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The difference between the notions of positivity and complete positivity of various
types of maps associated to operator algebras is discussed in [6]. It is shown that the
commutativity of one of the associated algebras makes no difference between these two
notions and conversely when this is the case, it implies the commutativity of one of the
associated algebras. In this paper we investigate some typical cases where the notion of
n-positivity coincides with that of complete positivity for those maps not necessarily
defined between C*-algebras. The case where maps are defined between C*-algebras
has been treated in Choi [1]. Let E and F be C*-algebras, the duals of C*-algebras, or
the preduals of von Neumann algebras. Then our result states that every #u-positive
linear map of the # X » matrix space Mx»(E) to the space F' is completely positive provided
the associated algebra of E is abelian and is also the case for a n-positive linear map of E
to M»(F) provided the associated algebra of F is abelian.

‘Let A be a C*-algebra and M a von Neumann algebra. We can equip the X » matrix
space over the dual space A%,

Mu(A¥)= (f=Lfij]|fi; € A%},
with the order of the dual space of the matrix C*-algebra M»(A)= {e=[ai;j]|ai; € A}.
Let My be the predual of a von Neumann algebra M, then we can also equip the space
Mu(Msy) with the relative order in M, (M*). Let E and F be C*-algebras, the duals of C*-

algebras, or the preduals of von Neumann algebras. A linear map r of E'to F is said to
be n-positive if the map

ta t [6ij] € Mn (E) |—> [7(cij)]1 € Ma(F)

is positive and z is said to be completely positive if r is n-positive for every positive
integer #.
The following lemma is an immediate consequence of [2, Lemmas 4. 1 and 4. 3].

LemMA 1. Let E be a C*-algebra, the dual of a C*-algebra, or the predual of a von
Neumann algebra. Then every n-positive linear map of the nXn complex matrix algebra
Mn(C) to E is completely positive and moreover every n-positive linear map of E to Mn(C) is
completely positive.
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The following Theorems 2 and 3 give us typical cases where the notion of #-positivity
coincides with that of complete positivity.

THEOREM 2. Let E and F be C*-algebras, the duals of C*-algebras, or the preduals of
von Neumann algebras. If the associated algebra of F is abelian, then every n-positive linear
map of E to Mn(F) is completely positive.

THEOREM 3. Let E and F be C*-algebras, the duals of C*-algebras, or the preduals of
von Neumann algebras. If the associated algebra of E is abelian, then every n-positive linear
map of Mn(E) to F is completely positive.

By [6, Proposition 1. 1], we may consider the transpose of a given #u-positive linear
map of Mn(E) to F. Hence Theorem 3 can be reduced to Theorem 2. Therefore it suffices
to prove only Theorem 2. We split our proof into the following lemmas.

LemMMA 4. Let E be a C*-algebra, the dual of a C*-algebra, or the predual of a von
Neumann algebra and let B be a C*-algebra. If Bis abelian, then every n-positive linear map
T of E to Mn(B) is completely positive.

Proor. Suppose that B is abelian. Then we may assume that B=(y(£2), the C*-
algebra of all continuous functions on a locally compact Hausdorff space £ vanishing at
infinity. Take a positive element [¢i;] in the m X m matrix space Mm(E) and 7 (cij)
=Eb;;',{]k,l & M. (B). For every element t& £2, we define a linear map o: of M (B) to
M, (C) by

a1 [br, 1] =[br,1(2)].

Then by the definition, the map o: is completely positive for every ¢ & £2. Hence the
composed linear map a: o 7 of E to Mx(C) is n-positive, and so by Lemma 1 the map g; - r
is completely positive for every t& £2. Hence the matrix

[ L b%3(0 Ix,10i,i= (01 o T)m[cij]

is positive on Mm(Ma(C)) for every t&=4£. Hence the matrix [r(cij)] is positive on
Mu(Mn(B)). Therefore = is completely positive and the proof is completed.

LEMMA 5. Let E be a Ck-algebra, the dual of a C*-algebra, or the predual of a von
Neumann algebra and let B be a C*-algebra. If Bis abelian, then every n-positive linear map
7 of E to Mn(B¥*) is completely positive.

Proor. Suppose that Bis abelian and write B=Cy(2) as in Lemma 4. Then B* is the
Banach space of all finite Radon measures on 2. Take a positive element [¢;;] in the
mX m matrix space Mm(E) and put z(cij)=[p%}1r1 € Mn (B%). Since every positive
element of M»(Mx(B)) is a sum of elements of the form
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[ Logb] 1e,10i,5,
it is enough to show that

53 (ol miy =0

2.9 ]=1 k;

m n .. .. P
Let p= _21 kZ,l . | #2751, where |gy7 | means the absolute value of the measure ¢} . By
=1 k) l=

Radon-Nikodym theorem, there exists a function xf,e; & LYWL, v for each (4, 4, &, [) such
that

<bmi>=\ diwb®wapr® beB.
For every b & B, we define a linear map ps of M, (B*) to M»(C) by

o6 [k, 1]1=[k,1 (b*D) 1.
By the definition ps is completely positive for every b & B. Hence the composed linear
map ps o v of E to M,(C) is n-positive, and so by Lemma 1 the map ps ° = is completely
positive for every b & B. Hence

L (%) Tk, 13i, i=(0b ° T)m Lcij]
is positive on M (M. (C)) for every b & B. Therefore for any » X m tuple {Zi [1<i<m,

1< k= n} of complex numbers, >1 > 2,1 p;;/ is a positive measure on £, and so
=1 k=1

_,IV‘_, 47 2 =0 a.e u.

”n . . ..
?L A2 x5 () =0 ae p

for every nx m tuple {2}; |1=<i<m, 1=<k=<wn} of complex numbers. Therefore we

have

B3 <o, >

l:]‘=1 k 1

=..% Iil Sg bLHbI® % d p @)

i»j=1 ks
m

={ 33 bwbi ki dem=o.

2 =1 k=1
This completes the proof.
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