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1. Introduction

Let $M$ be an n-dimensional almost Hermitian manifold with almost Hermitian struc-
ture $(Fi^{h}, gji)^{1)}$ . If the fundamental 2-form $Fih=gjhFi^{j}$ satisfies

(1. 1) $\nabla JF_{ih}+\nabla;F_{jh}=0$ ,

where $\nabla j$ denotes the operator of the Riemannian covariant differentiation, then the
manifold is called a K-spacr (or almost Tachibana space or nearly K\"ahler manifold).

It is well known that a K\"ahler manifold is a K-space but a K-space is not necessarily
a Kahler manifold. In the sequel, by a K-space we mean a non-K\"ahler K-space. A 6-
dimensional K-space has been studied by Takamatsu $[51, [6]$ , Sato [3], Yamaguchi,
Chuman and Matsumoto [8], Tanno [7] and others.

One of the examples of K-spaces is a 6-dimensional sphere $S^{6}[1]$ . The following is
a conjecture. A -dimensional K-space is a space of constant curvature.

The results known up to now which support this conjecture are the following. (See

also Remark in \S 2)

THEOREM A (Takamatsu [5]). There does not exist a K-space of constant curvature
provided that $n\neq 6$ .

THEOREM $B$ (Tanno [7]). $A$ -dimensional K-space of constant holomorphic sectional
curvature is a space of constant curvature.

Now, let $Rkjt^{h},$ $Rji$ and $R$ be the curvature tensor, the Ricci tensor and the scalar
curvature respectively and put Rkjih $=g_{ht}Rkji^{t},$ $R^{*}J;=\frac{1}{2}FabR_{absi}Fj^{S},$ $R^{*}=g^{ji}R^{*}ji$ etc..

The purpose of this note is to prove the following theorem which supports our conjec-
ture.

THEOREM. If a -dimensional K-space $M$ satisfies
$\nabla mRkjih-Fi^{t}Fh^{S}\nabla mRkjts=0$ ,

then $M$ is a space of constant curvature.

1) The Latin indices run over the range 1, 2,..., $n$ .
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$CoROLLARY$ . If a -dimensional K-space $M$ is locally symmetric, then $M$ is a space of
constant curvature.

2. Preliminaries

We need the following lemmas to prove Theorem.
LEMMA 2.1 (Tachibana [4]). In a K-space, we have

(2. 1) $(\nabla JF_{ab})\nabla;Fab=Rji-R^{*};t,$ $(\nabla JF_{ab})\nabla^{j}F^{ab}=R-R^{*}$ .
LEMMA 2.2.(Gray [2]). In a K-space, we have

(2. 2) $RkJih-Fk^{a}Fj^{b}R_{abih}=-(\nabla kFj^{S})\nabla sFih$

LEMMA 2.3 (Takamatsu [6]). In a K-space, we have

(2. 3) $(Rj;-R^{*}ji)(R^{ji}-R^{*ji})=2(R_{kjih}R^{kjih}-Fi^{t}F_{h^{S}}R_{kjts}R^{kjih})$ .
LEMMA 2.4 (Takamatsu [6]). In a -dimensional K-space, we have

(2. 4) $Rji-R^{*}ji=\frac{1}{6}(R-R^{*})gji_{J}$

(2. 5) $5R^{*}=R$.
LEMMA 2.5 (Yamaguchi, Chuman and Matsumoto [8]). $A$ -dimensionl K-space is

an Einstein space.

LEMMA 2.6. In a -dimensional K-space, we have

(2. 6) $Rkjih-Fi^{t}Fh^{S}Rkjts=\frac{R}{30}(gjigkh-gktgjh-FjiFkh+FkiFjh)$ .
(c.f. Yamaguchi, Chuman and Matsumoto [81)

PROOF. To prove (2. 4), Takamatsu used in [61 the following identity:

(2. 7) $UkjihU^{kj\dot{\iota}h}=\frac{3}{4}(Rji-R^{*}ji\frac{R-R^{*}}{6}gji)(R^{ji}-R^{*ji}-\frac{R-R^{*}}{6}g^{j;)}$

where $U_{kjih}=\frac{1}{2}(R_{kjih}-F_{\dot{l}}^{t}F_{h^{S}}R_{kj!s})-\frac{1}{4}(g_{kh}Sji-gjhS_{ki}+gj\dot{\iota}S_{kh}-g_{k}\iota Sjh)$

$+\frac{1}{4}$(Fi $FhkSjt-Fi^{t}FhjSkl+FijFh^{S}Sks-FikFh^{S}Sjs$) $+\frac{1}{16}(R-R^{*})(gjigkh-$

$gk;gjh-FjiFkh+FkiFjh)$ and $Sji=Rji-R^{*}ji$ .
From (2. 7), we have

$Rji-R^{*}ji=\frac{1}{6}(R-R^{*})gji$ , Ukjih $=0$.

Hence, substituting (2. 4) and (2. 5) into Ukjih $=0$, we easily have (2. 6).

LEMMA 2. 7. In a -dimensional K-space, we have
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(2. 8) $Fi^{t}F_{h^{s}}$ Rkjts R $=|R_{kjih}|^{2}-\frac{4}{75}R^{2}$

where $|Rkjih|^{2}=RkjihR^{kjih}$ .
PROOF. From (2. 3), making use of (2. 4) and (2. 5), we have

$Fi^{t}Fh^{S}RkjlsR^{kjih}=-\frac{1}{2}|Rji-R^{*}ji|^{2}+|Rkjih|^{2}$

$=|R_{kjih}|^{2}-\frac{1}{12}(R-R^{*})^{2}$

$=|R_{kjih}|^{2}-\frac{4}{75}R^{2}$ .

REMARK. (2. 6) can be written as

$Rkjih-\frac{R}{30}(gjigkh-gkigjh)-Fi^{t}Fh^{S}[RkJts-\frac{R}{30}(gjtgks^{-gktgjs})]=0$

which also supports our conjecture.

3. Proof of Theorem

First of all, applying $\nabla m$ to the both sides of (2. 6) and taking account of the assump $\cdot$

tion and $\nabla_{m}R=0$ , we have

(3. 1) $(\nabla mFi^{t})F_{h^{s}}Rkjts+Fi^{t}(\nabla mF_{h^{S}})Rkjts$

$=_{\frac{R}{30}[m}(\nabla mFj;)Fkh+Fji\nabla mFkh-(\nabla mkijhki\nabla jh\cdot$

Next squaring the both sides of (3. 1) $\nabla ji$ , we have

(3. 2) $2|(\nabla mFi^{t})Fh^{S}Rkjts|^{2}+2(mF)F_{h^{S}}(\nabla^{m}F^{hb})F^{ia}RkjtsR^{kj_{ab}}$

$=(\frac{R}{30})^{2}[4|(\nabla mF_{ji})F_{kh}|^{2}-8|_{\nabla m}F_{ji}|^{2}]$ .

Making use of Lemmas in \S 2, we shall calculate the left hand side of (3. 2).

Now, for the first term, by (2. 1), (2. 4) and (2. 5), we have

(3. 3) $|(\nabla mFi^{t})F_{h^{S}}Rkjts|^{2}=(\nabla mFi^{t})F_{h^{S}}R_{kjts}(\nabla^{m}F^{ia})F^{hb}R^{kj_{ab}}$

$=\nabla mF_{i^{t}}(\nabla^{m}F^{ia})R_{kjt^{b}}R^{kj_{ab}}$

$=(R^{ta}-R^{*ta})R_{kjt^{b}}R^{kJ_{ab}}$

$=\frac{1}{6}(R-R^{*})|Rkjih|^{2}=\frac{2}{15}R|Rhjih|^{2}$ .

For the second term, by (1. 1), (2. 2) and (2. 6), we have



16 S. Sawaki and Y. Yamanoue

$(mF)F_{h^{S}}(\nabla^{m}F^{hb})F^{ia}Rkj\ell SR^{kj_{ab}}=(\nabla^{tp}i’ n)F_{h^{s}}(\nabla^{b}F^{hm})F^{ia}R_{kj\ell s}R^{kj_{ab}}$

$=(\nabla^{t}F^{ia})Fim(\nabla^{b}Fh^{s})F^{hm}RkjtsR^{kj_{ab}}=-\nabla^{i}F^{at}(\nabla;F^{bs})R_{kJts}R^{kj_{ab}}$

$=(R^{atbs-F_{m^{b}}F_{c^{s}}R^{atm})RR^{kj_{ab}}}kj\ell s$

$=\frac{R}{30}(g^{as}g^{fb}-g^{ab}g^{ts}-F^{as}F^{tb}+F^{ab}F^{ts})R_{kj\ell s}R^{kjab}$

$=\frac{R}{30}$[ $-|R_{kjih}|^{2}-F_{a^{s}}Fb^{\ell}$ Rkjst $R^{kjab}+F^{ab}F^{ls}RkJtsR^{kjab}$ ].

In this place, by the definition of $R^{*}ji$, we have

$p_{abF^{\ell s}R_{kjts}R^{ki_{ab}}=4F_{k^{S}}R_{sj}^{*}ffltR_{t^{j}}^{*}}$

$=4R_{kj}^{*}R^{*}kj$

$=\frac{2}{75}R^{2}$,

because by (2. 4), (2. 5) and Lemma 2. 5, we have

$R_{ji}^{*}=\frac{1}{6}R^{*}gj;=\frac{1}{30}$Rgji.

Hence, making use of (2. 8), we have

(3. 4) $(\nabla mFi^{t})Fh^{s}(\nabla^{m}F^{hb})F^{ia}RkjtsR^{kj_{ab}}$

$=\frac{R}{30}(-|Rkjih|^{2}-|Rkjih|^{2}+\frac{4}{75}R^{2}+\frac{2}{75}R^{2})$

$=\frac{R}{15}(-|R_{kjih}|^{2}+\frac{3}{75}R^{2})$ .

For the right hand side of (3. 2), by (2. 1) and (2. 5), we have

(3. 5) $|(\nabla mFji)F_{kh}|^{2}=6(R-R^{*})=\frac{24}{5}R$,

$|\nabla mF_{j;}|^{2}=R-R^{*}=\frac{4}{5}R$ .

Consequently, substituting (3. 3), (3. 4) and (3. 5) into (3. 2), we have

2 $[\frac{2}{15}R|Rkjih|^{2}+\frac{R}{15}(-|Rkjih|^{2}+\frac{3}{75}R^{2})]$

$=(\frac{R}{30})^{2}(\frac{96}{5}R-\frac{32}{5}R)$ ,

$|R_{kjih}|^{2}=\frac{1}{15}R^{2}$ .

This equation can be written as
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$[Rkjih-\frac{R}{30}$(gfigkh-gfh $gk;$)$][R^{kjih}-\frac{R}{30}(g^{ji}g^{kh}-g^{jh}g^{ki})]=0$

from which we have

Rkjih $=\frac{R}{30}(gjjg_{kh}-gjhg_{k};)$ . Q. E. D.

NIIGATA UNIVERSITY

References

[1] T. FUKAMI and S. ISHIHARA: Almost Hermitian structure on $S^{6},$ T\={o}hoku Math. J., 7 (1955),
151-156.

[2] A. GRAY: Nearly Kahler manifolds, J. Differential Geometry, 4 (1970), 283-309.
[3] I. SATO: On special K-spaces of constant holomorphic sectional curvature, Tensor N.S., 24 (1972),

355-362.
[4] S. TACHIBANA: cin infinitesimal conformal and proiective transformations of compact K-space,

T\={o}hoku Math. J., 13 (1961), 386-392.
[5] K. TAKAMATSU: Some properties of K-space with constant scalar curvarure, Bull. of the Fac. of

Edu. Kanazawa Univ., 17 (1968), 25-27.
[6] K. TAKAMATSU; Some properties of 6-dimensional K-spaces, Kodai Math. Sem. Rep., 23 (1971),

215-232.
[7] S. TANNO: Constancy of holomorphic sectional curvature in almost Hermitian manifolds, Kodai

Math. Sem. Rep., 25 (1973), 190-201.
[8] S. YAMAGUCHI, G. CHUMAN and M. MATSUMOTO: Cbz a special almost Tachibana space, Tensor

N. S., 24 (1972), 351-354.


	1. Introduction
	THEOREM A ...
	THEOREM $B$ ...
	THEOREM. If ...

	2. Preliminaries
	3. Proof of Theorem
	References

