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1. Extended contravariant almost analytic vectors.

S. Tachibana [9] generalized the notion of contravariant analytic vectors in
a K\"ahlerian manifold to an almost K\"ahlerian manifold with structure tensor $\varphi j^{j}$

and called $v^{i}$ a contravariant almost analytic vector if it satisPes

(1. 1) $ x_{v}\varphi J^{i}\equiv v^{r}\nabla j^{j}\gamma$

where $\nabla$ denotes the operator of covariant derivative with respect to the Riemannian
connection. But this formula (1. 1) is the so called concomitant and so it is in $\cdot$

dependent of connection. Since, if we consider (1. 1) in a K\"ahlerian manifold, it
means $v^{i}$ is an analytic vector, a contravariant almost analytic vector is a generali-
$z$ation of a contravariant analytic vector in a &hlerit manifold. From this point
of view, in an almost complex manifold, we shall call $v^{i}$ an extended contravariant
almost analytic vector if it satisfies

(1. 2) $x_{v}\varphi j^{i}+\lambda\varphi j^{rN_{rl^{i}}v^{l}}=0$

where $N_{r}\iota^{i}$ is the Nijenhuis tensor and $\lambda$ is $C^{\infty}$ scalar function. This vector is also
a generalization of a contravariant analytic vector in a K\"ahlerian manifold. In fact,

in a Kiihlerian manifold, since $N_{rl^{j}}=0$ and $\nabla J\varphi;^{h}=0,$ $(1.2)$ shows that $v^{i}$ is an
analytic vector [15].

Particularly, when $\lambda=-\frac{1}{2}$ , this definition coincides with Sato $s$ definition
obtained from the standpoint of crosssection of a tangent bundle [4].

2. Properties of extended contravariant almost analytic vectors in K-space

By K-space (Tachibana space) we mean a Hermitian manifold $M$ such that

(2. 1) $\nabla J\varphi;h+\nabla;\varphi jh=0$ .
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In K-space, since $Njt^{h}=4\varphi j^{l}\nabla\iota\varphi;^{h}$, we have

$v^{t}\varphi j^{l}N_{lt^{i}}=4\varphi J^{l}\varphi_{l^{S}}(\nabla_{S}\varphi_{t^{i}})v^{t}=4v^{t}\nabla t\varphi 1^{i}$ .

Consequently, if we put $\lambda=-\div in(1.2)$ , we have

$-\varphi j^{r}\nabla rv^{i}+\varphi_{r^{j}}\nabla jv^{r}=0$

or transvecting this equation with $\varphi_{k^{j}}$, we obtain

(2. 2) $\nabla kv^{i}+\varphi_{r^{j}}\varphi_{k^{l}}\nabla\iota v^{r}=0$

or this is equivalent to

(2. 3) $\nabla kv;-\varphi k^{l}\varphi t^{r}\nabla\iota v_{r}=0$ .
Generally, in an almost complex manifold, a tensor $T_{j^{i}}(Tji)$ is called pure in $j,$ $i$,

if it satisfies

$\tau_{J^{i}}+\varphi j^{a}\varphi_{b^{j}}T^{b}=0$ $(\tau_{J\iota+\varphi j^{a}\varphi t^{b}T_{ab}=0)}$

and $Tj^{i}(T_{j};)$ is called hybrid in $j,$ $i$, if it satisfies

$\tau_{j}$: $(\tau_{j;-\varphi j^{a}\varphi\iota^{b}T_{ab}=0)}$ .
For instance, our structure tensor $\varphi$; is pure in $j,$ $i$ and Riemannian metric

tensor $gji$ is hybrid in $j,$ $i$ .
The following proposition is easily verified.
PROPOSITION. (1) If $Tji$ is pure (hybrid) in $j,$ $i$ then we have

$\varphi j’=\varphi j^{r}(\varphi Jr$ .
(2) If $T$; is pure (hybrid) in $j,$ $i$, then we have

$\varphi J^{rT_{r}^{i}=\varphi_{r^{i}}T_{j^{f}}}(\varphi j^{rT_{r^{i}}=-\varphi_{\gamma}^{i}T_{j^{r}})}$ .

(3) If $Tji$ is pure in $j,$ $i$, and $Sj^{i}$ is pure (hybrid) in $j,$ $i$, then $TjrS\iota^{r}$ is pure (hybrid)

in $j,$ $i$ .
(4) If $Tji$ is pure in $j,$ $i$ and $S^{ji}$ is hybrid in $j,$ $i$, then we have $TjiS^{ji}=0$ .

Accordingly (2. 2) means that $\nabla kv^{i}$ is pure in $k,$ $i$ and (2. 3) means $\nabla kv\iota$ is hybrid
in $k,$ $i$ . If a tensor is pure with respect to all pairs of its indices, then it is called
a pure tensor.

Now, it is well known that in a compact K-space with constant scalar carvature,

an almost analytic vector $v^{i}$ is decomposed in the form

$ v^{i}=p^{;}+\eta$:

where $p^{i}$ is killing vector and $\eta$; is a vector such as $\eta i_{=\nabla^{i\gamma}}$ for a certain scalar
$r[13]$ .

Hence, we have
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$\nabla jv;+\nabla ivj=\nabla j\eta;+\nabla i\eta j=2\nabla!\eta i$ .
On the other hand since, by (1. 1), it is easily verified that $\nabla jv;+\nabla_{t}vj$ is hybrid in
$j,$ $i,$ $\nabla J\eta i$ is hybrid in $j,$ $i$ .

Thus we find that $\eta$
; in this theorem is an extended almost analytic contra $\cdot$

variant vector. And it is well known that in an Einstein K-space with nonvanish-
ing scalar curvature, an infinitesimal conformal transformation $v^{i}$ is decomposed in
the form

$ v^{i}=p^{j}+\eta$;

where $p^{i}$ is a killing vector and $\eta\iota$ is a gradient defining an infinitesimal conformal
transformation [1].

From this decomposition and definition of $v^{j}$, we have

$\nabla_{J}v;+\nabla;v_{j}=2\rho gji=2_{\nabla J}\eta_{j}$

where $\rho$ is a scalar function.

Thus $\nabla j\eta i$ is hybrid in $j,$ $i$ and hence $\eta$
; in this theorem is also an extended

contravariant almost analytic vector.
In K-space, the following properties are known [10], [8].

(2. 4) $\nabla;h\varphi J^{a}\varphi a\varphi bh,$ $\nabla J\varphi th+\varphi t^{a}\varphi h^{b}\nabla J\varphi_{ab}.=0,$ $\nabla J\varphi;^{j}=0$ ,

(2. 5) $RJ;-\varphi j^{a}\varphi i^{b}R_{ab}=0,$ $R^{*}j;-\varphi J^{a}\varphi;^{b}R_{ab}^{*}=0,$ $Rji=R^{*};j,$ $(\nabla J\varphi t\iota)\nabla=R-R^{*}ji$

where $R_{ji}=R_{lji^{l}}$ and $R_{ji}^{:^{u}}=\frac{1}{2}\varphi^{ab}R_{abr};\varphi j^{\gamma}$

(2. 6) $R-R^{*}=cmstant$

where $R\equiv g^{ji}Rji$ and $R^{*}=g^{ji}R^{*}ji$,

(2. 7) $\frac{1}{2}\nabla iR=\nabla^{j}Rji$, $\frac{1}{2}\nabla iR^{*}=\nabla^{j}R^{*}ji$

(2. 8) $\nabla^{k}(Rik-R^{*};k)=\frac{1}{2}\nabla;(R-R^{*})=0$ .

Next we shall prove the following two lemmas.

LEMMA 2. 1. In a $K\cdot space$ , for an extended contravariant almost analytic vector $v^{i}$ for
$\lambda=-\frac{1}{4}$ , we have

(2. 9) $\nabla^{k}\nabla kvi+Ri\gamma v^{r}=0\sim\sim$,

(2. 10) $\nabla^{k}\nabla kv;+R^{*};_{r}v^{\gamma}=0$

where $ Vi\equiv\varphi i^{\gamma}Vr\sim$ and $ v^{i}\equiv g^{ir}v_{r}^{\sim}=-\varphi_{r^{j}}v^{r}\sim$ .
PROOF. By (2. 2) and (2. 4), the following identity is easily verified
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(2. 11) $\nabla;Vi-\varphi j^{a}\varphi i^{b}\nabla av_{b}^{\sim}=2_{Va\nabla;\varphi_{t}}a\sim$ . $ $

Operating $\nabla^{j}$ to (2. 11) and making use of $\nabla^{j}\varphi j^{a}=0$, we obtain

(2. 12) $\nabla^{i^{\sim\sim\sim}}\nabla jVi-\varphi;^{a}(\nabla^{j}\varphi\iota^{b})\nabla abi^{b}\nabla^{i}\nabla=2v_{a}\nabla^{j}\nabla;\varphi i^{a}+2(\nabla^{j}v_{a})\nabla J\varphi i^{a}$ .
In this place, by Proposition and (2. 5), the second tem of the left hand side

of (2. 12) turns to

$\varphi;^{a}(\nabla^{j}\varphi;^{b})\nabla aVb=\varphi;^{a}\nabla^{j}\varphi_{i^{b}}(v_{S}\nabla a\varphi_{b^{s}}+\varphi_{b^{s}\nabla}aVs)$

$=(R_{ia}-R_{ia}^{*})v^{a}\sim$ .

For the third term, by the Ricci’s identities, we have

$\varphi j^{a}\varphi_{i^{b}\nabla^{j}\nabla vb}a=-R_{ir}^{*}v^{r}\sim\sim$ .
Similarly, for the first term of the right hand side, by $\nabla^{j}\varphi j^{a}=0$, we have

$Va\nabla^{j}\nabla j\varphi t^{a}=-v_{a}\nabla^{j}\nabla i\varphi i^{a}=(Ria^{-R^{*};_{a})v^{a}}$ .
For the last term, since $\nabla^{j}v^{a}$ is hybrid in $j,$ $a$ and $\nabla j\varphi ia$ is pure in $j,$ $a$, by Proposi-
tion, it vanishes. Accordingly from (2. 3), (2. 9) follows.

It is easy to prove (2. 10).

LEMMA 2. 2. In a conformally flat $K\cdot space,$ $foi$ an extended contravariant almost

analytic $vect\alpha\dot{\nu}$ for $\lambda=-\frac{1}{4}$ , we have

(2. 13) $(Rji-R^{*}ji)\nabla^{j}v^{\sim_{i}}=0$ .
PROOF. Since $\nabla j\varphi i^{S}$ is pure in $j,$ $i$ and $R^{ji}-R^{*ji}$ is hybrid in $j,$ $i$, we have

$\nabla j\varphi;^{s}(R^{ji}-R^{*ji})v_{S}=0$

and therefore it follows

(2. 14) $(R^{ji}-R^{*ji})^{\sim}\nabla Jvi=(R^{ji}-R^{*ji})(v_{S}\nabla j\varphi i^{S}+\varphi;^{s}\nabla jv_{S})=(R^{ji}-R^{*ji})\varphi;^{s}\nabla jv_{S}$ .
Similarly, since $(\nabla a\varphi js)\nabla^{j}v^{s}=0$, operating $\nabla^{a}$ to this equation, we obtain

$(\nabla^{a}\nabla a\varphi js)\nabla^{j}v^{s}+(\nabla a\varphi js)\nabla^{a}\nabla^{j}v^{s}=0$ .
Making use of the Ricc $i’ s$ identities and $\nabla^{a}\varphi_{as}=0$, the last equation becomes

(2. 15) $\varphi_{S^{r}}(Rjr-R^{*}Jr)\nabla^{j}v^{s}+\frac{1}{2}R_{aj}\iota_{S}v^{l}\nabla^{a}\varphi^{js}=0$ .

By definition of conformally flat K-space, the Riemannian curvature tensor has
the following form

(2. 16) $R_{ajl_{S}}=\frac{1}{2n-2}(g_{as}R_{J\iota-gjs}R_{al}+R_{as}gj\iota-R_{j_{S}}g_{al})-b(g_{as}gjl-gjsg_{al})$ ,
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$b=\frac{R}{(2n-2)(2n-1)}$ .

But since we have $T^{kji}R_{kjis}=0$ for anti-symmetric tensor $T^{kji}$, the second term of
the left hand side of (2.15) vanishes and so from (2.14) and (2.15) we have (2.13).

By virture of the above two lemmas, we can prove the following

THEOREM 2. 1. In a compact conformally flat K-space of $dim$ . $2n(n>2)$ , if $v^{i}$ is an

extended contravariant almost analytic vector for $\lambda=-\frac{1}{4}$, then $v^{\sim_{i}}$ is a Killing vector and

$v$; is closed.
PROOF. From (2. 16), we have easily

$(n-1)(Rji-R^{*}j;)=(n-2)Rji+(n-1)bgji$

where $b>0[12]$ .
Multiplying this equation by $\nabla v$ and making use of (2. 13), we have

(2. 17) $ R1^{\sim}=-\frac{n-1}{n-2}b\nabla iv^{i}\sim$ .

On the other hand, operating $\nabla^{i}$ to (2. 9), we have

(2. 18) $\nabla;\nabla^{\gamma}\nabla\gamma v^{i}+v^{\gamma}\nabla;R_{r^{j}}+R_{r^{i}}\nabla iv^{r}=0\sim\sim\sim$ .

But since, from (2. 16) we have easily $\nabla;R=0$, by (2. 7),

$\nabla;R_{\gamma}^{i}=\frac{1}{2}\nabla rR=0$

and by the Ricci’s identities we have
$\nabla;\nabla^{\gamma}\nabla rv^{i}=\nabla r\nabla^{\gamma}\nabla iv^{i}+R_{r};\nabla^{\gamma}v^{i}\sim\sim\sim$.

Thus (2. 18) turns to
$\nabla_{r}\nabla^{\gamma}\nabla;v^{i}+2R_{ri}\nabla^{\gamma}v^{i}=0\sim\sim$

or putting $\eta=\nabla tv^{i}\sim$ and substituting (2. 17) in this equation, we have

(2. 19) $\nabla r\nabla^{r}\eta-\frac{2n-2}{n-2}b\eta=0$ $(b>0)$ .

Multiplying (2. 19) by $\eta$ we have

$\eta_{\nabla\nabla^{r}}\gamma\eta-\frac{2n-2}{n-2}b\eta 2=0$

or $\frac{1}{2}\nabla r\nabla^{\gamma\eta}2=(\nabla^{r}\eta)^{2}+\frac{2n-2}{n-2}b\eta 2$

where $(\nabla^{r}\eta)^{2}\equiv(\nabla^{r}\eta)\nabla r\eta$.
Consequently, by virture of Green’s theorem, we obtain
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$\int_{M}[(\nabla^{r}\eta)^{2}+\frac{2n-2}{n-2}b\eta 2]d\sigma=0$

from which it follows $\eta=0i$ . $e$ .
(2. 20) $\nabla iv^{i}=0\sim$ .

But since our manifold is compact, by (2. 9) and (2. 20), $ v^{i}\sim$ is a killing vector.
$\sim$

Thus from $\nabla_{i}v\iota+\nabla;v;=0,$ $(2.1)$ and (2. 3), it easily follows that

$\nabla jv\iota-\nabla tv_{J}=0$ . Q. E. D.

Recently one of the present authors proved the following

THEOREM 2. 2. In a compact K-space with constant scalar curvature, if $v^{i}$ is an
extended contravariant almost analytic vector, $i.e$ . if it satisfies

$x\varphi j^{i}+\lambda\varphi J^{l}N_{lt^{i}}v^{t}=0v$

where $\lambda$ is a constant satisfying $-\frac{3}{4}\leqq\lambda\leqq 0$, then $v^{i}$ is decomposed in the form

$v^{i}=p^{;}+\varphi r^{i}q^{r}$

where $p^{;}$ and $q^{i}$ are both Killing vectors [141.

3. Extended covariant almost analytic vectors.

Let $w$; be a covariant vector in an almost complex space. If $w$; satisfies the
following equation

(3. 1) $\varphi h^{l}\partial_{lWj}-\partial_{hWj}+w_{S}\partial_{j}\varphi_{h^{S}}=0$

where $Wj\equiv\varphi j^{s}Ws$, then $wj$ is called a covariant almost analytic vector. This is
a generalization of a covariant analytic vector in a K\"ahlerian manifold.

From the same point of view as \S 1, we can define an extended covariant almost
analytic vector, that is, in an almost complex manifold, if $w$; satisfies the following

(3. 2) $\varphi h^{l}\partial_{lw_{j}-\partial_{h}\tilde{w}_{j}++h^{l}}w_{S}\partial_{j}\varphi_{h^{s}}\lambda\varphi N_{lj^{S}}w_{S}=0$

where $\lambda$ is $C^{\infty}$ scalar function, then we shall call $wi$ an extended covariant almost
analyltic vector.

Particularly, when $\lambda=-\frac{1}{2}$ , this definition coincides with Sato’s definition

[5].

For instance, in an $*0$-space [2] which we mean a $2n\cdot dim$ . almost Hermitian
manifold such that

$\nabla j\varphi;^{h}+\varphi j^{a}\varphi;^{b}\nabla a\varphi_{b^{h}}=0$,
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the Nijenhuis tensor $Nji^{h}$ becomes

(3. 3) $N_{Jt^{h}}=2\varphi!^{\gamma}(\nabla r\varphi;^{h}-\nabla;\varphi_{r^{h}})$

and therefore if we put $\lambda=-\frac{1}{2}$ , (3. 2) turns to

$\varphi h^{l}\nabla lw_{j}-\varphi j^{S}\nabla hw_{S}=0$

which is equivarent to

(3. 4) $\nabla jw;+\varphi!^{a}\varphi i^{b}\nabla aw_{b}=0$ .
Moreover, in an $*0$-space it is easily verified that if $w$; is an extended covariant

almost analytic vector for any scalar function $\lambda$ , then $ w\iota$ is so.
But it is well-known that a K-space is an ’O-space and an almost $\cdot$K\"ahlerian

manifold which we mean a $2n\cdot dim$ . almost K\"ahlerian manifold satisfying the
equation

(3. 5) $\nabla;h+\nabla+\nabla h\varphi J;=0$,

is also an $*0\cdot space$ .
Thus in a $K\cdot space$ or in an almost-K\"ahlerian manifold, an extended covariant

almost analytic vector for $\lambda=-\frac{1}{2}$ can be written as in the form (3. 4).

In this place, we can prove the following

THEOREM 3. 1. In a compact $*0\cdot space$ , let $v^{i}$ be an extended contravariant almost

analytic vector for $\lambda=-\frac{1}{2}$ , $i$ . $e$ .

(3. 6) $x\varphi j^{j}-\frac{1}{2}\varphi j^{l}vN_{lt^{j}}v^{t}=0$

and let $ w\iota$ be an extended covariant almost analytic vector for $\lambda=-\frac{1}{2}$ , $i$ . $e$ .

(3. 7) $\nabla Jwt+\varphi j^{a}\varphi aWb$ ,

then the inner product $ v^{i}w\iota$ is constant.

PROOF. From (1. 2) for $\lambda=-\frac{1}{2}$ , it follows

(3. 8) $v^{\gamma}\nabla r\varphi J^{i}-\varphi;^{r}\nabla rv^{j}+\varphi_{r^{j}}\nabla!v^{\gamma}-\frac{1}{2}\varphi j^{sN_{sr^{j}}v^{r}=0}$

and substituting (3. 3), (3. 8) becomes

(3. 9) $\varphi;^{\gamma}\nabla rv^{i}-\varphi_{r^{j}}\nabla;v^{\gamma}-v^{r}\nabla;\varphi_{r^{j}}=0$ .
Multiplying (3. 9) by $-\varphi k^{j}$, we have

(3. 10) $\nabla kv^{i}+\varphi_{k^{j}}\varphi_{r^{j}}\nabla jV^{\gamma}+v^{r}\varphi_{k^{j}}\nabla i\varphi_{\gamma}\iota=0$ .
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On the other hand,

(3. 11) $\nabla k(v^{i}wi)+\varphi k^{l}\nabla\iota(v^{i}w_{a}\varphi i^{a})$

$=v^{j}\nabla kW;+w;\nabla kV^{i}+\varphi k^{l}(\nabla lV^{j})Wa\varphi i^{a}+\varphi k^{l}V^{i}(\nabla lWa)\varphi;^{a}+\varphi k^{l}V^{i}Wa\nabla l\varphi\iota^{a}$

$=(\varphi\varphi_{S}\nabla\iota v^{s}+\varphi_{k^{l}}v^{s}\nabla l\varphi_{s^{j}})w;+v^{i}\nabla kwt+v^{i}\varphi_{k^{l}}\varphi_{t^{a}}\nabla lw_{a}$ .
For the last term, by (3. 7), we have

(3. 12) $v^{i}\varphi_{k^{l}}\varphi i^{a}\nabla\iota w_{a}=vk-\varphi\iota^{s}\varphi a^{l}-v^{i}\nabla kw$;

and hence by (3. 10) and (3. 12), from (3. 11) it follows

(3. 13) $\nabla k(v^{i}wi)+\varphi k^{l}\nabla\iota(v^{i}w_{a}\varphi;^{a})=0$

or putting $f\equiv v^{i}wi$ and $g=v^{i}\varphi i^{s}Ws$, we have

(3. 14) $\nabla jf+\varphi j^{l}\nabla lg=0$ .

Operating $\nabla i$ to (3. 14), and making use of $\nabla^{j}\varphi j^{1}=0$, we have

(3. 15) $\nabla^{j}\nabla jf+\varphi^{jl}\nabla J\nabla\iota g=0$ .

But since $\varphi^{jl}$ is anti-symmetric in $j,$ $l$ and $\nabla j\nabla lg$ is symmetric in $j,$ $l$, we have
$\varphi i!\nabla j\nabla lg=0$ and hence

$\nabla^{j}\nabla J=0$ .
Thus, by virture of Green’s theorem, we have

f=constant. Q. E. D.

4. Properties of extended covariant almost analytic vectors
in almost Kithlerian manifold.

Let $wt$ be an extended covariant almost analytic vector for $\lambda=-\frac{1}{2}$ in an

almost K\"ahlerian manifold, $i$ . $e$ .
$\nabla jWi+\varphi j^{a}\varphi_{i^{b}\nabla a}w_{b}=0$ .

Operating $\nabla^{j}$ to this equation, we easily have

(4. 1) $\nabla^{j}\nabla jw;-R^{*};^{s}w_{S}-\varphi;^{s}(\nabla^{j}\varphi_{s^{r}})\nabla jw_{r}=0$

and operating $\nabla^{k}$ to (3. 5), we have

$\nabla^{k}\nabla k\varphi j;=\nabla^{k}\nabla j\varphi k;-\nabla^{k}\nabla;\varphi kj$ .
Making use of the Ricci’s identies and $\nabla^{k}\varphi kj=0$, the left hand side of the last

equation can be written as

(4. 2) $\nabla^{k}\nabla k\varphi J\iota=\varphi^{pq}Rpqji+Rj^{f}\varphi_{\gamma i}-Ri^{r}\varphi_{rj}[9]$ .
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On the other hand, operating $\nabla^{k}$ to the following

$Vk\tilde{w}i=w_{S}\nabla k\varphi;^{s}+\varphi;^{s}\nabla kw_{S}$

and making use of the Ricci’s identities and (4. 2), we have

$\nabla^{k}\nabla kw;=(Rp+R\iota^{\gamma}\varphi_{rl}-Rl^{\gamma}\varphi_{r};)w^{l}$

$+2(\nabla^{\gamma}\varphi_{i^{l}})\nabla\gamma w\iota+\varphi_{i^{l}\nabla^{\gamma}\nabla r}wl$

from which it follows

(4. 3) $(\nabla^{\gamma}\nabla rwi-R_{\gamma j}\tilde{w}^{\gamma})w^{i}=\sim\sim(\nabla^{r}\nabla rw;+R_{\gamma i}w^{\gamma})w^{j}-2R_{r}^{*};w^{r}w^{i}-2\nabla^{r}w^{t}(\nabla r\varphi_{it})\varphi_{s^{j}}w^{s}$

where $\tilde{w}i=\varphi\iota^{s}w_{S}$ and $w^{\sim_{i}}=-\varphi_{s^{i}W^{S}}$ .
And from (4. 1) we have

(4. 4) $\nabla^{r}w^{t}(\nabla r\varphi_{St})\varphi;^{s}=\nabla^{j}\nabla jw;-R_{i^{S}}^{*}w_{S}$ .
Then substituting (4. 4) in the last term of the right hand side of (4. 3), we

have

$(\nabla^{\gamma}\nabla r\tilde{W}i-R_{\gamma j}w^{\sim_{r}\sim})w^{i}=(\nabla^{r}\nabla rw;+R_{\gamma};w^{\gamma})w^{i}-2R_{r}^{*};w^{\gamma}w^{i}-2(\nabla^{j}\nabla Jw_{\gamma}-R_{r^{S}}^{*}w_{S})w^{r}$

from which we have

(4. 5) $(\nabla^{r}\nabla r\tilde{w}i-R_{r};\tilde{w}^{r})\tilde{w}^{i}+(\nabla^{r}\nabla rw;-R_{ri}w^{r})w^{i}=0$ .
But the following integral formulas are well-known [15] :

(4. 6) $]_{M}r$ ,

(4. 7) $\int_{M}[(\nabla^{r}\nabla r\tilde{w}i-R_{r};w^{\tilde{r}})w^{\tilde{i}}+S(w)]d\sigma=0\sim$

where $M$ denotes our almost K\"ahlerian manifold and

$S(w)=\frac{1}{2}(\nabla^{s}w^{r}-\nabla^{r}w^{s})(\nabla_{S}w_{\gamma}-\nabla rw_{S})+(\nabla^{r}w_{\gamma})^{2}$,

$S(\tilde{w})=\frac{1}{2}(\nabla^{s}\tilde{w}^{\gamma}-\nabla^{r}\tilde{w}^{s})(\nabla_{S}\tilde{w}_{\gamma}-\nabla r\tilde{w}_{S})+(\nabla^{\gamma}\tilde{w}_{r})^{2}$.

Consequently, forming the sum $($4. $6)+(4.7)$ and by (4. 5), we have $S(w)=0$

and $S(\tilde{w})=0$ .
Thus we have the following

THEOREM 4. 1. In a compact almost Kahlerian manifold, if $w$; is an extended

covariant almost analytic vector for $\lambda=-\frac{1}{2}$ , then $wi$ and $\tilde{w}i$ are both harmonic vectors.

Moreover, the following theorems are well-known.
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THEOREM 4. 2. (S. Tachibana [9]) In a compact almost K\"ahlerian mnifold a
necessary and sufficient condition in order that a vector $w$; be a covariant almost analytic

vector is that $ w\iota$ and $\tilde{w}$; are both harmonic.
THEOREM 4. 3. In an $*0$-space, a vector $w$; is covariant almost analytic if and only if

$\nabla jW;+\varphi j^{a}\varphi;^{b}\nabla aWb=0,$ $Njt^{f}w_{\gamma}=0$ ([6], [16]).

By virtue of the above two theorems, we have
THEOREM 4. 4. In a compact almost K\"ahlerian manifold, covariant almost analytic

vector coincides with an extended covarient almost analytic vector for $\lambda=-\frac{1}{2}$ .
Would it be possible to prove the same theorem as Theorem 4. 1 in a compact

K-space ?

5. Exbended covariant almost analytic tensors.

Let $Tj_{q}\ldots j_{1}$ be a pure tensor in an almost complex manifold. If $Tj_{q}\ldots j_{1}$ satisfies
the following equation

(5. 1) $\Phi_{h}T_{j_{q}\ldots j_{1}}\equiv\varphi_{h^{l}}\partial_{l}T_{j_{q}\ldots j_{1}}-\partial_{h}\tilde{T}_{j_{q}\ldots j_{1}}+\sum_{r-1}^{q}(\partial_{j_{r}}\varphi_{h^{l}})T_{j_{q}\ldots l\ldots j_{1}}=0$

where $\overline{\tau}_{j}\equiv T_{j_{q}\ldots l\ldots j_{1}}(r=1,2, \cdots\cdots q)$ , then $\tau_{j_{q}\ldots j_{1}}$ is called an covariant almost
analytic tensor. This is a generalization of covariant analytic tensor in a K\"ahlerian

manifold.
As in the case of an extended almost analytic vector, a pure tensor is called

an extended covariant almost analytic tensor, if it satisfies the following

(5. 2) $\Phi_{h}T_{j_{q}\ldots j_{1}}+\sum^{q}\lambda_{r}\varphi_{h^{l}}N_{lj_{r}}{}^{t}T_{j_{q}\ldots t\ldots j_{1}}r-1=0$

where $\lambda_{r}(r=1,2, \cdots\cdots, q)$ are $C^{\infty}$ scalar functions.
Now, we shall assume we are in an $*0$-space and consider the case when

$\lambda_{1}=\cdots=\lambda_{q-1}=0,$ $\lambda_{q}=-\frac{1}{2}$ .

From (5. 2) we have

(5. 3) $\varphi_{h^{l}\nabla l}T_{j_{q}\ldots j_{1}}-\nabla h(\varphi j_{q}^{l}T_{lj_{q-1}\ldots j_{1}})+\sum_{r-1}^{q}(\nabla j_{f}\varphi_{h^{l}})T_{j_{q}\ldots l\ldots j_{1}}-\frac{1}{2}\varphi_{h^{l}}N_{lj_{q}^{t}}T_{tj_{q-1}\ldots j_{1}}=0$

and substituting (3. 3) in the last equation, we have

$\varphi l\tau_{j_{q}\ldots j_{1}}\tau_{lj_{q-1}\ldots;_{1}+\sum_{r-1}^{q-1}(\nabla j_{r}\varphi_{h^{t}})T_{j_{q}\ldots t\ldots j_{1}}=0}$

or multiplying this equation by $\varphi_{s^{j_{q}}}$ , we have
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$\nabla hT_{Sj_{q-1}\ldots j_{1}}+\varphi_{h^{l}}\varphi_{s^{j_{q}}}\nabla\iota T_{j_{q}\ldots j_{1}}+\sum_{r=1}^{q-1}\varphi_{S}^{j_{q}}(\nabla j_{\gamma}\varphi_{h^{t}})T_{j_{q}\ldots t\ldots J_{1}}=0$

or changing indices, we hav

(5. 4) $\nabla h+\varphi_{h^{l}}\varphi j_{q^{S}}Vl(\nabla;_{r}\varphi_{h^{l}})T_{tj_{q-1}\ldots l\ldots j_{1}}=0$ .

And from (5. 3) it follows

(5. 5) $\nabla h\tilde{T}_{j_{q}\ldots j_{1}}=\varphi_{h^{l}Vl}T_{j_{q}}\ldots;_{1}+\sum_{r-1}^{q-1}(\nabla j_{r}\varphi_{h^{l}})T_{j_{q}\ldots l\ldots j_{1}}+(\nabla h\varphi j_{q}^{l})T_{ljq-1}\ldots j_{1}$ .

Moreover if we assume $\tau_{j_{q}\ldots j_{1}}$ is anti-symmetric, and put

$\nabla\subset h\tau_{j_{q}\ldots j_{1}1\equiv\nabla h}\tau_{j_{q}\ldots j_{1}}-(\nabla j_{q}T_{hj_{q-1}\ldots J_{1}+\nabla j_{q-1}}T_{j_{q}hj_{q-2}\ldots j_{1}}+\cdots\cdots+\nabla j_{1}T_{j_{q}\ldots j_{2}h})$ ,

then we find

(5. 6) $V[hTj_{q}\ldots j_{1}]=V[j_{q}T;_{q-1}\ldots j_{1}h]$ for even $q$,

$V[h\tau_{j_{q}\ldots j_{1}}]=-\nabla[JqT_{j_{q-1}\ldots j_{1}k}]$ for odd $q$ .
On the other hand, from the following

$\nabla j_{q}=\varphi_{h^{l}\nabla j_{q}}$ ,

$\nabla j_{q-1}\tilde{T}_{j_{q}hj_{q-2}\ldots j_{1}}=\varphi_{h^{l}\nabla j_{q-1}}T_{j_{q}lj_{q-2}\ldots j_{1}}+(\nabla j_{q-1}\varphi_{h^{l}})T_{j_{q}lj_{q-1}\ldots j_{1}}$ ,

$\nabla j_{1}\tilde{T}j_{q}\ldots j_{2}h=\varphi h^{l}\nabla j_{1}Tj_{q}\ldots j_{2}\iota+(Vj_{1}\varphi h^{l})T;_{q}\ldots;_{2}\iota$

and (5. 5), we have

(5. 7] $\nabla\subset h\tilde{\tau}_{j_{q}\ldots j_{1}\supset=\varphi_{h^{l}}V[\iota T_{j_{q}\ldots j_{1}]}+(Vh\varphi j_{q}}\iota_{-\nabla j_{q}\varphi_{h^{l}})T_{lj_{q-1}\ldots j_{1}}}$

and similarly

(5. 8) $\nabla\subset j_{q}\tilde{\tau}_{j_{q-1}\ldots J_{1}h\supset=\varphi j_{q}^{l}\nabla\subset l}\tau_{j_{q-1}\ldots j_{1}h\supset+(\nabla-\nabla j_{l-1}\varphi_{\dot{f}q}^{l})T_{lj_{q-1}\ldots j_{1}}}j_{q}\varphi j_{q-\iota^{l}}$ .

When $q$ is even, if we notic that $\tilde{\tau}_{j_{q}\ldots j_{1}}$ is also anti-symmetric, by (5. 6) we have

(5. 9) $(\varphi\subset l\tau_{j_{q}\ldots j_{1}1}\tau_{j_{q-1}\ldots j_{1}h1)-(\nabla-\nabla j_{q-1}\varphi j_{q}^{l})T_{lj_{q-2}\ldots j_{1}h}}j_{q}\varphi j_{q-1}^{l}$

$=(\nabla j_{q}\varphi_{h^{l}}-\nabla h\varphi j_{q}^{l})T\iota j_{q-1}\ldots j_{1}$

and if we multiply the both sides of (5. 9) by

$*0_{ab}^{j_{q}h}\equiv\frac{1}{2}(\delta_{a}1_{q}\delta_{b^{h}}+\varphi_{a^{j_{q}}}\varphi_{b^{h}})$ ,

then the left hand side vanishes and hence we have

(5. 10) $0=(\nabla a\varphi_{b^{l}}-\nabla b\varphi_{a^{l}})T_{Ij_{\zeta-1}\ldots j_{1}}$ .
Similarly, when $q$ is odd and $q\neq 1$ , we have (5. 10).
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But in an $*0$-space, we have the following

THEOREM 5. 1. In an $*0$-space, a covariant pure tensor $Tj_{q}\ldots j_{1}$ is almost analytic if
and only if

$\nabla h\tau_{j_{q\cdot J_{1}}}..+\varphi_{h^{l}}\varphi jq^{S}\nabla\iota T_{sj_{q-1}\ldots j_{1}+\sum_{\gamma-1}^{q-1}\varphi;_{q^{t}}(Vj_{f}\varphi_{h^{l}})T_{tj_{q-1}\ldots l\ldots j_{1}}=0}$,

$(\nabla j_{q}\varphi_{h}\iota-\nabla h\varphi j_{q}!)T_{lj_{q-1}\ldots J_{1}}=0[7]$ .
Thus we have the following
THEOREM 5. 2. In an $*0$-space, an anti-symmetric extended covariant almost analytic

tensor $Tj_{q}\ldots j_{1}$ for $\lambda_{1}=\ldots\ldots=\lambda_{q-1}=0,$ $\lambda_{q}=\frac{1}{2}$ , and $b\geqq 2$ coincides with an anti-

symmetric covariant almost analytic tensor.

6. Extended almost analytic tensors of mixed type.

Let $Tj_{q}\ldots j_{1}^{i_{\phi}}$ or briefly $T_{(j)^{(i)}}$ be a pure tensor of type $(p, q)$ in an almost
complex manifold. If $\tau_{cj)}(;)$ satisfies the following equation

$\Phi_{h}T_{(j)^{(i)}}\equiv\varphi_{h^{l}}\partial\iota T_{(j)^{(i)}}-\partial_{h}\tilde{T}_{(j)^{(i)}}+\sum_{r-1}^{q}(\partial_{j,}\varphi_{h^{l}})T_{j_{q}\ldots l\ldots j_{1}^{(i)}}$

$+\sum_{r-1}^{q}(\partial_{h}\varphi_{l^{i_{r}}}-\partial\iota\varphi_{h^{i_{r}}})T_{(j)^{i_{p}!\cdots i_{1}}}=0$,

where $\tilde{T}(j)^{(;\iota\tau_{lj_{q-1}\ldots j_{1}^{(i)}}}\equiv\varphi j_{q})$ then it is called an almost analytic tensor and this is
a generalization of an analytic tensor in a Kahlerian manifold [3], [7], [11].

As in the preceding paragraph, for a pure contravariant tensor and pure tensor
of mixed type we can also define an extended almost analytic tensor but since we
have not yet obtained any remarkable results on these tensors, we conclude this
last section with the treatment only for the tensor of type (1. 1).

Let $Tj^{i}$ be a pure tensor of type (1. 1). If $TJ^{i}$ satisfies the following

(6. 1) $\Phi_{h}T_{j^{i}}+\lambda\varphi_{h^{l}}N_{lt^{i}}T_{j^{t}}+\mu\varphi_{h^{l}}N_{lj^{t}}T_{t^{j}}=0$

where $\lambda$ and $\mu$ are $C^{\infty}$ scalar functions, then it is called an extended almost analytic
tensor.

Suppose that we are in an $*0$-space and $\lambda=\frac{1}{2}$. $\mu=-\frac{1}{2}$ , then from (6. 1)

it follows

$\varphi_{h^{l}\nabla l}T_{j^{j}}-\varphi J^{l}\nabla hT\iota^{i}=0$

or multiplying the last equation by $\varphi_{k^{h}}$, we have

(6. 2) $\nabla kT_{j^{i}}+\varphi_{k^{h}}\varphi j^{l}\nabla hT_{l^{i}}=0$ .
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But in an $*0$-space, by its definition, we have

$\nabla k\varphi 1^{j}+\varphi_{k^{h}}\varphi;^{l}\nabla h\varphi\iota^{j}=0$ .

Thus, as an example of an extended almost analytic tensor of type (1. 1) for

$\lambda=\frac{1}{2}$, $\mu=-\frac{1}{2}$ in an $*0\cdot space$, we have structure tensor $\varphi J^{i}$ .
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