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1. Introduction

Let $\xi$ be a $k-v\vee\circ ctor$ bundle over real projective space $P_{n}$ , and $B(\xi)$ the total space of
the associated sphere bundle of $\xi$ . $B(\xi)$ may be considered as a differentiable manifold.
In this paper we will consider the imbedding and immersion problem for such a manifold.

Notations and terminologies used in this paper are made clear in Section 2. Section
3 contains sorme general results and $parti\sim\vee ular$ cases are examined in Section 4. As an
application, we cbtain an $i_{A}nbedding$ cf Dold’s $manifolc\dagger$ , which is contained in Section 5.

The authours wish to thank $Prof\backslash $. K. Aoki and T. Kaneko for their encouragement

and many valuable suggestions.

2. Notaions and Terminologies

Let $\xi$ be a k-vector bundle over real projective spa $\backslash ,eP_{n},$ $(\xi)$ the associated $\cdot(k-1)-$

sphere bundle of $\xi,$ $a1\urcorner dE(\xi),$ $B(\xi)$ the total space of $\xi,$ $(\xi)$ , resp. Let $x$ denote the
canonical line bundle over $P_{n}$ and $\epsilon k$ the triviak k-vector bundle over $P_{n}$ .

We recall the $definitio_{-}\urcorner$ of $K\tilde{O}(P_{n})$ : this is the group of stable classes of real vector
bundles over $P_{n}$ . We denote the stable class of $\backslash a$ vector bundle $\xi$ by $\xi_{0}$ . It is known
that $K\tilde{O}(P)$ is a cyclic group of order $2^{\varphi(r)}$ generated by $x_{o}$ . where $\rho(n)$ is the
number of integer $s$ sJch that $0<s\leqq n$ and $s\equiv 0,1,2,4mod 8$ .

We define the geometric ci nension of the element $K\hat{O}(P_{n})$ as follows. Let $E(P_{n})$ be
the semi group cf equivalenoe cllases of real vector bundles over $P_{n}$ . Define $K\overline{O}(P_{n})=$

$K\tilde{O}(P_{n})+Z$ . Let $\theta$ be the canonical homomorphism; $ E(P_{n})\rightarrow KO(P_{n})\vee$ defined by $\theta(\xi)$

$=\xi_{0}.+k$ . Then the geometric dimension of $a$ (denoted by $g(a)$ ) is the least integer $k$ such
that $a+k$ is in the inage of $\theta$ . The following properties of geometric dimension are clear
by the definition.

(i) if $\xi_{0}$ is the $st\emptyset leClx\mathfrak{B}$ of a $v_{-:}cto\gamma bundl^{\circ},$ $\xi$ , thzn $g(-\xi_{0})\leq l$ if and only if $th_{\sim}^{\rho}re$

exists an $l-v\sigma clor$ bundle $\eta s\prime ucht^{l}?_{d}?,t\xi\oplus\eta=\epsilon^{m}$.
(ii) $g(a+\beta)\leqq g(a)+g(\beta)$

$ln$ what follows all imbeddings and immersions are differentiable. We will write $M\subset R$ ,
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$M\subseteq R$ if there exists an imbedding of $M$ in $R$ , an immersion of $M$ in $R$ , resp.

3. General results

From now on, let $\xi$ denote a $k$-vector bundle over $P$ .
3. 1. The following theorem is due to B. J. Sanderson [2].

(3.1.1) $E(\xi)\subseteq R^{n+k+r}$ if and only if $g(\nu_{t)}-\xi_{0^{1}}\leqq r,$ $wh_{-}^{\circ,}re\nu_{0}$ is th-o stzble class of
normal $v=ctorbu$ndle of P. Moreover if $k+r>n,$ $g(\nu_{0}-\xi_{0})\leqq r$ implies $E(\xi)\subset R^{n+k+r}$.

From (3.1.1), we have
(3.1.2) $B(\xi)\subset 1P^{n+k}$ $and\subseteq li^{2n+k-1}$.
PROOF. Let $P$ be imbedded in $li^{n+m}$ with normal bundle $\nu$ , where $m$ is large enough.

Then $\xi$ can be imbedded in $\nu$ as a sub-bundle, in ohter words, there exists an $(m-1)$

vector bundle $\eta$ such that

$\xi\oplus\eta=\tau$

Since $\pi_{i}$ $(V_{m-km-k-n})=0$ for $i<n$ , $\eta$ admits $(m-k-n)$ linearly independent cross
sections: $\eta^{=6^{m-k-n}}+\xi$ .

Thus we have

$\xi\oplus\xi^{n}\oplus\epsilon^{m-k-n}=\nu$

Hence $g(\nu_{0}-\xi_{0})\leqq n$ . According to (3.1.1). $E(\eta)\subseteq R^{2n+k}$ and since $k>0,$ $E(\xi)$

$\subset 1P^{n+k}$. Now (3.1.2) follows from
(3.1.3) (i) $E(\xi)\subset R$ $\Rightarrow B(\xi)\subset R^{m}$

(ii) $E(\xi)\subset R$ $\Rightarrow B(\xi)\subset R^{m-1}$ .
PROOF. (i) is clear and for the proof of (ii), see [4].

3. 2. The following two lemmas are useful.
(3.2.1) Let $M,$ $Nb^{\sigma}$ m-mxnifold, $n-m^{n},nifold,$ $r_{c}^{2}sp.$ . ,Suppos 2 $M\subseteq lik$ $ N\subset$ l\S $l$ .

Then $if2dim$ . $M<k+l,$ $M\times N\subset R^{k+l}$ .
This is due to Sanderson-Schwarzenberger.
(3.2.2) Lev $M,$ $Nb^{\circ_{r}}$ as in (3.2.1), and $Ns-parallelizxble$ . Then $M\times N\subseteq R^{m+n+r}$ if and

only if $M\subseteq R^{m+\gamma}$.
One can prove this easily, using the fundamental theorem on immersion; $M\subseteq R^{m+\gamma}$

if and only if $g(\nu_{0})\leqq k$ , where $v_{0}$ is the stable normal bundle.
3. 3. Let $\eta$ be the bundle defined in (3.1.2). The obstruction to the existence of

$(m-k-n+1)$ linearly independent cross sections of $\eta$ is an element $0_{n}$ of $H^{n}(P$ $\{\pi_{n-1}$

$(V_{m-k-1,m-k-1-n+1})\})$ , where $\{F\}$ denotes the bundle of coefficients of fibre $F$. If $n$ is
even, $0_{n}=w_{n}(\eta)$ , and if $\eta$ is orientable and $n$ is odd, $0_{n}=\delta w_{n-1}(\eta)$ , where $\delta$ is a homo-
morphism $H^{n-1}(P_{n} ;Z_{2})\rightarrow H^{n}(P_{n} ;Z)$ .
The $(n-1)$ -th and $n$-th Stiefel-Whitney classes of $\eta$ can be calculated by the formula

$w(\xi)$ . $w(\eta)=w(\nu)$
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For example, if $\xi_{0}=l\lambda_{0}$ , then

$w(\eta)=(1+a)-(n+l+1)$

and hence

$w_{i}(\eta)=(n+il+\dot{\iota})a^{j}mod 2$

where $a$ is a $g\simeq.nerator$ of $H^{*}(P;Z_{2})$ .
If $0_{n}=0$, then $g(\nu_{o}-\xi_{0})\leqq n-1$ , which implies

$B(\xi)\subset Ip_{n+k-1}(k>1)$

3. 4. We calculate the Stiefel-Whitney classes of $B(\xi)$ .
As is well known.

$\tau(B(\xi))\oplus 6^{1}=\pi^{*}\{\tau(P_{n})\oplus\xi\}$

Hence we have

$w(B(\xi))=\pi^{*}(w(P_{n})w(\xi))$

From this formula, we can calculate $w$ $(B(\xi))$ and hence normal Stiefel-Whitney classes
$w$ $(B(\xi))$ .

3. 5. Now we will discuss the relations between the stable class of $\xi$ and imbeddability

of $B(\xi)$ . Let the stable class of $\xi$ be $laj0(0\leqq 1<2^{\varphi(n)})$ .
Then we have

$g(v_{0}-\xi)=g(-(n+l+1)x_{0})$

If $n+l+1<2^{\varphi(n)}$ , we have

$g(\nu_{0}-\xi_{0})\leqq 2^{\varphi(n)}-(n+l+1)$

By (3.1.1.), we have

$E(\xi)\subseteq ll^{2\varphi(n)-l+k+1}$

and if $2n+1<2^{\varphi(n)}+k-l$,

$B(\xi)\subset Ii^{2\varphi(n)-l+k-1}$ and $\subseteq lP^{\varphi(n)+k-l-2}$

$lfn+l+1>2^{\varphi(n)}$ , then

$g(\nu-\xi_{0})=g((2^{\varphi(n)}-(n+1))x_{0}+(2^{\varphi(n)}-l)x_{0})\leqq 2^{\varphi(n)+1}-(n+l+1)$ .
Hence we have

$E(\xi)\subseteq li^{2\varphi(n)+1+k-l-1}$

and if $2n+1<2^{\varphi(n)+1}+k-l$,

$B(\xi)\subset li^{2\varphi(n)+1+k-l-1}$ and $\subseteq lt2\varphi(n)+1^{\perp}k-l-2$
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As spacial cases, we have
(i) if $\nu_{0}=0$ , then $B(\xi)\subset R^{n+k+1+2\varphi(n)-l}(2^{\varphi(n)}+k+1+l>n)$

(ii) if $\xi_{0}=0$, then $ B(\xi)\subset$ f\S 2\varphi (n)-l+k $(2^{\varphi(n)}-1+k>2n)$

3. 6. We conclude this section with a non-imbedding thoorem for $B(\xi)$ . Consider
Grothendieck’s operators. [1]

$r^{i}$ ; $KO(X)\rightarrow KO(X)$

$r_{t}$ ; $KO(X)\rightarrow A(X)$

where $A(X)$ denotes the multiplicative group of formal power series in $t$ with coefficients
in $KO(X)$ and constant term 1. Explicitly, the operators $7^{i}$ and $Tt$ are defined by the
following equations

$\gamma_{t}(a)=\sum_{\iota=0}^{\Phi}\gamma^{j}(a)i^{i}=\sum_{i=0}^{r}\lambda^{i}(a)ti(1-t)-ia\epsilon KO(X)$

where $\lambda\oint;KO(X)\rightarrow KO(X)$ denotes the exterior operator.

M. F. Atiyah proved in [1] the following properties of operators $\gamma^{j}$ and $\gamma_{t}$ .
(3.6.1) (i) if $aeKO(X)$ , then $r^{0}(a)=1$ and $\gamma^{1}(a)=a$ .
(ii) $\gamma$ is a natural ring homomordhism

(iii) if $a_{0}\epsilon K\tilde{O}(X)$ , then $r(a_{0})=0$ for $i>g(a_{0})$

(iv) let $M$ be a compact differentiable manifold of dimension $m$. If $M\subseteq R^{m+k}$ (resp.

$M\subset R^{m+k})$ , then $\gamma(-\nu_{0}(M))=0$ for $i>k(resp.i\geq k)$

(v) $\gamma_{t}(x_{0})=1+x_{0}t,$ $wher^{p}.a_{\dot{4}}$ is the generator of $KO(P_{n})$ .
Suppose $\xi_{0}=lx_{0}$. Since

$\tau_{0}(B(\xi))=\pi!\{\tau_{0}(P.)+\xi_{0}\}=\pi!\{(n+l+1)x_{0}\}$

we have

$\nu_{0}(B(\xi))=\pi!(-(n+l+1)x_{0})$

By (3.6.1) (v) and the naturarity of $\gamma^{j}$ , we have

$\gamma_{t}(\nu_{0}(B(\xi))=\pi^{f}(1+x_{0}t)^{-(n+l+1)}$

Since

$\gamma^{i}(-(n+l+1)x_{0})=\pm 2^{i-1}(n+il+i)x_{0_{2}}T^{i}(\nu_{0}(B))=\pi!(f^{2^{i-1}()x_{O})}n+l+i\dot{l}$

We define $\sigma$ by

$\sigma=\max\{i|2^{i-1}(n+ll+i)\not\equiv 0mod 2^{\varphi(n)}\}$

Then

$\gamma^{\sigma}(-(n+l+1)x_{0}),\neq 0$

Thus if $\pi!$ is an isomorphism, then
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$\gamma^{\sigma}(\nu_{0}(B(\xi)))\neq 0$.

this implies

$B(\xi)\neq R^{n+k-1+\sigma}$ and $*R^{n+k-1+\sigma-1}$

Therefore we have obtained the following

(3.6.2) THEOREM. Suppose $\pi^{f}$ ; $KO(P)\rightarrow K\tilde{O}(B(\xi))$ be an isomorphism.

Then

$B(\xi)\neq R^{n+k-1+\sigma}$ and $*R^{n+k-1+\sigma-1}$

4. Special cases

In this section, we will show some results on the imbeddability and immer ibility of
$B(\xi)(n=2,3,4;k\geq 1)$ . We quote from [3] the results of the classification of vector

bundles over $P_{n}$ .
4. 1. The k-sphere $|yundle$ over $P_{2}$

We have
(i) $B(\epsilon^{k+1})\subset R^{4+k}$ and $\subseteq li^{3+}k(k\geq 1)$

These results are best possible.
These follows from (3.2. 1) and (3.5), and the fact that $w_{1}(B(\xi)=0$ implies $B\neq R^{3+k}$ .
(ii) $B(x\cdot\oplus\epsilon k)\subset R^{4^{\perp}k}$ $and\subseteq B^{3+k}(k\geq 1)$

We have $o_{2}(\eta)=0$, where $\eta$ is the bundle in (3. 3). In fact, since $w(\eta)=(1+a)-4w_{2}(\eta)$

$=o_{2}(\eta)=0$.
(iii) $ B(2\lambda\oplus\epsilon^{k+1})\subset$ 1\S 5+k $and\subseteq li^{4+k}$

For $k\geq 2$ , these results are best possible.
Since $2x\oplus\epsilon^{k-l}$ has a cross section for $k\geq 2,$ $\pi^{\prime}$ ; $K\tilde{O}(P_{2})\rightarrow K\tilde{O}(B)$ is isomorphic.
Combining this and the fact that $\sigma$ in (3. 6) is 2, we have $B\neq li^{4+k}$ and $*l\S 3+k$

(iv) $B(3x\oplus\epsilon^{k-2})\subset B^{5^{L}k}$ and $\subseteq R^{4+k}$.
For any $k$ , these are best possible.
These follows from (3.5).

4. 2. $ Th_{-}^{\circ,}k-spher\partial$ bundle $\sigma v_{\vee},rP_{3}$

(i) $B(\epsilon^{k+1})\subset fi^{5+k}$ $and\subseteq li^{4\{-k}(k\geq 2)$

For $k=1,$ $B\subset R^{7}$ and $\subseteq li^{5}$ .
These follows from (3.2.1) and (3.2.2).

(ii) $B(x\oplus\epsilon k)<1Y^{7+k}$ $and\leq li^{6+k}(k\geq 1)$

These are best possible. In fact, we have $w_{3}(B)=\pi^{*}a.$. Since $w_{1+k}(x\oplus\epsilon k)=0,$ $\pi^{*}$ is an
isomorphism by the exactness of Gysin sequence. Thus we have $ w_{3}(B)\neq\circ$

(iii) $B(2x\oplus\epsilon^{k-1})\subset B^{\sigma+k}$ $and\subseteq li5+k(k\geq 2)$

(3. 6) implies these are best possible for $k\geq 2$ .
(iv) $B(3x\oplus\epsilon k-2)\subset li^{5^{L}k}$ $and\subseteq li^{4+k}(k\geq 2)$
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These are best possible for $k\geq 3$ . These follows from (3.5) and (3.6)

4. 3. The k-sphere bunble over $P_{4}$.
(i) $B(\epsilon^{k+1})\subset R^{8+k}$ $and\subseteq R^{7+k}$

These results are derived from (3.5), and (3.6) implies these are best possible.
(ii) $B(Hx\oplus\epsilon k)\subset B^{8+k}$ $and\subseteq R^{7+k}$.
(iii) $B(2x\oplus\epsilon^{k-1})\subset f@^{8+k}$ $Nand\subseteq R^{7+k}(k\geq 1)$ .
(iv) $B(3x\oplus\epsilon^{k-2})\subset R^{8+k}$ $and\subseteq R^{7+k}(k\geq 2)$ .
(v) $B(4x\oplus\epsilon^{k-3})\subset fi^{9+k}$ $and\subseteq R^{8+k}(k\geq 3)$ .
(vi) $B(5x\oplus\epsilon^{k-\varphi})\subset R^{9+k}$ $and\subseteq R^{8+k}(k\geq 4)$ .
(vii) $B(6x\oplus\epsilon^{k-5})\subset R^{9+k}$ $and\subseteq l@^{8+k}(k\geq 5)$ .
(viii) $B(7_{\lambda}\oplus\epsilon^{k-6})\subset li^{9+k}$ $and\subseteq R^{8+k}(k\geq 6)$ .
It is easy to see that $B$ in $(vi)\sim(viii)$ is not imbeddable in $R^{6+k}$ and not immersible

in $R^{5^{L}k}$.

5. Imbedding of $Dold^{l}s$ manifold

In this section we will discuss the imbeddability of Dold’s manifold of type $(n,1)$ .
We $d\not\in;note$ it by $P(n,1)$ .

$P(\acute{n},1)$ is defined as follows. Let $S^{n}$ be the unit sphere in $R^{n+1}$ ; $S=\{(XX\cdots\cdots\lambda)$

$eR^{n+1},$ $\Sigma x^{2}=1$} and $CP_{1}$ the complex l-dimensional projective space; $CP=\{z=(z_{0}, z_{1})z$

complex number}. Now $P(n,1)$ is the manifold obtained from $S^{n}\times CP_{1}$ by identifying $(x,z)$

with $(-x, z)$ where $-x$ denotes the antipodal of $x$ and $z$ the congugate of $z$ .
It is obvious that $\rho;P(n,1)\rightarrow P$ defined by $ p(x,z)=\lambda$ is a fibre map. We denote this

bundle by $\delta$ ;

$\delta=\{P(n,1),p,P_{n}, CP_{1}O(1)\}$

5. 1. We will first pr\"ove that $P_{(}^{r}n,1$ ) is the total space of the associated sphere bundle
of a vector bundle with cross section.

We identify $CP_{1}$ with $S^{2}$ by the map

$\varphi;[z_{0}, z_{1}.]\rightarrow(\frac{2R(z_{0}z_{1})}{|z_{0}|^{2}+|z_{1}|^{2}}$ $\frac{2I(z_{0}z_{1})}{|z_{0}|^{1}+|z_{1}|^{2}}$ $\frac{z0^{2}-z_{1^{2}}}{|z_{0}|^{2}+|z_{1}|^{2}})$

Let $A$ be the non-trivial element of $O(1)$ . By the definition

$A[z_{0},z_{1}]=[z_{0},z_{1}]$

Hence $A$ operates on $S^{2}$ by the formula

$A(X_{1},\lambda_{2},.li_{3})=(x_{1},-X_{2},\lambda_{3})$

Thus the operation of $A$ on $S^{2}$ is the suspension of the operation of $A$ on $S^{0}$ . This
implies $\delta$ is the associated sphere bundle of a 3-vector bundle $\xi$ . It is $\cdot\cdot$ easy to see that $\xi$

has a cross section.
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5. 2. According to a result of J.Levine [3], it is known that the stable class of $\xi$ is
$\lambda_{0}$ if $n>2$ .

From the above considerations, we have the following
(5.2.1) THEOREM. $P(n,1)\subset 1l^{2n+3}$ $and\subseteq 1i^{2n^{\perp_{1}}2}$ .
(5.2.2) THEOREM. $P(n,1)\subset lP^{n_{I}^{\lrcorner}2}$ $and\subseteq lP^{n+1}$ for $n$ even.
(5.2.3) THEOREM. $P(n,1)\subset lt^{2\varphi(n)+1}$ $and\subseteq li^{2\varphi(n)}$ if $2n-1<2^{\varphi(n)}$ .
(5.2.4) THEOREM. $P(n,1)\subset R^{n+\sigma+2}$ $and\subseteq R^{n+\sigma+1}$

where
$\Gamma$

$\sigma=maJj${$i|2i-1(n+li^{\perp}\prime l)\not\equiv 0$ mod $2^{\varphi(n)}$ }

(5.2.1) follows from (3.1.2), and (5.2.2) from (3.3). (5.2.3) follows from (3.5) and
(5.2.4) from (3.6.2).
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