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§1. Introduction

In almost Hermitian manifolds, many affine connections have been introduced
independently and discussed systematically from the various viewpoints by many
authors such as J. A. Schouten and K. Yano [2], K. Yano [1] and T. Suguri [5].
In the present paper, we shall try to discuss somewhat systematically, from
another angle, the remarkable connections already obtained, to introduce some
possibly new connections and to give the geometrical interpretation to some of
them. As an appendix, we shall make a remark about the connection intro-
duced by M. Obata [4]. In the last section we shall consider a space with the
special Nijenhuis tensor which is anti-symmetric in all its indices and describe a
few properties of the space, but this is a question to be further investigated in
the future.

§2. Linear operators
Let X., be a 2n-dimensional differential manifold of class C? admitting an almost
complex structure defined by the tensor field F';* of class C':
2.1) FyFi=—A}

where A} denotes the unit tensor. As is well known, it is always possible to give
an almost Hermitian structure g, to an almost complex manifold :

2.2) FiFigu=gn

If we put Fi;,=Fi g, then it is easily seen that F'; is anti-symmetric in its
lower indices. Let Pji* or P;»=Pj*gx» a tensor in the almost Hermitian manifold
and we define the following linear operators operating on the tensor P, by K.
Yano [3] or by M. Obata [4]:

(2.3) » D, jih=%(Pjih_F;aF;tijab) ’

*%P,-m=%(Pﬁh+F;anbP,ab> .
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Similarly, @;; Pjyin, *®@;; Pjin, @ Pjirn and *@;, P;;;, will be defined. We have then for
the two operators with the same indices:
2.4) O-0=0, *Q-*P=*@, OQ-*¢=*@-0=0, O+*P=F
where E denotes identity operator.

If @,,P;;,=0 (*®;; P;;»=0), we say that Pj;, is hybrid (pure) in j7 and similarly
define hybrid (pure) in <h and jh.

And also we define the following operators for later purpose:

2.5) i Pjih=%(Pjih_F%aF;chjba) ’

Win Prin=2(Pyn+ F*FiPr) .

Similarly, ¥;;Pjin, *¥;iPjin, ¥jnPjin and *¥;, Py, will be defined. Also for these

operators, the two operators with the same indices have the following properties:

(2.6) V=Y, A=, TAN=XY.U=0, V+*¥=EK.

From these definitions, for the same indices, we obtain

2.7 o¥U=V-0, *Q Y =Y >,

Moreover, if P;;,;=0, then we have

(2.8) Din Pjin=":n Pjin .

LEMMA 2.1. Given a tensor Pj;, in order that there exist a tensor Q;i;n such that

TinQjin="Pjin (¥inQjin="Pjur),

it 18 mecessary and sufficient that *¥;, Pjin=0 (¥:n Pjin=0).

Proor. If ?Fm jSthjin, then by (2.6) we have *Ufm-?lf'ih jSh=*w'1;h Pﬁh=0.
Conversely if *¥;, P;;,=0, then by (2.6) ¥:» Pjin+*¥ s Pjin=_Pj;z, and therefore we have
¥in Pjin=Pj;;, which shows that we may choose P, itself as a solution of ¥, Qi
=Pjih.

83. Properties of the tensor A4j"
If we put
3.1) A3;"=%F”‘(ﬁ Fji+‘°71 Fy), A;in=Aj5'gin

where V, denotes the covariant d1ﬂ:‘erent1at10n with respect to the Christoffel symbols
{ j 1,}’ then we have
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3.2) Uin(F5 %iFM):Ajih y wm(Fal %hFil)zAjhi ’
3.3) Ui(Vi Fin)=F3 Ay, UiV F)=F3iAp;,
(3-4) wih Ajih=Ajih ’ wih Ajm':Ajm‘ ’

wih Ahij= —%Ajih ’ Uir Aijh= '—%Ajih ’

1 1

Tin Ahji= _?Ajhi ’ Vin Aihj"_" —_2‘Ajh,i ’
(3.5) UiF5¥Fn)=Ajn—Ajne,
where Fin=38vr; Fin1,
(3.6) F(.;tej)Fil:Ahji'l'Ajhi y
(3.7) A(jlh)=0 and Aﬁl=0 .

For the Nijenhuis tensor N3;"=—;—(F§Vo|a|F;’]‘ —Fi5vaFit), we have

(3.8 Uin jih:"%'(Njih'i'Njhi)y
(3.9) Njin+Njni=2(Ajin+Ajni) «
From (3.5), (8.7) and (3.9), we obtain the following two lemmas.
LemMmA 3.1. If F;;,=0, then we have A;n=A;»; and
Ajint+Ains+An;i=0.

LEMMA 3.2, Njun,=0 if and only if Ajun=0.
Finally, the following relation can be easily verified:

(3.10) *@ji'@ih Aﬁ-hzo .

This implies that Aj" is pure in all indices [9, p.79].

§4. F-connection

In an almost Hermitian manifold an affine connection I'%; is called an F-connec-
tion if v,;F;»=0 where v; denotes the covariant differentiation with respect to 5.

THEOREM 4.1. In order that an affine connection I'y; in an almost Hermitian
manifold may be an F-connection it is mecessary and sufficient that I';; be written
in the form

(4.1) I“?F{ﬁ;}—%F”‘(% Fi)+T.Q,u)9"",

where Qn 18 an arbitrary temsor.

Proor. If we put I’?i={ ﬁ;}"‘Qﬁh for a tensor Q:;*, I'}; is an affine connection.
We have then
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ViFi=V;Fi— (@i Far+Q5i*Fua) .
In order that v, F,=0, it is necessary and sufficient that we have
(4.2) V; Fin=Q5*Fun+Qji*Fia ,
which is equivalent to
4.3) FiXV;Fu)=Qjin+Fi*Fi’ Qja .

This is written in the form
4.4) *Tin Qﬁh=%Fial(ej F,).

From the lemma 2.1, there exists a tensor Q;. satisfying (4.4) if and only if
Wih<—;-F;.‘%jFu)=0 but it follows easily from F;;=—F;;. Then, in order to have

v; Fi,=0 it is necessary and sufficient that Q;;, be of the form
Qﬁh‘:%Fﬁl ejFil'l‘wih Qjin -
Thus, '} has the following form
s _ | h 1 ne n
I;;={ 3t ——F"g,Fy+Wa4Q)g" .
J? 2
And I'}; is called a metric connection if Vv;9:;»,=0. We have defined F-connection
corresponding to the Obata’s ¢-connection in an almost complex manifold, i.e.
v;¢i*=0 for the almost complex structure ¢;* [4], but if a ¢-connection is metric,
it is also a metric F'-connection in an almost Hermitian manifold.

Next, we shall prove two lemmas needed to establish the unity of the tensor
satisfying some conditions.

LEMMA 4.1, If a tensor Pﬁn sat’l:s‘ﬁes Pﬂ),,-l-Pij),,-_—O and *l’meﬂh:O, then Pjih,
vanishes.

Proor. From *¥;, P;;,=0, we have

(4.5) ‘ Pin+Fi* Fi’ Pjo=0
and by P i,»=0, (4.5) becomes

(4.6) P+ F Fi’Pyi=0.
From (4.5) and (4.6), we obtain

4.7 FPF3i’ Poyo— Fi*F3?Pjye =0
or

(4.8) Pjn—F*F3’Pj,=0.



On some F-connections in almost Hermitian manifolds 89

Thus by (4.5) and (4.8), we have
Pﬁh=0 .
The following lemma is also proved similarly.

LEMMA 4.2. If a tensor P;, satisfies Pjn+Pri;=0 and *¥;, P;,=0, then Py,
vanishes.
Now if we put

1 o
(4.9) rgi={alb.}—%w(v, Fu),
this connection is a metric F-connection by virtue of theorem 4.1.

1
THEOREM 4.2. In an almost Hermitian manifold, I'y;=I3+Px" is a metric
connection if and only if P, is anti-symmetric with respect to the indices ¢ and h.

PROOF. Vi9in=0;9in—I5igan—1I"% ga
=V, gin—P5i®gan—Pii*gia
=—(Pjin+Pjns) .

By using the tensor A;.,, we can write the four remarkable F-connections in
an almost Hermitian manifold in the following forms:

1 °
(4.10) rzi={ J?;}—%Flhv, Fu,
2 1
(4.11) h=I%—Az",
4.12) lizfi=ll“$fi+A3&” ,
1
(4.13) =Ll (A5 A7)

In addition to these connections, we put

4.14) \ Th=T%— AR,
1

(4.15) Th=I%+ AP,

b 1
(4.16) Iy=I%+7r( A+ AR,
4.17) =T+ TF (At — A,

7h 1 1 h N
(4.18) Ii=T5+1FiAs"+ A%),

where 7 is an arbitrary constant.

Il‘ has been defined by A. Lichnerowicz [7], lg‘ and Ig' by K. Yano [1] and 14‘
by J. A. Schouten and K. Yano [2] and P. Liebermann [6], and a geometrical charac-
terization for each of them has been given by J.A. Schouten and K. Yano [2].
These connections can be obtained, from the theorem 4.1 and properties of Ajp in
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83, by putting a suitable tensor in the place of @,y in (4.1). .

For instace, if we put Qun=—Fjv;F., from (38.2), we obtain I', if we put
Qﬁn:%Ff‘F;m, from (8.5), we obtain 14" and if we put QjszjlthF“, from (3.2),
we obtain 'I".

Clons?quentley, of course, these connections are F-connections and, from theorem
42, I', I' and I are metric. In this way, we can construct many F-connections,
but it is not easy to give a geometrical interpretation to every new connection.

Now, when I'% is an F-connection, 'I'y=I"%; is not necessarily an F-connection,
but from

4.19) 'I'y=I%—285",

where Sj" is the torsion tensor of I'};, and theorem 4.1, we can conclude that T
is also an F'-connection if and only if *¥;,S;;,=0. By using this fact, we have the
following theorem. : o

THEOREM 4.8. In order that there may exist in an almost Hermitian mant-
Sfold a metric F-connection I'y, where 'I'y,=I%; is also an F-conmection, it is neces-
sary and sufficient that the manifold be Kihlerian.

ProoF. In fact, if 'I'};=I'}; is a an F-connection, because of *¥:,S,i»=0 and
Sjin=0, by lemma 4.1, we get S;;»=0. But, since I'}; is metric, by using this I'},
we oan write Nj;, in the form

(4.20) Nﬁh=%(Sﬁh—F,'-“F;"Sabh—F3“Fi.bSa,-b—Ff'“Fi.”Sjao) .

And therefore N;;»=0.
On the other hand, when v, F;,=0, we have

@.21) Fyn= —%(F;,“Sm+Fg“Shja+Fme)

and consequently it follows F';,=0. N;;,=0 and F,;,=0 imply the manifold is
Kahlerian.
The converse is evident.

1 1
REMARK 1. Let Sj* be the torsion tensor of I';. Then we have

1
(4.22) Sjihz_i‘Fiil(Vj Fy—v:.Fj)
=L Nt 140 (FiiF )
2 Jik 4 Ji Ji
and hence
‘ 1 1
(4.23) D Sﬁn=—2-Njin .
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Since for a Hermitian manifold we have N,;,=0, from1(4.23), it follows that an

almost Hermitian manifold is Hermitian if and only if @, S;,,=0.

4 4
REMARK 2. Let S,;, be the torsion tensor of metric F-connection I'j. From
(3.5), we have

4

1
(4.24) Sjm=S,~ih—~i—[&lfm<F;lFm)—th(Fff‘szn)] .

Substitutiry (4.22) into (4.24), we have

4
(4.25) Sjih:“%Njih +‘;*(F5“Fﬁa—F%bFnjb—FﬁcFi(w—FﬁcF%bF"‘aFcba)
1 1 .
(426) = ‘—‘Njih“‘@ji ° *¢ih(Fj Fcih_) .

2 2

And therefore, from the fact that two metric F-connections coincide with each
other if and only if their torsion tensors coincide with each other, it follows that
the Obata’s connection [4, p.73] coincides with Ig'ﬁ’z

Or multiplying (4.26) by *@,;, since *®;; N;i;»=0 and (2.4), we have

4
(4-27) *@ji Sjih=0 .
Now (4.27) shows that S4jih is pure in j¢ but by J. A. Schouten and K. Yano [2] or

T. Suguri [56] we know that metric F-connection of which torsion tensor is pure
in j¢ is unique, and therefore also through this fact we reach the same result.

§5. On the geometrical interperetation

We can glve the geometric interpretation completely analogous to [2] to the
connectlons ’F and ’F and some geometrical interpretation to the connection F and
F also.

1. Consider two contravariant vectors #* and v"=F;"«°, and a covariant vector
F,u* which contains the vector u*. We transport the covariant vector Fi,u"
parallelly with respect to the Riemannian connection hi and with respect to the
affine connection ’I",Z from the point &" to the point &*4-ev*. Then we get at £&" and
E"+ev™ respectively

Fz'h uh+8’l)j{jli}Flh uh
or
(5.1) Fih uh’+8F§j us {jl’i}Flh ur ,
and

2
Fih uh+8?)j ’F.lii Flhuh
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or

5.2) Fonut+eFy u[{ }i}—%&u Fu)F“—Asfi]quh .

In this case, we can verify that (5.1) coincides with (5.2). To prove this fact,
it is sufficient to show the following relation:

5.3) st[%(%JFa)FMA;zJqus'u'h=o

holds for any vector ", that is,

(5.4) (v, F)F 4245 Fy F o+ (v, Fi)F4 4243 F F\,=0
holds.

Now, substituting (8.1) into the first term of (5.4), this equality can be easily
verified by a straightforward calculation.

Next, we shall show that the affine connection with such properties is unique.
Namely, let I'}; an arbitrary F-connection and u* an arbitrary vector. We trans-
port the covariant vector F;,u" parallelly with respect to the connection h%} and
with respect to I'}; from the point £ to the point &"+e&F;*u* respectively. In this
c%ie, if the two transported vectors coincide with each other, I'}; coincides with
I,

In fact, an arbitrary F-connection I'};, by virtue of theorem 4.1, can be written
as

(5.5) r="Tiu+Ps", *¥TpPu=0.
And therefore, when

(5.6) Fanu+eFs w'Tht P 1F pu?
coincides with (5.1), that is,

5.7 F/P# Fy,+Fi/Py'F1,=0,
it is sufficient to show FJ
(5.8) Pjr=0.

From (5.7), we get -

(5.9) Pjin+Pri;=0.

Thus together with *¥;;, P;;,=0, from lemma 4.2, we have P;;»=0.

2. We consider the geodesics of the Riemanniagl metric ds®=g,;,dé'dé" and the
autoparallel curve with respect to the connection ’I'}.

K
When the contravariant vector Fé"%% is displaced parallelly along the two
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curves respectively, it is verified that they coincide with each other. And moreover
the unity of the connection with such properties will be verified. For, from the
relations

d da® b dx? [ dx
5.1 LA By A | _
(5.10) d.'s(F’c ds) { }ds(d Fk) 0,
d da* dx’ [ da*
5.11 ' =0,
( ) P (Fk " >+ I} ds ( ds Fk)—O

it is sufficient to show that the following relation is verified:

) 3 . 3 .
(5.12) {jl%}p,-,i—'r;'i Fii+ { Ifi}F,-l—'r,’:,. Fii=0
or
(6.13) *1~F ihF Icl(Vj u)+ F i, Fy)— Fii Ay — Fi At =0 .

This is easily verlﬁed from (8.1). Finally, the unity can be proved in the same

way as in the case of ’F i

3. According to J. A. Schouten and K. Yano [2], the affine connection satisfying
the three conditions:

a) ngz'h,=0 b) VjFih=0
¢) *@;8;"=0 (i.e. in each invariant R, there exist parallelograms)

4
does not exist except I'%.

But, for instance, the following connection
4
(5.14) L3=T5+1(A5"+ AL+ AF M Ax"+ Ad)
where 7 and A are arbitrary constants, satisfies the two conditions b) and e¢).
In fact, by (8.9) and the fact that N,;, is pure in j7 and 7k, we have
(5.15) *@ji(Ajih'l"Ajhz'—Aijh"'Aihj)=%*@ji(2Njih—Nhji+Nhij)=0 .

On the other hand
(5.16) *Q;{ Fi*(Aain+ Aani)— Fi*(Aajn+ Aany)} =0
is verified, from (3.1), by a straightforward calculation. Thus, for its torsion tensor
S;", we have
*@,,8;n=0.
THEOREM 5.1. The general connection I'}; satisfying the two conditions b) and

¢) can be written as

4
(5.17) I =I%42Tji"+ Ti"— Tl ;+ Fi* F? Tas" — F " F? T
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where T ts an arbitrary tensor in which Tj;n=T:; and *¥ ;T;;,=0.

4
ProOF. Putting I'};=1I"%+Pj", its torsion tensor S, becomes
4 1
(56.18) Sjih,zsjih'i'E(Pjih__'Pijh) .

Here I'j; satisfies the conditions b) and c¢) if and only if *¥;, P;;,=0 and *@;(Pjin—
Pijn)=0, that iS, .

(56.19) P+ F*F3*P;,,=0
and ,
(5.20) Pip— ijh‘l‘Féa’F_;'b(Pban— aon) =0 .

From (5.19) and (5.20), we can derive

(5.21) | PjhiL}—P,-,L,+F;“F3”(tha+Pahb)=0'.

And then putting

(5.22) Tjin=Pjin+Pjn,

if we substitute (56.22) into (5.21), we have

(5.23) Pjin+Pijn—(Tjin+ Tijn)+ Fi* F5*(Poan+ Paon) — Fi® F3*(Tona+ Tane)=0 .
From (5.20)4(5.23), we obtain

(5.24) Pjin+FiaF3bean—_12—(ij+ Tijn)——;:Fi“Fj‘b( Toan~+ Tans)=0
or
5.25) - Fe“Fi.”P,-ba+F;-“F,'-”Pbah—%(Tﬁn FTin)— %Fé“Fj-”(Tban+ Tnp)=0

and on multiplying (5.25) by FY F'% and using Pjr;=T;;n—Pjn, we get
(5.26) Pjin—F,'ibF%“Pban-l-—;—FixaF}b(Tbai+ Tabi)_%(Tjih—Thij)=0 . |

By (6.24)+(5.26), we have )
(6.27) 4Pjih,:2‘Tjih+ Tijn— Thrij+ Fi*Fi? Toon—Fit F? Topi+ Fi* F* Toarn— Fi* F* Toai
but by virtue of *¥;,T;in=0, Fi*F*Toorn— Fi*F3?Ts,;=0 and thus we have (5.17).

§6. Half-Hermitian manifold

If an almost Hermitian manifold has the Nijenhuis tensor which is anti-symmetric
in all indices, then the manifold will be called a half-Hermitian manifold. In a



On some F-connections in almost Hermitian manifolds 95

5 7 . 1 , 2
half Hermltlan manifold, from lemma 3.2, I and I" coincide with I'. Moreover I,
’F and F coincide with each other and they become metric. Next, an F-connection
I'%; will be said to be half-symmetric if its torsion tensor Sj" satisfies

(6.1) , w'm Wﬁ Sjih=0 .
NOW we have

THEOREM 6.1. In order that in an almost Hermitian manifold there exist a
half-symmetric metric F-connection, it ts mecessary and sufficient that the mani-
fold be a half-Hermitian manifold.

Proor. If I'}; is a half-symmetric metric F-connection,
(6.2) 47, ?Fji Sjih= jih—Fja’Féb abh'—Fi‘lFium(Sjml'—FjaF;r?Sabl)=O .

Hence, we have

- (6.3) A0 W3S jin+4%in ¥ jn Sjn

=Sjih_F3aFibSabh—F;:bFizc Sjcb _F;;bF}aSahb
+Sini— F3* Fi’Sapi — Fi* FiS joo — Fi’ F*Sai =0 .

But, since I'% is a metric F-connection, the Nijenhuis tensor N,;», has the form
(4.20). R ‘ '
By using (4.20), from (6.3), we have

Njih""Njh,i:O.. . . ]
L . _
Conversely if Nj,+N;,;=0, we may choose I'}; as the desired ponnection, because

1
(6.4) AT T S jin=2Tn N jin !
' =N,in+Njn=0.

THEOREM 6.2. In order that in an almost Hermitian ‘Manifold there exist a
metric F-connection I';; with the torsion temsor satisfying S;un,=0 it is mecessary
and sufficient that the manifold be a half-Hermitian manifold. ’

PROOF.\ If S;un,=0, from (4.20) we have
‘ Njin+Njn;=0.
f 3
Conversely if N,+N,.=0, we can prove that the connection I} is a desired one.
In fact, if Nyn+N»:=0, from (3.9) and theorem 4.2, I'}; is metric. And from,
. .
6.5) | 2Sm=%(F;;‘iju—Fi,‘V,-Fﬂ)—i—Aj,-h—Aijh

and

(6.6) _;-(Njih_}'Njhi):Ajih‘l'Ajhi:O ,
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we have
3 3 1
(6.7) 2(Sjih+thi)=€A(jih) .

But, by virtue of (3.7), the second term vanishes.

Remark. In a half-Hermitian manifold, there does ;lot exist a metric F-
connection of which torsin tenson satisfies S;un, =0 except I}

For, if we put a general metric F-connection

A Sa
(6.8) I';;=Ij+Pji*

where P;in,=0 and *¥;, P;;»n=0, and let S,:;. its torsion tensor, by the assumption,
we have

3
(6.9) Sj(ih,)=Sj(ih.)+%(Pjih.'—Pijh'i'Pjhi_Phji)=%(Pihj+Phij)=0 .

Thus from (6.9) and *¥;, P;;»=0, by virtue of lemma 4.1 we have P;,=0 as claimed.
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