+1, n=1,2,..... is
equicontinuous. :
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For the proof of the theorem, it remains to show that Tix = Six for all x & X and
t > (»+1)/B8. By Theorem B, it holds that

Toy = lim L S"’”ﬁ’ e¥R(2; A)y di, yED(A), £0.

|£] - 2r1 o4]-ir

Let z € D(ACPT*D), then

z , Az APl | R, A) AT,
RQ@; Adg=—7—t— g T ¢ ztz:lﬂ

Hence noting that by Cauchy’s intergral theorem one can shift the intergral path from
w+1-4ir, —oo <z < o to C, we obtain that for #> (p+1)/8 and z & D(ALPTY), Tz = Siz.
Indeed, this can be verified by nothing for instance that

g“’”*”" |2|2Cp31|d2| < |a—w—1|/NCPI#*14 B log N/ NLoI-2+1—>0
a-glog N*iN

as N— oo,

Since D(AF?*Y) is dense in X, Ty, x=Stx for all x&X and ¢>(»+1)/8. Thus,
{t—@+2 /B M "Snt = {t— (p+2) /B (MTATD", p+2)/p<t=(B+2/p+1, n=1,
2,...... is equicontinuous. Q.E. D.

We can summarize the results of Theorems 2. 1 and 3. 1 as follows

THEOREM 3. 2. Let A be the infinitesimal generator of a semi-group Ti, t =0 of class
(C% such that for a constant w =0, e T, t=0 is equicontinuous. The following conditions
are multually equivalent:

(I) T, t=0 is differentiable at some t = a and for some constant C >0, (CATa)",
n=1,2,...... is equicontinuous;

(II) For some constant ¢>0, Tt, t =0 is differentiable at every t > c and for some
constant E> 0, ({—c)(FAT)", c<t <c+1, n=12,...... is equicontinuous;

{II) For some constants a, >0, p(A) contains the domain 3= {2; ReA=a—8 log
|Ima|} and 271R(A; A), 2 E X} is equicontinuous.

Proor. The implication (I1)—III) is shown by Theorem 2. 1 and (IID—{I) by
Theorem 3. 1. The proof of (II)— (D) is trivial. Q. E. D.

4. C* semi-groups.

In this section we shall deal with C~ semi-groups, whose definition was given in the
beginning of Section 2. The following theorems are corollaries of Theorems 2. 1 and
3.1:

THEOREM 4. 1. Let Tt, t=0 be a semi-group of class (C°) with the infinitesimal generator
A such that for a positive constant b, T:, 0=t =<0b is equicontinuous, If this is C~ and for
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every t with 0<t <b, there exists a positive number C(t) such that
(CHATH", 0< t =<b, n=1, 2,...... is equicontinuous,
then for every t with 0<t<0b and D < C(t), the domain

2= { ; Relg—%log %—%Iog | Im2a [}

is included in p(A) and A71R(A; A), 2A&>Y, ReA< 7  is equicontinuous for any fixed v = 0.

Proor. Recalling the proof of Theorem 2. 1, we obtain that p(A) contains the domain
> and that for any continuous semi-norm p, there exists a continuous semi-norm ¢ such

that
P IRQ; A)x) < Det'(D/2+t)q(x) < D(D/2+b)ebrq(x)
for all x & X and 2 & 3, with Rea<7, which completes the proof.

THEOREM 4. 2. Let A be the infinitesimal generator of a semi-group T:, t=0 of class
(C% such that for a constant o =0, e~“* Ty, t=0 is equicontinuous. If for every >0, there
exists a positive number a(B) such that p(A) contains the domain

21s=1{4; Rea>a(p) — plog |ImA|}

and that for some constant p =0, 77PR(2; A), A& 3s is equicontinuous, then T:, t=0is C=,
and for every t >0, there exists a positive number C(t) such that (C(¢)AT)?, t>0, n=12,...
is equicontinuous, :

Proor. By Theorem 3.1, for every >0, T:, t=0 is differentiable at every
t> (p+2) /8, which implies that T¢, £=0 is C*. |

Remembering the proof of Lemma 3.2, we obtain that for every g>0 and
t>@+1D/8,

[Im(nt) | < (1/2)eCwrnt H2 (1+(ft—p—2)"Y, n=1, 2,......... ,

where H is a positive constant independent of ¢# and n. Therefore, for any continuous
semi-norm p, there exists a continuous semi-norm ¢ such that for all x € X

P(ATH ") <A /) M(s)” g::__g qg(x), s=2(p+2)/8, n=1,2,...... ,

where M(s) is a positive function of s. But >0 was arbitrary. Thus, (M(2)"1ATo~,
>0, n=1,2,...... is equicontinuous. Q.E. D.
Thus we have established

THEOREM 4. 3. Let A be the infinitesimal generator of a semi-group Ti, t=0 of class
(C% such that for a constant =0, e=*" T:, t=0 is equicontinuous.

T:, t=0 is C™ and for every t with 0<t<b (b>>0), there exists a positive number C(t)
such that (C(£)ATH™, 0<t<bh, n=1, 2,...... is equicontinuous if and only if
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Jor every B=6(>0), there exists a positive number a(B) such that p(A) contains the
domain D= {2; Rea>a(B)— Blog|Ima|} and that 271R(2; A), 2 E D is equicontinuous.

ReMARk. It is not of little interest that the properties of the above C* semi-group
T:, t =0 depend upon the function C(¢) defined on (0, 4] for which (C(¢)AT:)", 0<¢<b,
n=12,...... is equicontinuous. When for some positive constant C, C(¥)=Ct for example,
this semi-group is, as is well known, nothing but a holomorphic one.

5. A property of differentiable semi-groups.

In this section, we shall add refinement to the theory in Section 2. Let us consider
again a semi-group T, =0 of class (C° such that for a constant >0, Ty, 0<¢<b is
equicontinuous, and suppose that it is differentiable at # = @ for some positive ¢< b and
that for a constant C>0, (CAT.)", n=1, 2,...... is equicontinuous.

Our final object in this section is to show that the above assumptions on 7%, £=0 are
restrictive enough for its infinitesimal generator A to generate a semi-group such that

Jor some constant >0, e *t Ty, t=0 is equicontinuous.

We shall begin with numerical calculations. It is obvious that the unique solution »
of de2a = C-1 is positive and that 2> if and only if deie™> C-1,

LEMMA 5. 1. For every integer m=0, (1—2~1e~2a C-1)"1 is m times differentiable with
respect to 2> w, and (—d[dD)m (1 —271e2a C1)~1 is positive and expanded for 2> w as

(—djdD)m(1—1"1e-%a C-1)1 =ki;(——d/d2)"‘(2‘1 e~ia C-1)k,

where the convergence is uniform for A=w-+t¢, e >0.
Proor. We have only to note that for any integer 2=>0
(—djdD)m(a 1e 2a C 1)k

LeMMA 5. 2. For every integer m=0 and 1> o
(—d/dD)m(2—w)™1

>(— d/dD)™(Aeta— c-l)-1+>":;mc,8:sm-v e-35ds(—d/dD*(1—1-1 e~ C-D-1,
Proor. Consider the equality:

(1-—(0) -1 -:__-{ema +2 S:el(a—s)ews ds}(lela- C D1 >,
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which can be easily verified by calculating the integrating part. Differentiating this m
times with respect to 4, we have for 2>w

(—djdD)m(A—w)-1
= (—d/dD)m(Aeia— C-1)1 evat-31uC, smve-isews ds(—d/dR)* (1—3te aC)™,
y=0

But, by the previous lemma, (—d/d)m(1—2"le % C-1)71 and hence (—d/dD)m(rets—
CV)"1 =—(—d/dD)mC+ C(—d/dD)m(1—2"le~2aC-1)"1 s positive for every 1>w. There-
fore, we have for 2> '

(—d/da)m(A—w)t

>(—d/dD)m(lera—C-1D)-14 ﬁ’mc,,g;’sm-v e~1s ds(—d/dD*(l—a-te~2a C-D),

v=0
as was to be proved.
Thus we have

THEOREM 5. Under the assumptions of Theorem 2. 1, p(A) contains the domain
A ={2; ReresRea™> C-1} = {1; ReA > o} (weva=C1)
and {(ReAi—w)R(; A)}», Red > v, n=1, 2,...... is equicontinuous.
Proor. By virtue of Theorem 2. 2, a subset A of {2; |21]|eaRe2™> C-1} isincluded in
p(A) and R(1; A) is expressed by
R(1; A) ={ Tat 2 S:ei(“'SJTsds}(lelaI—A T)1, Red > o.

By Lemma 5. 1, (I—2"1e %A T,)"1 is m times differentiable with respect to s=Rei >
and

(—d/do)"(I—a"te e AT, = ioc—-d/da)m(z—l e~a ATE,

m=0,1,......
Therefore
{(—d/do)"(1—o"1e 8 C )Y "1(—d/de)"(I—2"1e A T,)],
e >w,n=01,......
is equicontinuous and similarly so is '
{(—d/do)r(eesa— C 1)1} "1(—d/do)"(Aere -ATa)™ 1, e >w,
n=0,1,......

Since for every integer # =0 and 2 with ¢ >®

(—d/de)"R(2; A)
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n a
=To(—d/do)r(Aera]—A Tq)‘l—l—Z‘,on Cugo s"ve i3T5 ds(—d/de)*(I—21"1e 2eA Ty) ™Y,
for any continuous semi-norm p, there exists a continuous semi-norm ¢ such that for all

x&EX, 2Awith ¢ >wand =0, 1,......
p((—d/da)"R(Q; A)x)

=<{(—d/di>"(oen— CD 14336 57 ds(— /oy 1~ a7t C1y 1))
Making use of Lemma 5. 2, we have
p((—d[do)"R(4; A)x) = (—d/do)"(o—w) 1g(x).
This implies that
{(—d/do)*(e—w) Y} "1(—d[do)"R(2; A), 6 >, n=0, 1,......
and consequently
{(6—@)IR(A; AN} ™, o >0, n=1,2,......

is equicontinuous. Q. E.D.
Thus, combining this theorem and Theorem 2. 2 and remembering Theorem A, we
obtain that the above A generates a semi-group S, £=0 of class (C%) such that

e 'S, t =0 (wevs=C1) is equicontinnons.

But, as is well known, a densely defined closed linear operator is the infinitesimal gene-
rator of at most one semi-group of class (C%). Hence it must hold that St = T
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