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The purpose of this note is to generalize some theorems which have been
obtained in a Kihlerian space [11], [2] to a certain Hermitian space, that is, a
Hermitian space with a condition V rF;.'=0, where Vv, denotes the covariant deriva-
tive with respect to the Riemannian connection. we shall call such a space a semi-
Kahlerian space or an Apte’s spéce [1], [6]. In this space we shall consider an
infinitesimal holomorphically projective transformation, the conformally flatness and
a constant sectional curvatur. Next, we shall show that if this space be conformal
to a Kihlerian space, then it coincides with a Ké&hlerian space.

As to the notations and conventions, we follow J. A, Schouten [4].

§1. Preliminaries

In a 2n-dimensional differentiable space, if an almost Hermitian structure is
defined by assigning to the space a tensor field F]2 and a positive definite Rieman-

nian meric tensor field g;; such that

(1.1 FTF

i 9
7 7 __5117

(1.2) gii=F}? F °gsa.

then the space is called an almost Hermitian space.
An almost Hermitian space is called a Hermitian space if the Nijehhuis tensor
identically vanishes, that is

(1.3 Njit=F;(V,F*~VviF")—F7(V,F}~V;F"H=0.
Taking account of the relation
Njin+2Nnijiy=2(F ' V,Fin+ F{"V jFrn),
we see that (1.3) is equivalent to the following [6]

ey ViFin— F?F{*VsFar=0
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or
F;‘rVrFih+ F:-erFrh’:O
where
Njin=Njirgrn, Fijn=gnrF}.
If a Hermitian space satisfies
(15) V., Fr=0,

then the space is ealled a semi-Kihlerian space or an Apte’s space.
It is easily verified that the condition (1.5) is equivalent to the following, with

respect to a complex coordinates (Ze,Z«)

21=0, Conj. a=1, 2, ..., n; =1, 2, ..., n.

Next, we shall define the following operations for any tensor Tjis, Tji#* in an
almost Hermitian space.

(1.6) 0;iTjin= —;—(Tjih— F;-b F;2Tsan), OjTjih= %(Tﬁf’— F;-b F 1 Tgia),
*0;iTjin= %‘(Tjih—l—F;b F*Tban), *0;hTjih= %—(T;;"+F}” FTpia).
As to the two operations with the same indices, we have

a.n 00=0, *0*0=*0, *00=0%0=0.

A tensor is called pure (hybrid) in two ‘indices if it vanishes by transvection
of *0(0) on these indices.
By the definition, (1.4) is written

(1.8 0;iV iFin=0.

In an almost Hermitian space we denote the Riemannian curvature tensor by
Kijih and put

Kijin=Krji*grn, Kji=Kjik, Kji=F;~rKir,

1.9 1 N } )
Hji=7FbaKabji, Hji=F;/ Hir, K=giiK;i, H=FJ'Hji.
By the definition (1.9) and the first Bianchi identies, we have

(110 Hji=FkhKpjip.

A vector field v is called analytic, if it satisfies [8]
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(110) fF;izerrF}i.—F;fVrvi_{_F;thvr:()’
where 35: denotes the operator of Lie derivation with sespect to vi.

A pure tensor T, ;. ., jv2ja is called analytic, if it satisfies [8]

tp

(] . L] . ﬁ . 3
(1.11) PTGy D=F|” V+TiyD = Vi (F;] Trigip@)+ EICV irF,” )Til--&;-ip(”
k—

where we have put

iy §170e-d
T(t)(])——T,'l,'z...,'p 112te,

§2. Semi-Kihlerian spaces
We shall consider a semi-Kidhlerian space, then it holds that
(€A ViFin—F;? F;* VyFar=0,
@22 V,F;=0.
Operating v to (2.1), we have
ViaViF —FAVhF(VsF D—F 2 (VhF ) (VeFD—F P FaViaVsF }=0.

It is easily verified that in the left hand side of the abgve equation the second term
is zero and the third term is symmetric with respect to 5 and 1.
Hence we have

2.3) Oji(VaViFH=0i; (VaViF M.
On the other hand, applying the Ricci’s ide'ntity to Fi*, we get
VAViF =V iViF* =KnjshF 7 —Knjir F .
By virtue of (2.2) and (1.9), we have
2.0 ViV ;F*=Kij—Hij.

Substituting (2.4) into (2.3), we have [5]
(2.5) OjiHji=0 -
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Next, using (2.2), we have
0=Vi Vi(FFi)1=FiivaV;F*+(V;F*) (VrFii)
Substituting (2.4) into the last equation, we get
(2.6) (ViFH(VrFi)=K—H.
On the other hand, if we transvect V* Fii to (2.1), we obtain
@D (ViFin)(VhFii)=0.
Hence we have
(2.8) ' K—H=0.

In the next place, we shall consider some analytic tensors.

Tueorem 2.1. In a semi-Kihlerian space, if.a tensor H]' is analytic, then H(=K)
s an absolute constant.

Proof. From (2.5) H;

; is a pure tensor. Applying analytic operation @; to H i

we get
OH}=FV,H—F;ViH]+H,V;F"—H/V,F;'=0.
By contraction with respect to j and i, we have
FviH;=0.
On the other hand,
ViH=Vi(F,} H)=—F,ViH—H;VIF,)=—F,'ViH=0.
N.B. This theorem is valid for an almost Hermitian space with a pure tensor
H;-", for instance a Kihlerian space and a K-space, but in a K-space H4=K.
TueoreM 2.2. In an Hermitian space, H}' is analytic, if and only if H; is analytic.
Proof. Let H} be analytic, then by virtue of (1.3), and the purity of H}Y, we
can easily get
OFf=N,;/=0, OH;/=0:(FyH!)=H! 0:F/+F;01H' =0.

The converse is obvious.

In a semi-Kihlerian space, it is unknown that the Ricci tensor Kj; is pure or
hybrid. But 0;iK;i is pure, then we have '

TueoreM 2.3. In an Hermilian space OjiK;ji is analytic if and only if O;jiK;i is
analytic, and in this case K is an absolute constant.
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In fact, let O;iK;i be analytic, then we have
0;iK;i=0;i(F; K,)= F (0riK,D),
01 (0;iK;1) = F7 9:1(0,iK,)=0,
@l(Oji[{‘ji) = F;rVr(OjiniD—F;iVl<0j’Kjr)+<OriKri)V;‘F;r""COJ'rKJ'rDVrF;r:O.

Transvecting the last equation with respect to j and i, we get

Vr.K == 0.
§3. Analytic holomorphically projective transformations

If we put svﬁ{ ,-h,-} =tji#, then the following identities are known [11]:

GB.D tiih= £ {1} =V;iVivh+ Kyjihvr,
(3.2) .:vevjp;.h—v,- ieF;.h = Ftjyh—Ft;i7,
(3.3) aEKkjih= Vitjik—V jtrit.

~ A vector field vi is called an infinitesimal holomorphically projective transforma-
tion or briefly an H. P. Transformation, if it satisfies

(3.4 tih = £( ) =pjoih-+pidh—p;F *—piF

where p; is a certain vector and g;= F; p,. We call p; the associated vector of the
H. P. transformation. Contracting (3.4) with respect to ¢ and ks, we get p;j=
{1/2(n+1)} V;V,v. Hence p; is a gradient vector. Thus it holds that

(3.5). , V ipi=Vipj.

Now, in an almost Hermitian space, we shall introduce a curve which satisfies
the following differential equations [3]

d?xh dxi  dxi dxh on dxi
(3.6) g TU g g e g T

where « and B are certain functions of the parameter {. Such a curve is called a
holomorphically flat curve and has the property that the tangent holomorphic plane
deplaced parallelly along the curve remains holomorphically tangent to the curve.
Let »i be an infinitesimal transformation and we assume that an infinitesimal
point transformation ’‘xi=xitecv¢ transforms any holomorphically flat curve into
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such a curve.
A necessary and sufficient condition for a vector field » to be such a trans-

- formation is that [2]

3D #EF ! =aki+bF [ &

3.8 ®i%itjih=cxh+dF ;,"ici

are hold for any direction %i=dx¢/dt, where a, b, ¢, and d are some functions of xi
and X,

The following Lemmas are known [2].

Lemma 1. In an almost complex space, let aji be a hybrid tensor, if it satlisfies

ariwr=aui+ SF u

Sor any vector ui, where a and B are real valued functions of wui, then aji must be
zero tensor.
LemMma 3. Let tjik be a symmetric tensor with respect to j and i. If it satisfies

tiitwini = auh+ BF;wi
Sor any vector ui, then tji* takes the following form
tjiih=p;3ih+pidjt+o;F " +aoiF}

where a and B are real valued functions of ui and p; and oi are certain vectors.
Now, let » be an H. P. transformation, then from (3.7) and Lemma 1, we
have

Q9 £F}=0.
Next, from (3.8) and Lemm 3, We.. have
.10 tjih=pj5i;'+pi5jh+0jF;h+ UiF;h.
If we substitute (3.9) into (3.2), then we get
:ijF:-h=tjr"F:-'—tji’F;h.
Contracting with j and 4 and using (2.2), we have

tiriF ;T —tjir F 7 =0.
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Substituting (3.10) into the last equation, we have ¢;=—g;. Hence

(3.1D) tjih=pjdit+pidjh—iF *—biF .

Therefore vi is analytic and at the same time an H. P. transformation. The con-
verse is evident. Thus we have the following.

Tureorem 3.1. In an almost Hermitian space with the relation V,F; =0, in order
that an infinitesimal H. P. transformation carried any holomorphically flat curve into
such a curve, it is necessary and sufficient that it is an analytic H. P. fransformation,

In a semi-Kahlerian space, let »i be an analytic H. P. transformation. If we
substitute (3.11) into (3.3), we have |

(3.12) BSKkjih=5thkpi—'5thjpi— F}h Vkﬁi—l—F;h Vipi—F ¥ (Vrpi— V ior)
—0iVsF P+ 0V iF *+0:(ViF—VeF .
Transvecting with F;f and making use of (3.9), (2.2) and (1.9), we have -
(3.13 .;;EH,';:—ZF;-’Vrpi-{—ZnF:-’Vrpj—l-(2n+1) (ViEMpr—(ViF)pr.
Taking the alternating part with respect to j and 7, we get
(3.14) £Hji=—(n+DL(F 7V rpi—F;Vrp)—(ViF{—ViF;)pr],

and
=1 (F} Vrpi+FVrp)+n(V;iF+ViF;)pr=0.
This is equivalent to
(3.15) 2(n—1)05i(F;"V rp)+n(V i F"+ViF;)pr=0.
If we operate Oj; to (3.15), then by virtue of (1.7) and (1.8), we have

(3.16) F7Vrpi+F;Vrpi=0.
Therefore
@17 | (ViF+ViF;)pr=0.

From the last two equations, we find
Vi#i+Vipi=0.

THeorReM 3.2. In a semi-Kihlerian space, if pi is the associated vector of an
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analytic H. P. transformation, then p; is a Killing vector.
From (3.13), (3.16) and (3.17), for an analytic H. P. transformation »{, we have

§H1i=2(n+1)vjﬁi.
Operating Oj; to the last equation and taking account of (2.5) and (3.9), we get

Thus from (3.16) and the last equation, we have
THeOREM 3.3. In a semi-Kihlerian space, if pi is the associated vector of an

analytic H. P. transformation, then V jpi and V ;¥i are both hybrid with respect to j and i.
From (3.14)(3.16) and (3.17), we get

£Hji=—2n+DLF 7V pi —(ViF;Dpr].

From which we have

(3.18) £Hji=—2n+D[Vjpi + (ViF{ ), 1.
Next, if we contract (3.12) with respect to % and % then we have
iji:——ZﬂVjpi—(F;rVrﬁi‘*‘F;rVrﬁj).
By virtue of the theorem 3.3, it holds that
F;V0i—F;V0;=0.

Therefore we have
(3.19) £Kji=—2L (n+DV jpi+(V,;F;p, ).

Eilminating (V;F;")gr from (3.18) and (3.19), we obtain

3.20) f[ﬁii—("+1)Kji]=2n(n+1)v,-p,-_

§4. Certain Einstein semi-Kahlerian spaces

We shall call a semi-Kihlerian space with a Ricci tensor proportional to gji an
Einstein semi-Kahlerian space, that is,

(4.1) Kiji= éi giji

is valid. We suppose that K==0. It is well known that K is an absolute constant.
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Moreover in this space, if we assume that H;; be proportional to Fj;, i.e;
42 Hji=2Fji.

Then we have

43) Hyi= -1 g
On the other hand, in §2, we have seen that in a semi-Kihlerian space
K=H

is valid. _
Thus the assumption (4.2) is equivalent to

(4'4} Eji=Kji.

Afterward, we shall consider an Einstein semi-Kihlerian space satisfying (4.4).

N.B. An Hermitian space satisfying (4.4) is not a Kahlerian space. S. Koto
has called it a S. K. II space [5].

Now, let vi be an analytic H. P. transformation, then (3.20) holds. From (4.4)

we have
(45) BS:KjiZ'—Cn—*‘l)Vjpi.

From (4.1), (3.5) and the relation aUEgjizv ipi+ Vipj, we obtain

Vj(vi—-1~p5)+Vi(vj—lpj)=0
k k
where we have put k=—K/n(n+1).

If we define p; by

pi=vi—%pi,

then p; is a Killing vector. Next, if we put q,-:%ﬁ,-, then ¢; is also a Killing

vector by virtue of Theorem 3.2.

Thus we obtain the following.

TueoreM 4.1 In an Einstein semi-Kihlerian space satisfying Hji=Kji an analytic
H. P. transformdtion vi is uniquely decomposed into the form

(4.6) vi=pi+F g

where p' and q' are both Killing vectors.
N.B. Theorem 4.1 is a particular case of the Matsushima’s theorem in a compact
Kihlerian space. [10]. For a K-space cf. Tachibana, S. [9].
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From (4.6) we have
Ky _p(h hy_Llocn
(i)=& = £ =€)
Substituting (3.1) and (3.11) into the last equation, we obtain
oh .
“n ViV iph+ Krjihpr =k(pidih+pidjh—p;iF; —piF ).

From which it follows
TuroreM 4.2 In an Einstein semi-Kihlerian space satisfying Hji=Kji, the associated
vector of an analytic H. P. transformation is an H. P. transformation.

§5. Conformally flat semi-Kahlerian spaces
Now we suppose a semi-Kihlerian space to be conformally flat, then the curva-
ture tensor takes the following form [11]
2(n—1)Krjin=grnKji—ginKri+giiKen— K/ (2n—1) (gjigrh—grigih)-

Transvecting with Fkk, we get

G.1D 2n—1Hji=Kji—Kij— {1/(2n—1)} KFj..
From which we have

@n—1H—-K=0.
Taking account of (2.8), we obtain for »>1
K=H=0.

THeOREM 5.1 If a semi-Kihlerian space ts conformally flat, then the space has a
vanishing scalar curvature.

THEOREM 52. In a conformally flat semi-Kihlerian space, the temsor H;j;: is
effective.

In this space, if we suppose that H ,-.'=K,-,-,. then Hji=Kj; holds, and from GRY)
we have

(n—l)Hji=%(kji—I?ij) =*0;;K;i=*0jiHji=Hj.

Hji=ffj.'=0.
K;i=0.

TueoreM 5.3. [5] If a semi-Kihlerian space salisfying Hji=Kji is conformally
flat, then it is of zero curvature.
THEOREM 5.4. If a semi-Kihlerian space is of comstant curvature, them it is of
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zero curvature.

§6. Semi-Kéhlerian spaces conformal to a Kihlerian spaces

The following theorem is known [11], [12].
THEOREM A necessary and sufficient condition that 2n-dimensional Hermitian space
be conformal to a Kihlerian space is that

for 2n>4 Cjin=Fjin—1/2(n—1)(FjiFn+ FinFj+ FnijFi)=0
and for 2n=4 C;ji=2V[jFi1=0
Where Fj=FjinFik, Fijin=3V[;Fin.

Now we suppose that a semi-Kihlerian space be conformal to a Kihlerian space,
then the above theorem is valid. From (2.2) we get

F;j=0
therefore we have for n>2
Fjin=0.

THEOREM 6.1. In order that a semi-Kihlerian space be conformal to a Kdihlerian
space, it is mecessary sufficient that the tensor Fji be harmonic. '

THEOREM 6.2. A mnecessary and sufficient condition that a semi-Kihlerian space
be conformal to a Kihlerian space is it coincides with a Kihlerian space.
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