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1. Introduction

Let M(A) be the algebra of double centralizers of a Banach algebra A. Let A* and
A** be the conjugate and the second conjugate spaces of A, respectively. Let x be the
canonical mapping of A into A** and Q(A) is the idealizer of #(A) in A**. The purpose
“of this paper is to generalize a fact that Q(A) is isometrically *-isomorphic onto M(A)
when A is a C*-algebra [8]. Suppose that A is a Banach algebra without order. Then
there is a canonical map @ [see §3] which is a norm-decreasing homomorphism of Q(A)
into M(A). Also A has a weak bounded approximate identity if and only if @ is onto.
Moreover, we shall investigate a condition for Q(A) to be isometrically isomorphic onto
M(A). Finally, we shall construct two interesting examples.

2. Notations and preliminaries

Let A be a Banach algebra. The two Arens products *, and %, are defined in stages
according to the following rules [1, 4]. Let x, y=A, fEA*, and F, GEA**. Then we
have, by definition,

(f* D) =f(xy)» (Gx1 () =G(f*ky %), (F¥1 GY(f)=F(G¥, f).

Then, f¥ x, Gx, fEA* and FGEA** and A** is a Banach algebra with the Arens
product %;. A** with the Arens product %; is denoted by (A**, x;). Similarly, we define

(w2 f (3 )=f %), (ke FO(A)=F (21D, (Fokey GY(f)=G (S F).

Then, xx,f, fika FEA* and Fx, GEA**, and A** is a Banach algebra with the Arens
product x,. A** with the Arens products *, is denoted by (A**, %,). Furthermore a
Banach algebra A is said to be Arens regular if the two Arens products coincide on A**;

An ordered pair (T3, T,) of operators in A is said to be a double centralizer on A pro-
vided that x(T1y)=(T%x)y for all x,y=A. The set of all double centralizers of A will be
denoted by M(A). We say that a Banach algebra A has a weak approximale identity if



6 K. Saito

there exists a net {¢:}«c, in A such that lim f(e.x—x)=Ilim f(xe.—x)=0 for every xEA
and fEA*. It is said to be bounded if there is some number M such that |e.||<M for all
ac4. Weput P={xcA:xA=(0) or Ax=(0)}.

We say that A is without order when P=(0). Thisis the case, if A either is semi-
simple or has a weak approximate identity. Throughout this paper, we use the standard
notations and terminologies from [7].

LEMMA 1. Let A be a Banach algebra without order and let (T4, Tz)éM(A). Then

(1) Ty and Ty are continuous linear operators in A,

(ii) T(xy)=(Tix)y forall x,yEA,

(iil) Te(xy)=x(Tyy) forall =x,yEA,

(v) if (S, S2EMCA), (T1S, S:To&MCA).

Proor. The proof of these statmeénts is almost the same as that of [2, proposition
2.5 and Lemma 2. 9].

DerFINITION. Let A be a Banach algebra without order and (T3, T3), (S, So)EM(A),
and let « be a complex number,

(i) Ty, T)+(S1, So)=(T1+S1, To+Sz),

(ii) a(Ty, T)=(aTy, aT3),

i) (T T)(Su SD=(T1Ss S:T2),

(v) 1Ty, THl=max(|| T1l, | T2lD.

Then M(A) is seen to be a Banach algebra under above operations and norm.

Furthermore, we define a map p¢: A—> M(A) by the formula p(x)=(Lx, Rx) where
L:(y)=xy and R:(y)=yx for all x, y=A. Then pis an isomorphism from A into M(A)
and p(A) is a 2-sided ideal of M(A).

LEMMA 2. Let A be a Banach algebra with a weak approximate identily {ea}acq Such
that |e«||<1. Then we have

x| =sup|lyx|| =sup|xy| forall xEA.
IrI=1 |yl=1
Proor. Let {e«} be a weak approximate identity such that |e.|<1 and x&A. Then
we have

f(x)=Ilim f(xes)=1lim f(eax) for all fcA*,
and so | x| =sup|xe«| =sup|esx|. This shows the lemma.

LeMMA 3. Let A be as in Lemma 2 and (Ty, T;)EM(A). Then we have | Ty =| T2l

Proor. By Lemma 2, the proof of this statement is almost the same as that of [2,
Lemma 2. 6].

If A is a Banach *-algebra without order, then M(A) can be made into a Banach
*-algebra, by defining an involution by (T3, To)*=(T5*, T1*), where T:*(x)=(T:(x*))*
for all x=A and for i=1,2. Then g is seen to be a *~isomorphism from A into M(A).
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3. The main theorems

Let A be a Banach algebra. To simplify, we shall identify A with z(A). Let Q(A)
be the idealizer of A in (A**, %;); that is,

QCA)={FEA**: xqF and Fxxc=A forall x&=A).
Then Q(A) is a closed subalgebra of (A**, %;). Now put

Lr(x)=Fw%, Rp(x)=x4F forall xcA and FEQ(A).
We have (Lp, RF)EM(A). We define a map &: Q(A)—> M(A)

by the formula @(F)=(Lr, Rr). Clearly ® is the extension of zto Q(A). Now put
K= {FESA**;: A¥*5F=(0)}.

THEOREM 1. Let A be a Banach algebra without order. Then the map @ is a norm-
decreasing homomorphism of Q(A) into M(A) with kernel KnQ(A).

Proor. It is clear that @ is a norm-decreasing homomorphism. Thus we shall show
that ker ®=KnQ(A). If FCker @, we have Rp(x)=xxF=0 for all x&A.

By Goldstine’s theorem,

A**3 F=(0).

That is, Fe KnQCA).

Conversely if FEKnQ(A), we have Rp(x)=x%F=0 forall x&A,
and so xLr(y)=Rr(x)y=0 for all x, ycA.

Since A is without order, Lr(y)=0, and so F&ker @. This completes the proof.

Remark 1. If A is a commutative Banach algebra without order, then KnQ(A)=K.

LemMMA 4. Lel A be a Banach such that K Q(A)=(0). Then the two Arens products
coincide on Q(A). Furthermore, A has a weak bounded approximate identity if and only if
QCA) has an identity.

Proor. As was noted in [1], F¥ G is w*—continuous in F for fixed GEA**. For any
F, GEQ(A) and x= A, we have, by [4. Lemma 1. 5],

w11 (Fi G) = (i F )ty G= (o F ) G= a0t (Fp G) = 2 (P G).
Hence, by Goldstine’s theorem, |
Huy(FG)=Hw(Fx,G) for all HEA**,

By our assumption, F¥;G=F%,G, so that the two Arens products coincide on Q(A).

Suppose now that A has a weak bounded approximate identity {ex}ae .

Since there is some number M such that |e.|<M, the w*—compactness of the ball of
radius M in A**, implies the existence of a subnet {e¢g}pe, such that w*-lim eg=IC A**,
By [3, Lemma 3.8] I is a right identity for (A**, %) and a left identify for (A**, x).
By [4, Lemma 1. 5], IeQ(A). Since the two Arens products conincide on Q(A), I is the
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identity of Q(A). Conversely suppose that Q(A) has an identity I. By Goldstine’s
theorem, there is a net {ea}acy, With |e:||<Z| 1|, a&4, and w*-lim e,=1. It is easy to
show that {e.} is a weak bounded approximate identity of A. This completes the proof.

REMARK 2. The element I in the preceding proof is not necessarily an identity of
(A**, %;). However if A is Arens reguler, [ is an identity of (A**, %)

THEOREM 2. Let A be a Banach algebra without order. Then A has a weak bounded
approximate identity if and only if @ is onto. Furthermore if K Q(A)=0 and A has a weak
approximate identity {ez}ac, Such that |e|<1, @ is an isometric isomorphism.

Proor. Suppose that A has a weak bounded approximate identity {es}«c,s. Let T=
(T1, T,)EM(A). Since {Tie.} is bounded, it has w*-limit points in A** by Alaoglu’s
theorem. Thus there is a subnet {Tjeg}ses such that w*-lim Tyeg=FcA**. Since
(Tiep)x=T1(epx) and f-T1EA* for any fEA*, we have

(P f)=lm(Tyepsa 2)(F)=lim £ (TyCep))=Hm(f - Ty)(ep)
=F(Ti)=(TU).

Consequently Fxx=Tyx. Since x(T1yy)=(T3x)(y) for all x, yEA, it follows that
x# F'=Tyox. Therefore there is an element F&Q(A) such that ®(F)=T. Hence @ is onto.
Conversely suppose that @ is onto. Since M(A) has an identity (E, E) where Ex=x for
all x£ A, there is an element FEQ(A) such that ®(F)=(E, E). By Goldstine’s theorem,
there is a net {e.}, with ||le.]|<|F|, aE4, and w*-lim e.=F. It is not hard to show that
{e«} is 2 weak boundet approximate identity of A. The first statement is thus proved.

Suppose that K Q(A)=(0) and A has a weak approximate identity {es.}ses such
that |e.] =<1 for all a=A4. Now choose I as in the proof of Lemma 4. Since [ is the iden-
tity of Q(A), we have

w*-lim epiqy F=IxF=F for all FEQCA).

This implies that | F||<<sup|leg F'| and therefore
B
lo(E)I=IRFl ="S}]1£1|I wky F| zsgpll epi | = F.
X

Since @ is a norm-decreasing map, we have |O(F)|<|F|, and so |@(F)|=]|F]|.
Hence @ is an isometry. This completes the proof.

By Remark 2 and Therorem 2, we have the following;

CorOLEARY 1. Lel A be an Arens regular Banach algebra with a weak bound approxi-
mate identity. Then Q(A) is isomorphic onto M(A).

COROLLARY 2. Let A be a Banach algebra with a weak apporximate identity {es} such
that w-lim fxje.=f for all fE A**,

Then Q(A) is tsomorphic onto M(A).

Proor. Choose [ as the proof in Lemma 4. Then [ is an identity of (A**, %;) by our
assumption. This completes the proof.
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In the remainder of this section, we shall study the case of a Banach *-algebra. Let
A be a Banach *-algebra with a continuous involution x—x*. Mapping f—>f* and
F——F* are then defined on A* and A**, respectively, by

Fr=r*) xed),
and F*(H=F(f*) (FeA**).
Itis clear that the correspondence F—> F* maps A** onto A** such that
(aF+BG)*=aF*+BG*, F**=F
for F, GEA** and for complex numbers a, .
However it is not in general true that (FxG)*=G*x F*.
Lemma 5. Let A be a Banach *—algebra, with a continuous involution. If KnQ(A)=

(0), then Q(A) is a Banach *—algebra.
Proor. It is straightfoward to verify that

(FxG)*=G*xF* for F, GEA**,
By Lemma 4, the two Arens products coincide on Q(A) and so
(F«G)*=G*xFx for all F, GEA**,

The mapping F— F* is therefore an involution on Q(A). This completes the proof.

THEOREM 3. Let A be a Banach *—algebra with a continuous involution and with a weak
bounded approximate identity {ea}acs If KnQCA)=(0), then @ is a *—isomorphism of
Q(A) onto M(A). If, in addition, |e.| <1(aE=A), @ is an isomelric *—isomophism.

Proor. By Theorem 2, it is sufficient to show that @ is a *—preserving mapping.
Let FEQCA). We have

O(FY*=(Lr, Rp)*=((Rp)*, (Lp)*)=(LF* Rp)=0(F*).

Hence @ is a *-isomorphism. This completes the proof.

4. Examples

ExaMmpLE 1. There is a semi-simple commutative Banach *—algebra A such thai
(i) A has an approximate identity {ea}acy such that |lez]|=1. (aEA).
(ii) KnQMA)=K==(0).

ConsTRUCTION. Let G be a locally compact abelian group which is not discrete and
let L(G) be the group algebra of G. Then L(G) is a semi-simple commutative Banach
*-algebra with an approximate identity {e.}ae, such that |e.]=1 (aE4). By Remark
1, KnQ(A)=K. By the proof of [3, Theorem 3.12], K==(0). So @ is not an isomorphism

ExaMPLE 2. There is a semi-simple commutative Banach algebra A such that

(1) A has no weak approximate idenlity,
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(ii) A*xA=A* andso K=(0),
(iii) QA)=A.

ConsTrucTION. Let D denote the closed unit disc in the complex plane {z: |z| <1},
and let I" denote the unit circle {z: |z| =1}.

We denote by B the collection of functions which are continuous on D and analytic in
the interior of D. Now put A=zB. This Banach algebra A has the required properties
(1), (i1) and (iii).

(i) Suppose that A has a weak approximate identity {es}«c4. Defining f(x)=
%'(0), where #’ is the derivative of x&A, we have f&A* clearly. Therefore lim f(xe.)=
S(x)=x'(0). Since f(xe.)=(xe)'(0)=0, we have x/(0)=0. This is a contradiction.

Hence A has no weak approximate identity.

Let (Ty, T2)EM(A). Since A is commutative, Ty=7T,. So we may consider M(A)
such as

M(A)=A{T: (Tx)y=x(Ty) forall zx ycEA}.
Defining Ty(x)=yx(x=A) for each y&B, we have
M(A)={Ty: yEB}.

Indeedq, it is clear that {Ty: yEB} CM(A).
For any TeM(A),

(Tx)z=x(T2)=(T2)x forall xcA,
then putting y=Tz/2& B, we have Tx=(Tz/z)x=Ty(x), and so
M(A)={Ty: yEB}.

(ii) Let C{I™) be the space of call ontinuous functions on /" and let M(I") be the
space of Radon measures on I'. Then C(I")*=M(I"). Since A is the closed subalgebra
of C(I"), we have, by Theorem of F. and M. Riesz [See 5],

A*=M(I)/HY,
where Hl= {(z=M(I): S:e"”” du(0)=0, n=1, 2,...}.

Let~be the canonical map of M(I") onto M(I")/H!. Now putting v(- )=,u)(ei0 -) for
each pc M), we see that v&eMU™).
For all x=A, we have
(v % e)(x)=v (it x)=v(ei? x)= p(e i eifx)
= p(2)= p (2.

Thus v eit=p andso A*x eif=A*,
Therefore A*syA=Ax. Note that K=(0) if and only if the linear span of {fix:
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fEA*, x& A} is strongly dense in A*. Thus K=(0).
(iii) Since A has no weak approximate identity and K=(0), @ is not onto and one-
to-one by Theorem 2. Hence we have Q(A)=A. This completes the construction.
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