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1. Introduction

Let (71/2, J, <<, >) (or briefly M ) be an almost Hermitian manifold with the almost
Hermitian structure (J, <, >>) and M be a Riemannian submanifold of M. If JT5 (M)
=Tx(M) at each point x of M, T.(M) being the tangent space over M in 117, then M is
called a holomorphic submanifold of M. If JTA(M)CT; (M) at each point x of M, T

being the normal space over M in M, then M is called a fotally real submanifold of M.
It jT ;c'- (M) C Tx(M) for all point x of M, then M is called an anti-holomorphic (also known

as a generic) submanifold of M. If, in particular, JT} (M) = T» (M), then an anti-holo-
morphic submanifold M is a totally real submanifold such that dim M =1/2 dim ]\7 In
this case, M is called an anti-invarient submanifold of M. Mis called a CR-submanifold
of M if there exists a C>-holomorphic distribution ® (i.e., J9=D) on M such that its
orthogonal complement D1 is totally real (i.e., JOL C Ti (M)). Especially, if dim D}
=0 (resp. dim ®,=0) for any x & M, a CR-submanifold M is a holomorphic (resp. totally
real) submanifold of M A proper CR-submanifold (resp. anti-holomorphic submanifold)
of an almost Hermitian manifold is a CR-submanifold (resp. anti-holomorphic submani-
fold) with non-trivial holomorphic distribution and totally real distribution. If dim ®L
=codim M (=dim M—dim M ), a CR-submanifold is an anti-holomorphic submanifold of
M. A CR-submanifold (or anti-holomorphic submanifold) of an almost Hermitian mani-
fold is called a CR-product if it is locally the Riemannian product of a holomorphic sub-
manifold and a totally real submanifold. We remark that every hypersurface of an al-
most Hermitian manifold is an anti-holomorphic submanifold. In this paper, we study
the integrability conditions on anti-holomorphic submanifolds of nearly Kaehlerian mani-
folds (see [5]) and give some results with respect to CR-products of nearly Kaehlerian
manifolds (see [4]). In particular, we study anti-holomorphic submanifolds in a 6-dimen-
sional sphere S® and obtain that if a proper anti-holomorphic submanifold is mixed-totally
geodesic in S8 and the leaf of the totally real distribution is totally geodesic in S8, then the
holomorphc distribution is not integrable (THEOREM 4. 2).
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2. Preliminaries

Let f be an isometric immersion of a Riemannian m-manifold M” into a Riemannian
n-manifold M*. For all local formulae we may consider as an imbedding and thus iden-
tify x € M with Ax) € M. The tangent space T (M) is identified with a subspace of the
tangent space Tx(M). The normal space Ty (M) is the subspace of T (717 ) consisting of
all X& T»(M) which are orthogonal to Tx(M) with respect to the Riemannian metric <,
>. Let V (resp. V) be the Riemannian connection on M (resp. M) and R be the Rieman-
nian curvature for V. Moreover, we denote by ¢ the second fundamental form of M in
M. Then the Gauss formula and the Weingarten formula are given by

@.1) oX,Y)=VxY—-VxY, forX,YeE T.(M),
and

(2.2) 6x5=—AeX+v—;(s, for £ € TL (M),

respectively, where — A¢X (resp. Vj{ &) denotes the tangential (resp. normal) component
of Vx§. The tangential component A¢X is related to the second fundamental form ¢ as
follows:

<U(X; Y)’ €>=<A5X, Y>) for X, YETI(M)'
The Codazzi equation is given by
2.3) (RX, )2 1=(V'x) (Y, 2)~(V'y o) (X, Z),
where (V' x0) (Y, Z2)=Vix (oY, Z2))—o(VxY, Z)—0o(Y,VxZ),
{ﬁ(X, Y)Z} L is the normal component of R (X, Y)Z, for X, Y, Z& T M).
We now recall some fundamental notions of an almost Hermitian manifold. Let M

be a 2n-dimensional manifold endowed with an almost Hermitian structure (J, <, >).
Let N be the Nijenhuis’ tensor of /. Then by the definition, Ny is given by

N; (U, V)=0JU,JV1-LU, V1-JUU, V1-JLU,JV ],

for vector fields U, V on M. 1t is well known that the almost complex structure J is a
complex structure on M if and only if Ny vanishes on M. An almost Hermitian mani-
fold M =(J\7, J, <, >) is called a nearly Kaehlerian manifold (also known as K-space or
almost Tachibana space) provided that its almost Hermitian structure (J, </, >>) satisfies
the condition (GxDX =0 for all tangent vectors X on M. Easily we get

Lemma 21. Let (M, J, <, >>) be a nearly Kaehlerian manifold, then the Nijenhuis'

tensor Ny takes the following form:
Ny (U, V)=—4]($U])V, for vector fields U, V on M.

Let = and 7’ be two J-invariant planes in Tx(ﬂ ). Then the holomorphic bisectional
curvature Hp(X, Y) is given by
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2.4  Hp(X,Y)=R(X,JX, Y,]Y),
where (ﬁ(X ,NZ, W ~R X, Y, W, Z),and X and Y are unit vectors in 7 and 7’ respec-
tively.
3. Integrability conditions on an anti-holomorphic submaifold

Lat M be a 2n-dimensional nearly Kaehlerian manifold endowed with an almost Her-
mitian structure (J, <, >) and M be an m-dimensional Riemannian manifold immersed

in M. For any vector field X tangent to M, we put
3.1 JX=FX+wX,

where F'X and wX are the tangential and normal components of /X, respectively. If M is
a holomorphic (resp. totally real) submanifold of M, then o (resp. F) in (3.1) vanishes
identically. Let M be an anti-holomorphic submanifold of M. The tangent space T»(M)
of M is decomposed in the following way:

Tx(M)=H.(M)®JTL (M) at each point x of M,

where H.(M) denotes the orthogonal complement of JT-(M) in T«(M). Thus we see that

That is, Hx(M) is a holomorphic subspace of T, (M). From now on, we assume that
Ny X, YYETAM)for X, Y & Tx(M).
From (2.1), (2.2) and LEMMA 2.1 we get

3.2)  JoX, V)=(VxF)Y+(Vx0)Y—Awy X+o(X, FY)— 1/ F(Ni(X, Y))
—(1/4) o (N7 (X, Y)),

where we have put (Vxw)Y= Vi (@Y)—ovVxY.
Since ¢ is symmetric and Nijenhuis’ tensor is skew-symmetric, from (3. 2)
we get

3.3 (VxF)Y—A,yX+o(X, FY )+ (Vxo)Y—(1/4) FIN/(X, Y))
—1/H) o (Ny(X, Y))
=(VyF) X—AoxY+o(Y, FX)+(Vy o) X+(1/HF (N;(X, Y))
+1/) 0Ny (X, Y))

Comparing the tangential and normal parts of the boht sides of (3. 3), we have respec-
tively

3.9 (VxF)Y—(VyF)X=A,vyX—A,xY+(1/2)F(N;(X, Y)),

and
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3.5 (Vx 0) Y—(Vyo)X=0(FX, Y)—o(X, FY)+(1/2) o (N/(X, Y)).

Applying J to the both sides of (3. 1), we get
—X=JFX+JoX=F2Xt+oFX+]JwX.

Since JT (M) C T« M), we see that Jo X € Tx(M). Thus we have

3.6) o FX=0.

3.7 F2X=—X—JwX.
Similarly, from (3. 2) we have

3.8 Jo(X, Y)=(VxF) Y—A,yX—1/4)F(N; (X, Y)),

and

(3.9) 0 (X, FY)=—(Vxo)Y+(1/0)a(Ni(X, Y)).

LeMMA 3.1. Let M be an anti-holomorphic submanifold of a nearly Kaehlerian mani-
fold M. If M satisfies

3.10) Ny(X, Y)E JTL (M), for X& Te(M)and Y € JTE (M),
then we have
3.11) A,y Z=A,zY, forZ& JT: (M).

The proof is similar to [5], LEmMmaA 2. 1.
Applying F to the both sides of (3. 7), we have

F3X=—FX, for X € T.(M).

Thus we have F3+4+F=0.

On the other hand, the rank of F is equal to dim M—codim M=m—2n—m)=2(m—n)
everywhere on M. Consequently, F' defines an f-structure of rank 2(m—=) ([5]). We
now put

L=—F2and T=F2+1.

We can easily see that L and T are complementary projective operators. Thus there
exist complementary distributions £ and & corresponding to the projection operators L
and T respectively. Since the rank of P is 2(m—mn), 8 is 2(m—n)-dimensional and ¥ is
(2n—m)-dimensional. The distributions & and ¥ are defined also by

L={XET:(M): o X=0},
and
T={XET(M): FX=0}.

Hence the distribution € (resp. ¥) is holomorphic (resp. totally real).
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In [4], we showed the following

THEOREM A. Let M be a CR-submanifold of a nearly Kaehlerian manifold (]\7, 7, <
>). Then a necessary and sufficient condition for the holomorphic distribution D to be
integrable is that the following conditions are satisfied:

c(X,JY)=0(X,Y)
and
N/ X, YHED, forall X, Y € D.

THEOREM B. Let M be a CR-submanifold of an early Kaehlerian manifold (ZTJ, I, <, >).
Then a necessary and sufficient condition for the totally real distvibution DL to be integrable

is that the following condition is satisfied :
(Ni(X, Z), W>={NyX, Z), JW >=0, forall XED, Z, WeE DL

Hence, as the integrability conditions of & and ¥, we obtain
THEOREM 3.1. Let M be an anti-holomorbhic submanifold of a nearly Kaehlerian mani-
fold M. If M satisfies

(3.12) o(X,FY)=0o(FY,Y)
and
3.13) Ny X, Y)EE forall X, Y EE,
then the holomorphic distribution @ is integrable.
Proor. From (3.5), we get
o[X,Y]=0VxY—0oVyrX=—(Vxo)Y+(Vrw)X
=—0(FX,Y)to(X, FY)—-1/20(Nj(X, Y)),

for all X, Y & & Thus the assertion is showed by (3. 12) and (3. 13).
Q.E.D.
Therefore the maximal integral submanifold M; of &€ through a point of Mis a 2(m—n)-
dimensional neary Kaehlerian submanifold of M.
With respect to the totally real distributions ¥, we have
THEOREM 3.2. Let M be an anti-holomorphic submanifold of a nearly Kaehlerian
manifold M. I 'f M satis fies

3.14) N;(X,Y)E T (M), forall X, Y & T,

then the totally real distribution % is integrable.
Proor. From (3.4) we get

FLY,Y]=FVxY—FVyX=—(VxF)Y+(VyF)X
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forall X, Y& . From LemMma 3.1 and (3.14), we have F[X, Y]=0,forall X, Y & E.
Q.E.D.
Hence the maximal integral submanifold M; of ¥ through a point of Misa @Cn—m)-
dimensional totally real submanifold of M.
ReMARK Let M be an anti-holomorphic submanifold of a nearly Kaehlerian manifold
M. If JTL (M)= Tx(M), Esiri obtained the following identity ( (2. 10) in [3]):

[(Vx)YIT=0, forall X, Y & T.(M),
where [ ]7 is a tangential component of (%X] )Y. Thus from LEMMA 2.1 we have

Ny(X, Y)=—4](Vx)Y EJTL J(M),  forall X, Y E Tu(M).

4. CR-products

Let M be a CR-submanifold ofa nearly Kaehlerian manifold M. We denote by v the
complementary orthogonal subbundle of /®+L in TLM. Hence we have

TiM=]JDL Dy, JDL.

In [4], we showed that if M satisfies (¥) ¢(X, Y) € v, (¥ o (X, Z) € v and (¥*) N;(X, Y)
EDPTL M, forall X, YED, ZEDL, then M is a CR-product in M. Hence we immediate-
ly see that if, in particular, M is atotally geodesic CR-submanifold of a Kaehlerian manifold
M, then M is a CR-product in M. Let Mbean anti-holomorphic submanifold of a nearly
Kaehlerian manifold M. Thus we remark the following

THEOREM 4.1. Let M be a totally geodesic anti-holomorphic submanifold of a Kaehlerian
manifold M. If M satisfies

(olek) Ny X, Y)ELDTLM, forall X, Y € &,

then M is @ CR-product in M.

COROLLARY 4.1. Let M be a totally geodesic real hypersurface of a nearly Kaehlerian
manifold M. If M satisfies the condition (%), then M is @ CR-product in M.

It is well known that a 6-dimensional unit sphere S¢ admits an almost complex struc-
ture. We see that a unit sphere S5 is a totally geodesic real hypersurface in S® but S5 is
riot a CR-product in S6. We thus remark that we can not omit the condition (3¥¥),

" We now consider an anti-holomorphic submanifold in a 6-dimensional sphere S6. Let
M, be the maximal integral submanifold of € through a point of M. Let o''(resp. a2) be
the second fundamental form of M, in M (resp. M). Then we have

(4.1) 0" (Z, W)=04Z, W)+ao(Z, W), for Z, W € <.

A CR-submanifold is said to be mixed-totally geodesic if 6 (X, Z)=0, for all X &€ D, Z
€ ®L. A CR-submanifold M of an almost Hermitian manifold M is said to be mixed-
Joliate if it is mixed-totally geodesic and if its holomorphic distribution is integrable.
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From ProposiTiON 6.2 in [4], we have

LemMmAa 4.1. Let M be an anti-holomorphic submanifold of a nearly Kaehlerian mani-
fold (M, J,<,>). Then a necessary and sufficient condition for the totally real submanifold
M, to be totally geodesic in M is that M is mixed-totally geodesic in M.
From LEmmA 4.1 and (4. 1) we get

LemMA 4.2 Let M be an anti-holomorphic submanifold of a nearly Kaehlerian manifold
(ZT/I, J, <, >). If M is mixed-totally geodesic in M and M, is totally geodesic in ]T/I, then we
have

o(Z, W)=0, forall Z, W& Z.

In this paper we shall show the following THEOREM.

THEOREM 4.2. Let M be a proper anti-holomorphic submanifold in S8. If M is mixed-
totally geodesic in S® and M, is totally geodesic in S®, then the holomorphic distribution is not
integrable.

CoROLLARY 4 2. Under the assumption of THEOREM 4.2, S® has no mixed-foliate proper
anti-holomorphic submanifolds.

COROLLARY 4. 3. Under the assumption of THEOREM 4.2, S8 has no proper CR-products.

Proor of THEOREM 4.2. The Codazzi equation (2. 3) implies

4.2) (R(X,]X)Z) l=Vj{ (¢ (JX, Z2))—a(Vx(JX), Z)—0(JX, VxZ)
—VjX(U(X, 2))+e(VixX, Z)to (X, Vix2),
foral X & & Z& 2. From (4.2) we get
43  (RXJX)ZIZ)=(VLeUX, 2)-VE (o(X, 2),]Z)
— 0 (Vx(JX), 2)—a(VixX, 2),]Z
—( o (UX,VxZ),JZ>+<0o(X,V;xZ), JZ),

forall X & &, Z& <.
By the assumption of THEOREM, LEMMA 4.2 and (4. 3) we have

4.9 (RX,JX)Z,JZ)=—{ o (X, Vx2),JZ)+{ o(X, VixZ),]Z
=—KAjz(UX), VxZ>+{AjzX, VixZ>.
By LEMMa 2.1 we get
(4.5) —<Arz(JX), VxZy=—C A;z(JX), VxZ)
=—(JA1z(JX),JVxZ>
=—(JAsz(JX), —A7zX+V3 (JZ)
—(1/4INs (X, Z)),
forall X € &, Z& Z. From the assumption we get
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CAjzX, WH=(o(X, W), JZ>=0, forallX&& Z, We&<I.
Thus we get
(4.6) AjzXel foralXe g Zegt.
From (4.5) and (4. 6) we have
4.7 —CAsz(JX), VxZ)=—CJA;zZ(JX), —AjzX—Q1/4)JN;(X, Z))
| =1/4) CAz(JX), Ny(X, Z)>— Arz(JX), JA;z X) ).
| Similarly we get
| 4.8) CAszX, VixZ>=—1/H< AszX, Ny(JX, Z))+<AjzX, JA;z(JX)).
| From (4. 4), (4.7) and (4. 8) we get
‘ 49 (R&X,JX)Z1Z)
=—2CArz(JX), JArzX )+(1/4X Asz(JX), Ny(X, Z))
—(1/4){A;zX, N;(JX,Z)), forallXec g ZcxI.
A Nijenhuis’ tensor of M satisfies the following identity:
(4.10) (Nj(U, V), WY={Ny(V, W), U>, forall U, V, WE T«M).
From (4. 6), (4.9) and (4. 10) we have
(4.11) Hp(X, Z)=2{ Asz(JX), JA1zX>+Q/4){ Ny (X, Az(JX)), Z)
—U/DN;UX, AjzX), Z)5.

| For an orthonormal basis {Ei} (i=1,..., m)at T(M), we get

‘ (4.12)  2{A,;z(JX),JA;zX ) =2 gh( Asz(JX), Ei)> (JAszX, E: )

=—231¢o (X, B, JZ) (o(X, JE), ] Z>.

If the holomorphic distribution is integrable, then THEOREM 3.2, (4.6), (4.11) and
(4.12) we have

He(X, 2) = —zﬁlu(fx, E), JZY% <0.

This is a contradiction since S¢ has positive holomorphic bisectional curvature.
Q.E.D.
Finally we give some remarks with respect to an anti-holomorphic submanifold of a
complex projective space C P”.
LemmAa ([1]). Let M be an anti-holomorphic submanifold of a Kaehlerian manifold
M. Then a necessary and sufficient condition for totally real submanifold M, to be totally
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geodesic in Mis M is mixed-totally geodesic in M.
Thus from LEMMA we get as THEOREM 4. 2

THEOREM ([2]). Let M be a proper anti-holomorphic submanifold in CP". Jf M, is

totally geodesic in CP", then the holomorphic distribution is not integrable.
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