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1. Introduction

Let M be an n—dimensional almost Hermitian manifold with almost Hermitian struc-
ture (Fik, gji)V. If the fundamental 2-form Fir=g;»rFii satisfies

1. D ViFin+ViFjrn=0,

where V; denotes the operator of the Riemannian covariant differentiation, then the
manifold is called a K-spacr (or almost Tachibana space or nearly Kihler manifold).

It is well known that a Kihler manifold is a K-space but a K—space is not necessarily
a Kihler manifold. In the sequel, by a K-space we mean a non-K#ihler K-space. A 6-
dimensional K-space has been studied by Takamatsu [5], [6], Sato [3], Yamaguchi,
Chuman and Matsumoto [8], Tanno [7] and others.

One of the examples of K-spaces is a 6~dimensional sphere S¢ [1]. The following is
a conjecture. A 6-dimensional K—space is a space of constant curvature.

The results known up to now which support this conjecture are the following. (See
also Remark in §2)

THEOREM A (Takamatsu [5]). There does nol exist a K-space of constant curvature
provided that n+6.

TueoOREM B (Tanno [7]). A 6-dimensional K—space of constant holomorphic sectional
curvature is a space of constant curvature.

Now, let R:ji#, Rji and R be the curvature tensor, the Ricci tensor and the scalar
curvature respectively and put Rrjin=gn:t Rkjit, R*ji= % Fab Rapsi Fjs, R*=gii R*;; etc..

The purpose of this note is to prove the following theorem which supports our conjec-
ture.

THEOREM. If a 6—dimensional K-space M satisfies
VmRrjin— Fit FpsVm Rejis =0,

then M is a space of constant curvature.

1) The Latin indices run over the range 1, 2,..., n.
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COROLLARY. If a 6-dimensional K-space M is locally symmetric, then M is a space of
constant curvature.

2. Preliminaries
We need the following lemmas to prove Theorem.
LemMma 2.1 (Tachibana [4]1). In a K—space, we have
2 D (Vi Fap)Vi Fab=Rji—R*ji, (V;j Fap)V’ Fab=R—R*.
LemmMma 2.2.(Gray [2]). In a K-space, we have
Q2. 2 Rrjin— Fra Fib Rasin=—(Vk Fjs)Vs Fin.

LemmMa 2.3 (Takamatsu [6]). In a K-space, we have

1

. 3 (Rji— R*ji )(Rii— R*ji)=2( Rrjin Rkith— Fit Fys R jts Rkih),
LeMMA 2.4 (Takamatsu [6]). In a 6-dimensional K-space, we have

@ o Rji—R*;i =—é‘—(R—R*)gj£.,

2. 5) S5R*=R.

LemMA 2.5 (Yamaguchi, Chuman and Matsumoto [8]). A 6-dimensionl K-space is
an Einstein space.

LemMA 2.6. In a 6-dimensional K-space, we have

(2. 6) Rejin— Fit Fps Rejts= 3},% (gii gkh— gri ih— Fji Frn—+ Fri Fin).

(c.f. Yamaguchi, Chuman and Matsumoto [8])

Proor. To prove (2. 4), Takamatsu used in [6] the following identity:

@ Unjin Ubith =——3_(Rji—R*3 —i—Gﬁ gir ) Rié—R¥i —R_‘;Rf— gi)

where Upjin= —%—(Rkjih — Fit Fys Rkjts)"-—i—(gkh Sji— gin Ski-+ gji Skh— gri Sin)

+— (Pt Fwk Sjt— Fit Fij Suut Fij Fius Ses— Fin Fis Ss)+——(R—R*Xgrignn—
grigin—Fiji Frn+Fri Fjn) and Sji=Rji—R*ji.
From (2. 7), we have
Rji—R*ji=——61—(R—R*)gji, Urjin=0.
Hence, substituting (2. 4) and (2. 5) into Urjir=0, we easily have (2. 6).

LemMmA 2. 7. In a 6-dimensional K-space, we have
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2. 8 Fit Fus Rrjes RRjih= | Rijin|? —745—122

where |Rrjin|%2=RrjinRFkiih,

Proor. From (2. 3), making use of (2. 4) and (2. 5), we have

Fit FnsRrjis Rkith= ——;— | Rji—R*ji |2+ | Rrjin|?
— o jz—_1 _px
| Rejin | ETR (R—R*)?

= IRkjih|2——745 Re.

Remark. (2. 6) can be written as
Rerjin — ——E—ngigkh—gkigjh)— FitFys [Rk jts— L(gjt Shs— Gkt gjs)] =0
30 30

which also supports our conjecture.

3. Proof of Theorem

First of all, applying V= to the both sides of (2. 6) and taking account of the assump- '
tion and VxR=0, we have

3. D (Vm Fit)Fns Rrjts+ Fit(Vm Fns)Rrjis
=—§%—[CVm Fi)Fun+FiiNm Fen—(Vm Fri) Fjh— Fri Vijh] .

Next squaring the both sides of (3. 1) and making use of F/iv,F;i=0, we have
G. 2) 2|(Vm Fit)Frs Rijts |2+ 2(Vm F;t) Fps(vm Frb) Fia Ry jts Rk qp

Z(TIE)—)Z[4I(Viji)Fkhlz“S'Vm Fﬁlz] '

Making use of Lemmas in §2, we shall calculate the left hand side of (3. 2).
Now, for the first term, by (2. 1), (2. 4) and (2. 5), we have

@G 3 | (VmFit)Fys Rrjts|2=(Vm Fit) Fps Rejes (V™ Fia) Fhb Rkjgp
=Vm Fit(Ym Fia)Rp;jtb Rk qp

=(Rta— R*ta)Ryjsb Rkigs
—T kjih —'—-—15 kjih|“.

For the second term, by (1. 1), (2. 2) and (2. 6), we have
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(Vm Fit) Fps(ym Frd) Fia Ry jts Rkiap =Vt Fim) Frs(Vb Fhm)Fia Ry its Rkiqp
=(V! Fia) Fim(Vb Fps)Fh™ Ry jts Rkiqp= —Vi Fat(\7; F6s)Rpjis Rk qp
=(Ratbs.-_Fmb Fes R“t’”")Rkjtstjab

= —(ges gtb— geb gts— Fos o=+ Fab Frs) Ry s Rbiat

.=—3},%[ — | Rrjin|?— Fas Fb! R jst Rkiab+- Fab Fts Ry jts Rkiab],
In this place, by the definition of R*j;, we have
FabFts Ry jts Rkjqp= 4 Fps R*s; Fkt R*,j
= 4R*1j R**i

=2 p
75 R,

because by (2. 4), (2. 5) and Lemma 2. 5, we have
R* jx'=-———é R*gji=————310 Rgiji.

Hence, making use of (2. 8), we have '

G v (VmFit) Fis(vm Fhb)Fia Ry jts Rkiap

__R ,__ 12 .12 4 2 2 2
_§G—< lejzhl le;zhl +—————75 R +—-—-—75 R )

_ R (2 3 p2
=T (— | Rrjin |2+ 5" R?2).
For the right hand side of (3. 2), by (2. 1) and (2. 5), we have

G 5 |(Vm Fji) Fen |2=6(R—R*>=2T4R,

\VmFji |2=R—R*=—-§__R.
Consequently, substituting (3. 3), (3. 4) and (3. 5) into (3. 2), we have

2 12 R (_ 12 3
2[—*15 R|Rujinl? +-E{(— | Rujin? + -3 Rz)]

) (e n). e

12— 1 2
| Rejin| i5 R2.

This equation can be written as
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o R o iih— R ¢ i kb ih ki) | =
[Rknh 30" (&giigrh g]hgkz)} [R’” 30 (g7t gkh— gih g )] 0

from which we have
Rrjin= —%—(gji Skh—&ih &ki)- Q. E. D.
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