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K. Yano [1]! has proved that in a Riemannian space any conformal transfor-

mation which transforms every Einstein space into an Einstein space is a con-
circular one, and a space of constant curvature is transformed into a space of
constant curvature by a concircular transformation. In this paper we shall study
the formal analogue of these results to an analytic infinitesimal holomorphically
projective transformation in a Kihlerian space. In § 2 we shall define an analytic
special infinitesimal holomorphically projective transformation which transforms
every Kihler Einstein space into an Kihler Einstein space. Next after introducing
the special holomorphically projective curvature tensor which is invariant under an
analytic special holomorphically projective transformation, we shall prove that this
transformation preserves a space of constant holomorphic sectional curvature. In
§ 3, we shall prove some theorems concerning with an analytic SHP-transformation
in a Kéihlerian space, these are valid for analytic HP-transformation in a Kihler

Einstien space.
The author wishes his sincere thanks to Prof S. Tachibana for his valuable

suggestions and advices.

§ 1. Preliminaries

A vector field v is called an infinitesimal holomorphically projective transforma-
tion or briefly an HP-transformation if it satisfies

a1 1 £ (k) =d5hpi+dikpi—pshpi —pihp;

where p; is a vector pi=pipr and ¢ji is the complex structure. We shall call pi

the associated vector of the HP-transformation. £ denotes the Lie differentiation
v

with respect to »i. Contracting (1. 1) with respect to % and i, we get V;V,or=
2(n+1)pj, which shows that p; is gradient, where Vv, denotes the operator of

1) The number in brackets [ ] refers to Bibliography at the end of the paper.
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covariant differentiation with respect to {f‘j} and 2n is the dimension of the space.

A vector field v is called analytic on a Kéihlerian space if it satisfies

a. 2 £oih=—0i"V0h+¢,hV jor=0.
v

We shall give here preliminary formulas on Kihlerian space X,,,
1. 3 piTori=—3aji, gii=@jiTpisgrs
V ke i =0, Vrgii=0.
Then the following identity holds good,
1. 9 Rji=¢;7¢iSRys
where Rj; is the Ricci tensor.
A space whose curvature tensor takes the form

@. 5 Rejik =_}e_ (gridjh—gjiort+oripi*— @jiorh+20ki@ih)

1 R

. . . ; 1__ R
is called a space of constant holomorphic sectional curvature?), where E PICESY)

and R=_gJ/iRj;.
§ 2. Analytic SHP-transformations

A vector field »¢ is called an analytic special infinitesimal holomorphically
projective transformation or briefly an analytic SHP-transformation if it satisfies

@ D £ (4, {(=0ihpi-+8ihpi— @ ihpi—pitpj,
v
v

e 3 £ gii=FkV jpi, k= —%j__l)_ =const.
v

From these equations we have

TuaeoreM 2. 1. In order that an analytic HP-transformation of a Kihlerian space
transforms every Kihler Einstein space into a Kdahler Einstein space, it is necessary
and sufficient that the transformation is an analytic SH P-transformation.

Proof. When an analytic HP-transformation preserves an Einstein space, it
holds that

2) Tashiro, Y. [2].



On special infinitesimal hoiomorphicallyp projective transformations

' R _N_,p.. R
(2 4) ,f(R]z z;tg]z)—af,R]t *Zﬁésg]l—o
On the other hand, the following identity is known
2. 5 veg 8} — V£ (b} = £ Rejit
v v v

From (2. 1), (2. 2) and (2. 5) we have

(2. 6) £ Rkjih=03;"Vkpi—3K"V jpi—hV kpi -+ orhV ipi—(V kpi— V ipt) pit.
v

Contracting (2. 6) with respect to # and &, we get

£LRji=—2nV jpi—2¢;"¢iSVrps.
v

Taking account of (1. 4) and (2. 2) we have
@ D Vipi=@i"¢isVrps
£ Rji=—2(n+1)V jpi.
v
Substituting the last equation into (2. 4) we obtain (2. 3), i. e:

£gf’:_é£’;2+—12 Vipi =kV]pl.

v

The converse is evident.
Now we shall define a tensor Z;;# as following

2. 8 ijihERkjih-——]]é—(gki'djh-—gjiakh+§0ki¢jh_Sﬂiiﬁokh“}'z?kﬂoih}’

1 R

5= _Z—n(n—l—l) =const..
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We shall show that an analytic SHP-transformation leaves this tensor invariant.
Transvecting (2. 3) with ¢j;* and taking account of (1. 3) and (2. 2), we obtain

(2. 9) £gp]‘i=—ij;;'..

If we operate £ to (2. 8), then by virtue of (2. 3), (2. 6) and (2. 9) we have

2. 10) £Zrjit=g Rkj,-h——lle—@jhae gri—O0rh £ gjz'+goj"a§ wki—spk"ag Qji +2<pi"a§ Pkj)
v v v v )

=0.

Conversely if an analytic HP-transformation »i leaves Z;;* invariant, then

(2. 10) holds. Contracting (2 10) with respect to # and &k we get
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0= f: Zji = .f (Rji —gﬁ—gji )’

where Z;;=2Zrjik. ‘Thus by virtue of Theorm 2. 1, vi is an analytic SHP-trans-
formation. We shall call Z;j;#» a special holomorphically projective curvature tensor
or briefly a SHP curvature tensor. Then we have the following.

THEOREM 2. 2. In a Kdhlerian space, an analytic HP-transformation preserves a
SHP-curvature tensor, if and only if it is an analytic SH P-transformation.

CoroLLarRY. A necessary and sufficient condition for Zrji*=0 is that the space is
a space of constant holomor phic sectional curvature, i, e. a space whose curvature tensor
Rejit takes the form (1. 5).

We can obtain the following identities,

2. 12) Zrj>ih =0, Zirjirh =0, Zrkji?h =0,
(1. 13) Zrjin=2Zinkj, Where Zrjin=grnZrji’,

2 14 V1Zrjit+ V£ Zj1i*+ V jZirik =0,

2. 15) Zji=2Zrjir=Rii— 5 i Z=gii Z;i =0,
(2. 16) Zrjih= k" 05 Zysih, Zrjih=— @i pshZrjrs.

§ 3. Some theorems on analytic SHP-transformations

The following identies® are well known

@ D £ (i} =V,iVivh+Ryjihvr,
v

@G. 2 £ ) —_——%—g"l(ij.giH'Vi£gjl—Vl.£gji)-
v v v v

If we substitute (2. 3) into (3. 2), we obtain

£ {?i} = .g_ghl(VjVipl-l- ViVipt—Vi1Vpi)
v

gV ;iVipi—(ViVipi—V iVipi)]

(ST S

(ViViph+ Ryijhpr).

From (3. 1) we have

3) Yano, K. [3].
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£ ) =Fg .
v o

£ {5!1.} =djhoi+0ihaj—@jhoi—piho;
0
where we have put a,‘=%pi.

In the next place
£8ii=Vjpi+Vipj=2V jpi=FkV joi.
0
Hence pi is a SHP-transformation. Moreover by virtue of (2. 7) we get

£@ji=—0i"Vrpi+¢riVpr=0.
0

This shows that p¢ is analytic. We have the following

Taeorem 3. 1. The associated vector of an analytic SHP-transformation is also an
analytic SHP-transformation.

Since ¢;; is anti-symmetirc we have

Vipi+Vipi=0,

by virtue of (2. 9). Therefore the vector p; is a Killing one.
From (2. 3) it follows

£8ii=Vivi+Viv;=kV jp; =—3?(Vjpi +Vip;i)
v

Vi ( Ui"l;-[)i ) —%-Vi(\vj—-ge—pj):O

which means that

C-)) | : , PiEvi——gpi
is a Killing vector. If we put ¢;= -g-[;;, then ¢; is also a Killing vector, and we get
_2k— pi=¢rigr. ‘Thus we obtain
vi=pi+@rigr.

Treorem 3. 2. In a Kihlerian space, an analytic SHP-transformation v' is
uniquely decomposed in the form

@G 49 vi=pito,iqr

whereb b and g are both Killing vectors, and ¢r'q" is qradient.
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We shall prove the uniqueness of this decomposition. In the first place we
have the following lemma.
LemMma. In a Kihlerian space, the associated vector of an analytic SHP-trans-

formation is a Ricci direction, i. e. pi salisfies erP’:QI},;Pk'

Proof. Substituting (2. 3) Vv jpi"———l»i: gji into the Ricci’s formula

v
ViV jpi—V iV kpi= — Rkji" pr,
we obtain

(3. 5 Rkji’prZ%CVj.f: gri— VL gji)-
v v

From the formula®

L£Vighi—ViLgri=—grik (3} —gw £ (),
v v v

v

it follows
ViL ghi=grid {i} —&gkr & {id
Substituting the last equation into (3. 53, we have
Rkji'pr:—%Cgkr&:: {Gi} —&ir & {ki} )-

If we substitute (2. 1) into the above equation, we obtain

(3. 6) Rkﬁ’pr=—,1;(gkipj—-gfipk+wki?)'j—soﬁgkﬂLZsokf;i)-
Transvecting this with gij, we have

G. D Rirpr =5 pi-

Now, if we have two decomposition of (3. 4)
vi=pi+origr="pi+pri'gr,
then
p—"t=eriCa—a).

If we put ¢i=p'—'pi, then & is a Killing vector and at the same time gradient,
and therefore it holds that

V &k =0.

4) Yano, K. [3].
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By the Ricci’s formula, we have
ViViEh—V;V jEh=Rjirhér=0
from which we obtain

(3. 8) RirErZO.
From (3. 3) we have pi:%(l)i— b)), and substituting into (8. 7), it follows

Ry (vr— pr) = —(n+1) (ve— pr).
Similarly
R (Ur — ,pr) = — (n + 1) (Uk;' ,pk>

and from the last two equations we have

Rk’(pr-*'pr) =— <n+1> (br—"pr)
Ritr=—m+1)ép.

Hence from (3.8) we have &p= pr—’ pr=0 and gz—'qr=0, therefore the decomposition
is unique.
Now, from (3. 6), we get

3. 9 [:Rkji'—-i- (gridj"—£ji0k" +pri@;” — @jipr + Zsokfsoi)]przo
which is equivalent to

3. 10 Zrji*pr=0.

Since the associated vector p; of an analytic SHP-transformation is also an
analytic SHP-transformation and is gradient, we have from (3. 10) and theorem
(2. 1) the following.

Taeorem 3. 2. In a Kihlerian space, if the vector space of all analytic gradient
SHP-transformation is transitive at each point, then the space is of constant holomor phic
curvature.

Moreover applying Lemma in [[4], Appendix II] we obtain from (3. 9)

Taeorem 3. 3. If a Kihlerian space admits an analytic SHP-transformation, then
its local homogeneous holonomy group at any point is the full unitary group U(n).
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