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\S 1. Introduction

Let $X_{2n}$ be a complex analytic manifold of $n$ complex dimension (topological
$dim$ . $2n$) endowed with a Hermitian metric

(1.1) $ds^{2}=gjkdz^{j}dz^{k}$ ($j,$ $k=1,2,$ $\cdots,$ $n,$
$\overline{1},\overline{2,}$ ..., n)

where $gjk(z, \overline{z})$ is a positive definite symmetric tensor satisfying

(1.2) $g_{a\beta}=g_{\overline{\alpha}\overline{\beta}}=0,$ $g_{a\overline{\beta}}=\overline{g_{\overline{\alpha}\beta}}(\alpha, \beta=1,2, \cdots, n)$ .
Hence, by virtue of (I.2), the metric form (1.1) can be written in the following

(1.3) $ds^{2}=2g_{\alpha\overline{\beta}}dz^{a}dz^{\overline{\beta}}$ [1].

Throughout this paper we shall assume that the Latin indices take the values
1, 2, $\cdot$ ..,. $n,$

$\overline{1},$
$\overline{2}$, $\cdot$ .., $\overline{n}$ and the Greek indices run over the range 1, 2, $\cdots,$ $n$.

The metric connection will be denoted by $Ejk^{i}$ and covariant differentiation with
respect to this connection by $\nabla$ , so that

(1.4) $\nabla lg_{jk}=\partial_{lgjk}-g_{sk}E_{lj^{S}}-gjsE_{lk^{s}}=0$.
It is assumed that this connection $Ejk^{i}$ is so called unitary connection, that is, those
components of Ejk of different parity vanish and then the torsion

$S_{jk^{i}}=\frac{1}{2}(E_{jk^{i}}-E_{kj^{i}})$

has only the following non-vanishing components:

$S_{\beta\gamma^{a}}=\frac{1}{2}(E_{\beta\gamma^{\alpha}}-E_{\gamma\beta^{\alpha}}),$ $S_{\overline{\beta}\overline{\gamma}^{\overline{\alpha}}}=\frac{1}{2}(E_{\overline{\beta}\overline{\gamma}^{\overline{\alpha}}}-E_{\overline{\gamma}\overline{\beta}^{\overline{a}}})$ .

From (1.4), we have

(1.5) $E_{\beta\gamma^{\alpha}}=\Psi^{\delta\frac{\partial g_{\overline{\delta}\beta}}{\partial z^{\gamma}}}-$ $E_{\overline{\beta}\overline{\gamma}^{\overline{a}}}=g^{\overline{\alpha}\delta}\underline{\partial}g\partial^{\frac{\delta}{z}\overline{\frac{\underline{\beta}}{\gamma}}}$

so that

(1.6) $S_{\beta\gamma^{\alpha}}=\frac{1}{2}g^{\alpha\overline{\delta}}(\frac{\partial_{\overline{\delta}\beta}}{\partial z^{\gamma}}-\frac{\partial g_{\overline{\delta}\gamma}}{\partial z^{\beta}})$ , $S_{\overline{\beta}}\overline{p}=\frac{1}{2}g^{\overline{\alpha}\delta}(\frac{\partial g_{\delta\overline{\beta}}}{\partial z^{\overline{\gamma}}}-\frac{\partial g_{\delta\overline{\gamma}}}{\partial z^{\overline{\beta}}})$ .
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Hereafter, $X_{2n}$ always will mean a manifold endowed with such a connection
$E_{ji^{h}}$ with torsion tensor $S_{jt^{h}}$ . In this manifold $X_{2n}$, we consider a pure tensor of
the following form:

(1.7) $\tau_{i_{1}\cdots ip\alpha p}j_{1}\cdots j_{q=(\tau_{\alpha_{1}}}\ldots\beta_{1}\cdots\beta_{q}0,$
$\cdots,$

$0,$ $\tau_{\overline{\alpha}_{1\overline{\alpha}p}}\ldots\overline{\beta}_{1}\cdots\overline{\beta}_{q}$

)

and $T_{i_{1}\cdots ip^{j_{1}\cdots jq}}$ is called analytic, if it satisfies

(1.8) $\partial_{\overline{\gamma}}\tau_{\alpha_{1}\cdots\alpha p}=0\beta_{1}\cdots\beta_{q}$
$\partial_{\gamma}\tau_{\overline{\alpha}1\overline{\alpha}p}=0\overline{\beta}_{1}\cdots\overline{\beta}_{q}$

But since Eji is unitary, it is easily seen that (1.8) is equivalent to

(1.9) $\nabla_{\overline{\gamma}}\tau_{\alpha_{1}\cdots\alpha p}=0\beta_{1}\cdots\beta_{q}$
$\nabla_{\gamma}\tau_{\overline{\alpha}_{1}\cdots\overline{\alpha}p}=0\overline{\beta}_{1}\cdots\overline{\beta}_{q}$

If the torsion tensor vanishes, then, by (1.6), $X_{2n}$ coincides with a K\"ahlerian

manifold.
The main purpose of this paper is to extend some properties of analytic tensors

or vectors in the K\"ahlerian manifold to the case of this Hermitian manifold with
torsion.

Now, since our manifold $X_{2n}$ is a complex manifold, there exists a mixed tensor
$p_{j}$

; which has the numerical components [5]

(1.10) $F_{\alpha}\beta=i\delta_{\alpha}\beta F_{\alpha}^{\overline{\beta}}=F_{\overline{\alpha}}\beta=0,$ $F_{\overline{\alpha}}^{\overline{\beta}}=-i\delta_{\overline{\alpha}}\overline{\beta}(i=\sqrt{-1})$

in all complex coordinate systems and which satisfies

(1.11) $p_{r}\rho F_{\beta^{\alpha}}=-A_{\gamma}^{\alpha},$ $p_{\overline{\gamma}}\overline{\rho}F_{\overline{\beta}^{\overline{a}}}=-A\overline{\frac{\alpha}{\gamma}}$, i.e. $F;JFj^{h}=-A_{\dot{l}}^{h}$ .

In this place, if we put $Fj;=Fj^{r}g_{\gamma};$ , then $Fji$ is hybrid in $j,$ $i$ and $Fj;=-F;j$ and
$Fji$ has the components

(1.12) $F_{\alpha\beta}=F_{\overline{\alpha}\overline{\beta}}=0,$ $F_{\alpha\overline{\beta}}=ig_{\alpha\overline{\beta}},$ $F_{\overline{\alpha}\beta}=-ig_{\overline{\alpha}\beta}$.
Moreover, we find

(1.13) $\nabla jF_{i^{h}}=0,$ $\nabla jF_{ih}=0$.
In fact,

$\nabla_{\beta}F_{\alpha^{\gamma}}=\partial_{\beta}F_{a}^{\gamma}+E_{\beta\sigma}rp_{\alpha^{\sigma}}-E_{\beta a^{\sigma}}F_{\sigma}^{r}$

$=i\text{{\it \^{a}}}_{\beta}\delta_{\alpha^{\gamma}}+iE_{\beta\sigma^{\gamma}}\delta_{\alpha^{\sigma}}-iE_{\beta\alpha^{\sigma}}\delta_{\sigma}^{\gamma}=0$

and since $Eji^{h}$ is unitary,

$\nabla F_{\alpha^{\overline{\gamma}}}=E_{B^{\overline{\gamma}}}F_{\alpha^{\sigma}}-E_{\beta\alpha^{\overline{\sigma}}}F_{\overline{\sigma}}^{\overline{\gamma}}=0$,
$\nabla\overline{\rho}F_{\alpha^{f}}=E_{\overline{\beta}\sigma^{\overline{\gamma}}}F_{\alpha^{\sigma}}-E_{\overline{\beta}\alpha^{\overline{\sigma}}}F_{\overline{\sigma}}^{\overline{\gamma}}=0$.

Next, we define the operators
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(1.14) $0_{il}^{mh}=\frac{1}{2}(A^{m}i_{l}A^{h}-F_{i^{m}}F_{l^{h}})$

$*0_{il}^{mh}=\frac{1}{2}(A^{m_{i}}A_{l}^{h}+F_{i^{m}}F_{l^{h}})$

and if a tensor is pure (hybrid) in two indices, then it is annihilated by transvec.
tion of $*o(0)$ on these indices and vice versa [5].

For instance, $*o_{il}^{mk}F_{m}^{l}=0$ and $O_{j\iota}^{ml}g_{ml}=0$.

Consequently, by virtue of (1.13), we see that (1.8) or (1.9) is equivalent to

(1.15) $*O_{ht}^{sj_{1}}\nabla_{S}T_{i_{1}\cdots;_{q}^{tj_{2}\cdots j_{q}}}=0$

or

(1.16) $F_{h^{s}}\nabla_{s}T_{i_{1}\cdots;_{p}^{j_{1q}}}-F_{s^{j}1\nabla h}T_{t_{1}\cdots ip}=0$ .

\S 2. Curvature tensor

From the usual definition of the curvature tensor:

(2.1) $E_{kji^{h}}=\partial kEj;^{h}-\partial jE_{ki^{h}+}E_{kl^{h}}Eji^{l}-Ejl^{h}E_{ki}!$ ,

we obtain

(2.2) $E_{\overline{\kappa}\beta\alpha^{\mu}}=-E_{\beta\overline{\kappa}\alpha^{\mu}}=\partial_{\overline{\kappa}}E_{\beta\alpha^{\mu}}$ (conj.),

(2.3) $E_{\overline{\kappa}\beta a}\mu-E_{\overline{\iota}\alpha\beta}\mu=2\partial_{\overline{\kappa}}S_{\beta\alpha}\mu=2\nabla_{\overline{\kappa}}S_{\beta\alpha^{\mu}}$ (conj.).

Applying the Ricci’s identity to $gji$ , we find

$0=\nabla l\nabla;jij=-E-Elkj^{S}g;_{S}-2S\iota k^{s}\nabla_{S}gij$

and on putting $E_{ijkl}=g_{ls}E_{ijk^{S}}$ , we obtaien

(2.4) $E_{lkij}=-E_{lkji}$ .
Thus, we have non-vanishing components

$E_{\alpha\overline{\beta}\gamma\overline{\delta}},$ $E_{\alpha\overline{\beta}\overline{\gamma}\delta},$ $E_{\overline{a}\beta\gamma\overline{\delta}},$ $E_{\overline{\alpha}\beta\overline{\gamma}\delta}$

which satisfy

(2.5) $E_{\alpha\overline{\beta}\gamma\overline{\delta}}=-E_{\overline{\beta}\alpha\gamma\overline{\delta}},$ $E_{\alpha\overline{\beta}\gamma\overline{\delta}}=-E_{\alpha\overline{\beta}\overline{\delta}\gamma}$.
Next, from (1.4) and (2.3), we have

(2.6) $E_{\overline{\iota}\beta\alpha\overline{\mu}}-E_{\alpha\overline{\mu}\overline{\kappa}\beta}=E_{\overline{\kappa}\beta\alpha\overline{\mu}}-E_{\overline{\kappa}\alpha\beta\overline{\mu}}-(E_{\alpha\overline{\mu}\overline{\kappa}\beta}-E_{\alpha\overline{\kappa}\overline{\mu}\beta})=2\nabla_{\overline{l}}S_{\beta\alpha\overline{\mu}}-2\nabla_{\alpha}S_{\overline{\mu}\overline{\kappa}\beta}$
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where $S_{\beta\alpha\overline{\mu}}=g_{\delta\overline{\mu}}S_{\beta\alpha^{\delta}}$.
There are three kinds of Ricci’s tensor

(2.7) $E_{ji}\equiv g^{lm}E_{jlmi},$ $S_{\alpha\overline{\beta}}\equiv g^{\gamma\overline{\delta}}E_{\gamma\overline{\delta}\alpha\overline{\beta}},$ $S_{\overline{\beta}\alpha}\equiv g^{\overline{\delta}\gamma}E_{\overline{\delta}\gamma\overline{\beta}\alpha}$,
$T_{\alpha\overline{\beta}}\equiv ff^{\overline{\delta}}E_{\alpha\overline{\beta}\gamma\overline{\delta}},$

$T_{\overline{\beta}\alpha}\equiv g^{\overline{\gamma}\delta}E_{\tilde{\beta}\alpha\overline{\gamma}\delta}$.
From this definition, we have immediately

(2.8) $S_{\alpha\overline{\beta}}=S_{\overline{\beta}\alpha},$ $T_{\alpha\overline{\beta}}=T_{\overline{\beta}\alpha}$

and by virtue of (2.3), we have

(2.9) $E_{\overline{\beta}\alpha}-E_{\alpha\overline{\beta}}E_{\overline{\beta}\gamma\overline{\mu}}-g^{f}E_{\alpha\overline{\mu}\gamma\overline{\beta}}$

$=g^{r_{\overline{\mu}}}(E_{\overline{\mu}a\gamma\overline{\beta}}-E_{\overline{\mu}\gamma\alpha\overline{\beta}}+E_{\gamma\overline{\mu}\overline{\beta}\alpha}-E_{\gamma\overline{\beta}\overline{\mu}\alpha})$

$=g^{r_{\overline{\mu}}}(2\nabla_{\overline{\mu}}S_{\alpha\gamma\overline{\beta}}+2\nabla_{\gamma}S_{\overline{\mu}\overline{\beta}\alpha})$

$=2(\nabla^{\overline{\mu}}S_{\overline{\mu}\overline{\beta}\alpha}-\nabla^{\gamma}S_{\gamma\alpha\overline{\beta}})$ ,

(2.10) $S_{\alpha\overline{\beta}}-E_{\alpha\overline{\beta}}=g^{r\overline{\delta}}(E_{\gamma\overline{\delta}\alpha\overline{\beta}}-E_{\alpha\overline{\delta}\gamma\overline{\beta}})$

$=ff^{\delta}(E_{\overline{\delta}\alpha\gamma\overline{\beta}}-E_{\overline{\delta}\gamma\alpha\overline{\beta}})\vee$

$=2\nabla^{\gamma}S_{\alpha\gamma\overline{\beta}}$,

(2.11) $T_{\alpha\overline{\beta}}-E_{\alpha\overline{\beta}}=g^{\gamma\overline{\delta}}(E_{\alpha\dot{\delta}\overline{\beta}\gamma}-E_{a\overline{\beta}\overline{\delta}\gamma})$

$=2\nabla_{\alpha}S_{\partial\overline{\beta}^{\overline{\delta}}}$.
Consequently, if $S_{ji^{h}}$ is analytic, then these Ricci’s tensors coincide with each

other [2] and therefore when $Sji^{h}$ is analytic, we shall write briefly $Ejt$ for these
Ricci’s tensors.

Moreover, in this case, from (2.6), we have

(2.12) $E_{\overline{\iota}\beta a\overline{\mu}}=E_{\alpha\overline{\mu}\overline{\kappa}\beta}$

and the Bianchi’s identity:

(2.13) $E_{jk}\iota^{i}+E_{klj^{i}}+Eljk^{j}-2(\nabla jk\iota^{i}+\nabla klJ^{i}+\nabla ljk^{j})$

$+4(jk^{l}++S_{lJ^{l}}S_{lk^{i}})=0$

becomes the ordinary from

(2.14) $E_{jkl^{i}}+E_{klj^{i}}+E_{ljk^{i}}=0$.
Hence $E_{\overline{\beta}\gamma\delta\overline{\alpha}}+E_{\gamma\delta\overline{\beta}\overline{\alpha}}+E_{\delta\overline{\beta}\gamma\overline{\alpha}}=0$ or

(2.15) $E_{\overline{\beta}\gamma\overline{\alpha}\delta}=E_{\overline{\beta}\delta\overline{\alpha}\gamma}$ or $E_{\overline{\beta}\gamma\delta\overline{\alpha}}=E_{\overline{\beta}\delta\gamma\overline{\alpha}}$

(this is obtained also from (2.3)).

Summarising these results, if the torsion tensor is analytic, then the curvature
tensor has symmetric properties as in the K\"ahlerian manifold [1].
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Now, since, in our manifold $X_{2n},$ $E_{kji^{h}}$ is pure in $hi$

’ we have

(2.16) $E_{kj}\iota^{h}F;^{l}=E_{kji^{l}}F_{l^{h}}$

and contracting with $g^{ji}$ , we get

(2.17) $E_{km}\iota^{h}F^{ml}=E_{k^{l}}F_{l^{h}}$ or

(2.18) $\frac{1}{2}(E_{km}\iota^{h}-E_{klm^{h}})F^{ml}=E_{k^{l}}Fl^{h}$

where $E_{k^{l}}=E_{ks}g^{sl}$ and $F^{ml}=F_{s^{l}}g^{sm}$ .
If the torsion tensor is analytic, then by virtue of (2.14), from (2.18), we have

(2.19) $E_{k^{l}}Fl^{h}=-\frac{1}{2}E_{mlk^{h}}F^{ml}$ or

(2.20) $E_{k^{S}}=\frac{1}{2}F^{ml}E_{mlk^{h}}F=F^{ml}E_{mlh^{s}}F_{k^{h}}$ .

Here, if we $\omega nsider$ a pure tensor $T_{t_{1}\cdots ip}j_{1}\cdots j_{q}$ and apply the Riccl’s identity to

$F_{S}^{j}1F^{hk}\nabla_{h}\nabla kT_{t_{1}\cdots;_{p}^{sj_{2}\cdots jq}}$ , then we have

(2.21) $F_{s1}^{j}F^{hk}\nabla h\nabla kT_{i_{1}\cdots;_{p}^{sj_{2}\cdots j_{q}}}$

$=\frac{1}{2}F_{S}^{j_{1}}F^{hk}(\nabla_{h}\nabla_{k}T_{i_{1}\cdots ip}-\nabla_{k}\nabla_{h}T_{i_{1}\cdots ip})$

$=\frac{1}{2}F_{S}^{j_{1}}F^{hk}(E_{hkl^{s}}T_{t_{1}\cdots ip}+\sum_{r-2}^{q}E_{hkt^{jr}}T_{t_{1}\cdots ip}$

$-\sum_{r-1}^{p}E_{hktT-2S_{hk^{l}}\nabla_{t}T_{t_{1}\cdots ip})}r^{t}i_{1}\cdots l\cdots$;

$=\frac{1}{2}F_{s}^{j_{1}}F^{hk}E_{h\hslash t^{s}}T_{i_{1}\cdots ip}+\frac{1}{2}\sum_{r-1}^{q}F_{s^{l}}F^{hk}E_{hkl^{j_{f}}}T_{i_{1}\cdots ip}$

$-\frac{1}{2}\sum_{r-1}^{p}F_{t^{s}}F^{hk}Ehkt_{ri_{1}\cdots;_{p}^{j_{1}\cdots j_{q}sj_{2}\cdots j_{q}}}^{l}T\$\ldots-2S_{hk^{l}}F_{s^{j_{1}}}F^{hk}\nabla_{l}T_{i_{1}\cdots ip}$ .

But, since $Ehka^{b}$ is pure in $ab$ we have $F_{S}^{j}1$Ehkl $=F_{l^{S}}E_{hk_{S}^{j}}1$ and $F_{l^{S}}E_{hk};_{r^{l}}=$

$F\iota {}^{t}Erhkt^{s}$ and since $F^{hk}$ is hybrid in $hk$ and $S_{hk^{t}}$ is pure in $hk$, we have $F^{hk}S_{hkt}=0$.
Consequently, (2.21) can be written as

(2.22) $F_{S}^{j}1F^{hk}\nabla h\nabla_{k}T_{t_{1}\cdots ip}sj_{2}\cdots jq$

$=\frac{1}{2}\sum_{r-1}^{q}F_{s^{l}}F^{hk}E_{hkt}J_{f}T;_{1}\ldots;_{p}^{j_{1}\cdots s\cdots jj_{1}\cdots j_{q}}q-\frac{1}{2}\sum_{r-1}^{p}F;_{r}{}^{t}F^{hk}E_{hkl^{S}}T_{t_{1}\cdots s\cdots ip}$ .
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Thus, if the torsion tensor is analytic, by (2.20), we have

(2.23) $F_{S}^{j}1F^{hk}\nabla h\nabla_{k}T_{i_{1}\cdots;_{p}^{sj_{2}\cdots j_{q}}}$

$=\sum_{r-1}^{q}E_{t^{j_{r}}}T_{t_{1}\cdots ip}-\sum_{r-1}^{p}E_{i_{r}}{}^{t}T_{t_{1}\cdots t\cdots i}$ .

\S 3. Lie derivatives

We consider an analytic pure tensor $T$
$j_{1}\cdots jq$ in $X_{2n}$ and the following Lie

$i_{1}\cdots ip$

derivative of $T_{i_{1}\cdots;_{p}^{j_{1}\cdots jq}}$ with respect to a contravariant analytic vector $v^{i}$ :

(3.1) $vXT_{i_{1}\cdots ip}=v^{a}\nabla_{a}T_{i_{1}\cdots tp}+\sum_{\gamma-1}^{p}T_{i_{1}\cdots t\cdots ip}v_{i}$:
$-\sum_{\gamma-1}^{q}T;_{1}\ldots;_{p}^{j\cdots l\cdots j_{q}\cdot j_{r}}v_{l}$

where $v_{k}^{l}=\nabla_{k}v^{t}+2S_{sk^{t}}v^{s}=\partial_{k}v^{t}+E_{sk^{t}}v^{s}[5]$ .

But since, by $\nabla jF_{ih}=0,$ $\nabla hT_{i_{1}\cdots;_{p}^{j_{1}\cdots j_{q}}}$ is pure in all indices $i_{1},$
$\cdots,$

$i_{p},$ $j_{1},$
$\cdots,$

$j_{q}$ except

$hXT_{i_{1}\cdots ip}vj_{1}\cdots jq$ is also a pure tensor.

Here we have the following

THEOREM 3.1. For an analytic pure tensor $T_{i_{1}\cdots ip}j_{1}\cdots j_{q}$ and a contravariant analytic

vector $v^{i}$ in $X_{2n}$, if the torsion tensor Sji is analytic, then the Lie derivative $XT_{t_{1}\cdots\iota_{p}^{j\cdots j_{q}}}v$

is also analytic.

Proof. In order to prove that $XT_{t_{1}\cdots ip}j_{1}\cdots jq$ is analytic, since $tT_{t_{1}\cdots;_{p}^{j_{1}\cdots j_{q}}}v$ is a pure

tensor, it is sufficient to show

(3.2) $F_{d^{S}}\nabla s(tT;_{1}\ldots;_{p}^{j_{1}\cdots j_{q}sj_{2}\cdots j_{q}})-F_{S}^{j}1\nabla_{d}(XT_{i_{1}\cdots ip})=0vv$

First, when the left hand side of (3.2) is pure in $jd^{1}$

’ that is, pure in all indices

$d,$ $i_{1},$
$\cdots,$

$i_{p},$ $j_{1},$
$\cdots,$

$j_{q}$ , since $\nabla_{d}(XT_{i_{1}\cdots ip}sj_{2}jq)v$ is pure in $ds$ $(3.2)$ is evident.

Secondly, when the left hand side of (3.2) is hybrid in $d^{1}j$ that is, hybrid with
respect to $d$ and every one of $i_{1},$

$\cdots,$
$i_{p},$ $j_{1},$

$\cdots,$
$j_{q}$ , we shall show that (3.2) is true.
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Noticing that $F_{S}^{j_{1}}\nabla d(XT;_{1}\ldots;_{p}^{sj_{2}\cdots j_{q}j_{1}\cdots jq})=-F_{d^{S}}\nabla_{S}(XT_{t_{1}\cdots ip})v$

we have

(3.3) $\frac{1}{2}[F_{d^{s}}\nabla_{S}(XTt_{1}\cdots\iota_{p}^{j_{1}\cdots j_{q}sj_{2}\cdots j_{q}})-F_{s1}^{j}\nabla d(XT_{t_{1}\cdots ip})]v$

$=F_{d^{S}}\nabla_{S}(XT_{i_{1}\cdots;_{p}^{j_{1}\cdots jq}})v$

$=F_{d^{S}}\nabla_{S}(v^{a}\nabla^{a}T;_{1}\ldots;_{p}^{j_{1}j_{q}j_{1}\cdots j_{q}j_{1}\cdots l\cdots j_{q}\cdot j_{r}}+\Sigma T_{t_{1}\cdots t\cdots ip}v_{ir}^{t}-\Sigma T_{t_{1}\cdots ip}v_{t})$

$=F_{d^{S}}(\nabla_{S}v^{a})\nabla_{a}T;_{1}\ldots;_{p}^{j_{1}\cdots j_{q}j_{1}\cdots j_{q}}+F_{d^{s}}v^{a}\nabla_{s}\nabla_{a}T_{i_{1}\cdots ip}+F_{d^{S}}\Sigma(\nabla_{s}T_{i_{1}\cdots t\cdots;_{p}^{j_{1}\cdots jq}})v_{ir}^{t}$

$+F_{d^{S}}\Sigma T_{i_{1}\cdots t\cdots ip}q(\nabla_{S}v_{ir})-F_{d^{S}}\Sigma(\nabla sT_{i_{1}\cdots ip})v_{t}-F_{d^{S}}\Sigma T_{i_{1}\cdots ip}(\nabla_{S}v_{t}^{j_{r}})$ .

On the other hand, since $v^{i}$ and $T_{i_{1}\cdots ip}j_{1}\cdots jq$ are analytic, we have $F_{d^{s}}(\nabla_{S}v^{a})$

$\times\nabla_{a}T_{t_{1}\cdots;_{p}^{j_{1}\cdots jq}}=0$, because $F_{d^{S}}$ is pure in ;, $\nabla_{s}v^{a}$ is pure in $as$ and $\nabla_{a}T_{i_{1}\cdots;_{p}^{j_{1}\cdots j_{q}}}$

is pure in $aj_{1}$ and therefore $F_{d^{S}}(\nabla_{s}v^{a})\nabla_{a}T_{i_{1}\cdots;_{p}^{j_{1}\cdots jq}}$ must be pure in $dj_{1}$ but, from

the assumption, $F_{d^{S}}(\nabla sv^{a})\nabla_{a}T_{i_{1}\cdots;_{p}^{j_{1}\cdots jq}}$ is hybrid in $dj_{1}$

Similarly, we have $F_{d^{S}}\Sigma\nabla_{S}T_{i_{1}\cdots t\cdots;_{p}^{j_{1}\cdots j_{q}}}=0,$ $F_{d^{S}}\Sigma\nabla_{S}T_{i_{1}\cdots ip}j_{1}\cdots t\cdots j_{q}=0$ and hence

(3.4) $F_{d^{S}}\nabla_{s}(XT_{t_{1}\cdots;_{p}^{j_{1}\cdots jq}})v$

$=Fd^{S}v^{a}\nabla_{S}\nabla_{a}T\iota_{1}\cdots;_{p}^{j_{1}\cdots j_{q}j_{1}\cdots jq}+F_{d^{S}}\Sigma T_{i_{1}\cdots l\cdots ip}[\nabla_{S}\nabla;_{r}v^{t}+2\nabla_{s}(s_{ai_{\gamma}^{t}v^{a})1}$

$-p_{d^{s\Sigma T_{i_{1}\cdots;_{p}^{j_{1}\cdots l\cdots j_{q}}}[\nabla_{s}\nabla tv^{j_{\gamma}}+2\nabla_{S}(S_{al^{j_{f}}}v^{a})]}}$ .

Moreover, since, from the same reason used in the preceding paragraph,

$Fd^{s}\nabla_{S}(S_{a};_{r}{}^{t}v^{q})=F_{d^{S}}(\nabla_{S}S_{a};_{r}^{t})v^{a}+Fd^{S}S_{a};_{r^{l}}\nabla_{s}v^{a}=0$

and $F_{d^{S}}\nabla s(S_{at^{j_{r}}}v^{a})=0,$ $(3.3)$ can be written in the form

(3.5) $F_{d^{S}}\nabla_{s}(XT_{t_{1}\cdots;_{p}^{j_{1}\cdots j_{q}}})v$

$=F_{d^{s}}v^{a}\nabla_{S}\nabla_{a}T_{t_{1}\cdots ip}+F_{d^{s}}\Sigma T_{i_{1}\cdots t\cdots ip}\nabla_{S}\nabla;_{r}v^{t}$

$-F_{d^{S}}\Sigma T_{i_{1}\cdots ip}j_{1}\cdots t\cdots j_{q}\nabla_{S}\nabla_{t}v^{j_{\gamma}}$ .

Next, applying the Ricci’s identity to the three terms of the right hand side of (3.5)
respectively, we have
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(3.6) $F_{d^{s}}v^{a}\nabla_{s}\nabla_{a}T_{i_{1}\cdots ip}j_{1}\cdots jq$

$=Fd^{S}v^{a}\nabla_{a}\nabla_{s}T_{i_{1}\cdots ip}+F_{d^{S}}v^{a}\Sigma E_{sac}i_{f}T_{t_{1}\cdots ip}-F_{d^{s}}v^{a}\Sigma E_{sa}t_{r^{c}}T_{i_{1}\cdots\cdots ip}$

$-2F_{d^{s}}v^{a}S_{sa^{c}}\nabla_{c}T_{i_{1}\cdots;_{p}^{j_{1}\cdots jq}}$ .

But, since the four terms of the right hand side of (3.6) are hybrid in $d^{1}j$ we find

that $F_{d^{s}}v^{a}\nabla_{a}\nabla_{S}T_{i_{1}\cdots ip}j_{1}\cdots jq=0,$ $F_{d^{s}}v^{a}S_{sa}^{c}\nabla cT_{i_{1}\cdots ip}j_{1}\cdots j_{q}=0,$ $E_{sac^{j_{r}}}$ is pure in $a,$ $c$ and

$E_{sai_{r}^{c}}$ is pure in $u$. $i_{r}$ . Therefore, by (2.15), (3.6) can also be written as

(3.7) $F_{d^{s}}v^{a}\nabla_{s}\nabla_{a}T_{i_{1}\cdots;_{p}^{j_{1q}}}=F_{d^{S}}v^{a}\Sigma E_{sca^{j_{r}}}T_{i_{1}\cdots ip}$

$-F_{d^{s}}v^{a}\Sigma E_{si_{r}a^{c}}T_{i_{1}\cdots e\cdots ip}j_{1}\cdots Jq$

Similarly, we obtain

(3.8) $p_{d^{s\Sigma\dot{T}\nabla_{S}\nabla=}}i_{1}\cdots l\cdots;_{p}t_{r}V^{tp_{d^{S\Sigma E_{S};,.v^{a}T_{i_{1}\cdots l\cdots ip}}}}a^{t}j_{1}\cdots j_{q}j_{1}\cdots jq$

$-2F_{d}S\Sigma S_{s};_{r^{a}}(\nabla_{a}v^{l})T_{i_{1}\cdots l\cdots ip}j_{1q}=F_{d^{S}}v^{a}\Sigma E_{s};_{r^{a^{l}}}T_{i_{1}\cdots l\cdots ip}$

and

(3.9) $p_{d}S\Sigma T_{t_{1}\cdots;_{p}^{j_{1}\cdots t\cdots jq}}\nabla_{s}\nabla_{l}v^{j_{1}}=F_{d^{s}}\Sigma E_{sta^{j_{r}}}v^{a}T_{i_{1}\cdots ip}j_{1}\cdots t\cdots jq$

$-2F_{d^{s}}\Sigma S_{sl^{a}}(\nabla_{a}vJ_{f})T_{i_{1}\cdots;_{p}^{j_{1q}}}=F_{d^{s}}v^{a}\Sigma E_{sla^{j_{r}}}T_{i_{1}\cdots ip}$ .
Thus, by virtue of (3.7), (3.8) and (3.9), the right hand side of (3.5) vanishes.
This is a generalization of the result obtained for a vector in the K\"ahlerian manifold
[3].

Observing that $XT_{i_{1}\cdots;_{p}^{j_{1}\cdots j_{q}}}v$ is a pure tensor, from this theorem, we have the

following

COROLLARY 3.1. When $T_{i_{1}\cdots ip}j_{1}\cdots jq$ is an analytic pure tensor and $1v^{j},$ $v^{i}2\ldots,$ $mv^{i}$ are $m$

contravariant analytic vectars in $X_{2n}$, if the torsion tensor $S;i^{h}$ is analytic, then the
following tensors are all analytic:

$XT_{t_{1}\cdots ip}v1j_{1}\cdots j_{q}$ $XtT_{t_{1}\cdots ip}21vvj_{1}\cdots j_{q}$

...,
$tX\cdots XT_{t_{1}\cdots ip}mm-11vvvj_{1}\cdots j_{q}$

where
$RT_{t_{1}\cdots;_{p}^{j_{1}\cdots jq}}vv21$

implies
$X(XT_{i_{1}\cdots ip}j_{1}\cdots j_{q})vv21$

and so on.
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\S 4. A necessary and sufficient condition that a pure tensor be analytic

In this section, we assume that $X_{2^{n}}$ is compact and $S_{ji^{i}}=0$.
Then, for any vector $v^{i}$ , we have

(4.1) $\nabla;v^{i}=\mathring{\nabla};v^{i}+\mathfrak{B}\iota t^{i}v^{l}$

$=\mathring{\nabla}tv^{i}=\frac{1}{\sqrt g}\frac{\partial\sqrt{g}v^{i}}{\text{{\it \^{a}}} z^{i}}$

where V denotes covariant differentiation with respect to the Christoffel symbol
$t_{jk}^{i}1$ and $g$ is the determinant formed with $g_{jk}$ . But, since $X_{2n}$ is orientable, by virtue
of Green’s theorem, for any vector field $v^{j}$ , we have

(4.2) $\int_{X_{2n}}\nabla;v^{i}d\sigma=0$

where $ d\sigma$ is the volume element.
Using (4.2), we can prove the following

$THEOR+M4.1$ . If, in a compact Hermitian manifold $X_{2n},$ $S;;^{i}=0$, then a pure tensor
$T_{t_{1}\cdots;_{p}^{j_{1}\cdots jq}}$ is analytic if and only if

$\nabla^{h}\nabla_{h}T;_{1}\ldots;_{p}^{j_{1}\cdots j_{q}j_{1q}}+\sum_{r-1}^{q}\Psi_{t^{j_{1}}}T_{i_{1}\ldots ip}-\sum_{r-1}^{p}E^{*}t_{r}{}^{t}T_{t_{1}\cdots t\cdots ip}=0$

where $E^{*i}j=\frac{1}{2}F^{ab}E_{abt^{i}}F_{j^{t}}$ .
If the torsion tensor $S_{ji^{h}}$ satisfies $Sjt^{i}=0$ and $S_{jt^{h}}$ is analytic, then a pure tensor

$T_{t_{1}\cdots;_{p}^{j_{1}\cdots j_{q}}}$ is analytic if and only if

$\nabla^{h}\nabla_{h}T;_{1}\ldots;_{p}^{j_{1}\cdots j_{q}j_{1}\cdots t\cdots j_{q}j_{1}\cdots j_{q}}+\sum_{r-1}^{q}E_{l^{j_{r}}}T_{i_{1}\cdots ip}-\sum_{r-1}^{q}E_{i_{r}}!T_{i_{1}\cdots l\cdots ip}=0$.

Proof. If a pure tensor $T$
$j_{1}\cdots jq$ is analytic, then, from (1.16) we have

$t_{1}\cdots ip$

(4.3) $\nabla hT;_{1}\cdots\iota_{p}^{j_{1}\cdots j_{q}sj_{2}\cdots j_{q}}+F_{s^{j_{1}}}F_{h^{l}}\nabla\iota T_{i_{1}\cdots ip}=0$

and operating $\nabla^{h}$ to (4.3)

(4.4) $\nabla^{h}\nabla hr_{i_{1}\cdots;_{p}^{j_{1}\cdots j_{q}sj_{2}\cdots j_{q}}}+F_{S}^{j_{1}}F_{h^{l}\nabla^{h}\nabla l}T_{t_{1}\cdots ip}=0$.

Using (2.22), we can write (4.4) in the form
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(4.5) $\nabla^{h}\nabla_{h}T_{t_{1}\cdots ip}+\sum_{r-1}^{q}F_{s^{l}}F^{hk}E_{hkt^{j_{\gamma}}}T_{t_{1}\cdots ip}$

$-\frac{1}{2}\sum_{r-1}^{p}F;_{r}^{t}F^{hk}E_{hkt^{s}}T_{t_{1}\cdots s\cdots ip^{j_{1}\cdots jq}}=0$

or

(4.6) $\nabla^{h}\nabla_{h}T_{t_{1}\cdots\iota_{p}^{j_{1q}}}+\sum_{r-1}^{q}E_{s^{j_{r}}}^{*}T_{i_{1}\cdots ip}-\Sigma E^{*};_{r^{s}}T_{i_{1}\cdots s\cdots ip}j_{1}j_{q}=0$.

In this place, if $S_{ji^{h}}$ is analytic, from (2.20), we have $E^{*s}k=E_{k^{S}}$ .
Next, in order to prove the converse, putting

(4.7) $P_{hi_{1p}}\ldots;^{j_{1}\cdots jj_{1}\cdots j_{q}sj\cdots j_{q}}q=-\nabla hT_{t_{1}\cdots ip}-F_{s^{j_{1}}}F_{h^{l}}\nabla\iota T_{t_{1}\cdots ip}$

and calculating the square of $P_{hi_{1}\cdots ip}j_{1}\cdots jq$ we have

$\frac{1}{2}P_{h};_{1}\cdots\iota_{p}^{j_{1}\cdots j_{q}j_{1}\cdots j_{q}}P^{hi_{1}\cdots ip_{j_{1}\cdots j_{q}}}=(\nabla_{h}T_{t_{1}\cdots ip})\nabla^{h}T^{t_{1}\cdots ip_{j_{1}\cdots j_{q}}}$

$+F_{s^{j_{1}}}F_{h^{l}}(\nabla^{h}T^{i_{1p}}j_{1}\cdots jq)\nabla\iota T_{i_{1}\cdots iq}$ .
Therefore, we find

(4.8) $\frac{1}{2}P_{hi_{1}\cdots ipj_{1}}j_{1}\cdots jp_{P^{hi_{1}\cdots ip_{j_{1}\cdots j_{q}}}+\nabla^{h}(T^{i_{1p}}{}_{j_{q}}P_{ht_{1}\cdots ip})}i\ldots j_{1}\cdots jq$

$=\frac{1}{2}P_{h};_{1}\ldots;_{pj_{1}\cdots j_{q}}^{j_{1}\cdots j_{q}\cdots it_{1}\cdots;_{p}J_{1}\cdots Jq}P^{hi_{1p_{j_{1}\cdots jq}}}+(\nabla^{h}T)P_{hi_{1}\cdots iq}$

$+T^{;_{1p_{j_{1}\cdots jp}}}\nabla^{h}P_{hi_{1}\cdots ip}=T^{i_{1}\cdots ip_{j_{1}\cdots jp}}\nabla^{h}P_{hi_{1}\cdots ip}$

and then, if $Sj\iota^{j}=0$, then, from (4.2), we have

(4.9) $ 0=\int_{X_{2n}}\nabla^{h}(T^{i_{1p_{j_{1}}}}{}_{jq}P_{hi_{1}\cdots ip})d\sigma$

$=\int_{X_{2n}}1q$

Here, (4.9) shows that if $\nabla^{h}P_{ht_{1}\cdots ip}j_{1}\cdots jq=0$, then $P_{hi_{1}\cdots ip}j_{1}\cdots jq=0$ .
On the other hand, since $\nabla^{h}P_{hi_{1}\cdots;_{p}^{j_{1}\cdots jq}}=0$ is (4.6) itself, the proof is complete.

This theorem formally coincides with the case of the K\"ahlerian manifold [4].

From the theorem 4.1, we have the following

THEOREM 4.2. If, in a compact Hermitian manifold $X_{2n}$ with the torsion tensor
satisfying $Sji^{i}=0,$ $v^{i}l$($t=1t$

$2$, $\cdot$ ., p) and $uj_{t}(t=1t 2, \cdots, q)$ are contravariant analytic

vectors and covariant analytic vectors respectively, then for analytic pure tensor $T_{t_{1}\cdots ip}j_{1}\cdots j_{q}$
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we have

$T_{t_{1}\cdots ip}j_{1}\cdots jqv^{i}1\cdots v^{i}P\cdot u11uj_{q}=constant$ .
1 $p$ 1 $q$

Proof. $\Delta(Tj_{1}\cdots j_{q;tp.uj_{1}}v1\cdots v\cdots ui_{1}\cdots ip1p1qjq)$

$=\tau_{i_{1}\cdots;_{p}^{j_{1}\cdots jq}}\nabla^{l}\nabla\iota(v^{i_{1\cdots v}ipu_{j_{1}}\cdots u_{jq})+2\nabla l(T_{t_{1}\cdots;_{p}^{j_{1}\cdots j_{q}}})\nabla^{l}(v^{i_{1\cdots v}ipu_{j_{1}}\cdots u_{jq})}}1p1q1p1q$

$+(\nabla^{\iota}\nabla lT_{i_{1}\cdots;_{p}^{j_{1}\cdots j_{q}}})v^{i_{1}}\cdots v^{i}pu^{j_{1}}\cdots u^{j_{q}}1p1q$

where $\Delta$ denotes the Laplacean $w$. $r$. $t$. $\nabla$ .
Here

(4.10) $(\nabla lT;_{1}\ldots;_{p)}^{j_{1}\cdots jq})\nabla^{l}(v^{j}1\cdots v^{i}Puj_{1}\cdots uj_{q}1p1q$

$=(\nabla\iota T_{t_{1}\ldots;_{p}^{j_{1}\cdots j_{q}}})[(\nabla^{l}v_{12p1q1q-1q}^{i_{1)u_{jq-1}\nabla^{l}u_{jq}]}}v^{i_{2}}\cdots v^{ipu_{j_{1}}\cdots u_{j_{q}}+\cdots+v^{i_{1}}}\cdots$

but since $\nabla lT_{t_{1}\cdots ip}j_{1}\cdots j_{q}$ is pure in $l,$ $i_{1}$ and $\nabla\iota_{1}v^{i}1$ is hybrid in $l,$ $i_{1}$ and since

$\nabla\iota T_{i_{1}\ldots;_{p}^{j_{1}\cdots j_{q}}}$ is pure in $j_{q}l$ and
$\nabla^{l}uqjq$ is hybrid in $j_{q}l$ the right hand side of (4.10)

vanishes.

Similarly, we have

(4.11)
$\nabla^{l}\nabla_{l(v^{t_{1\cdots v}ipu_{j_{1}}\cdots u_{j_{q}})}}$

$=\sum_{t\leftarrow 1}^{p}(\nabla^{l}\nabla\iota v^{i_{l}})(v^{iii_{l+1\cdots v}ipu_{j_{1}}\cdots uj_{q}}1\cdots vt-1v)+\Sigma^{q}(\nabla^{l}\nabla lu_{j_{t}})v^{j}1\cdots v^{ip}u_{j_{1}}\cdots u_{j_{l-1}}u_{j_{t+1}}\cdots u_{jq}t1t-1t+1p1qr=1t1p1l-1t+1q$

On the other hand, from theorem 4.1., we have

$\nabla^{l}\nabla lv^{i}t=-E^{*_{S}i}tv^{s}tt$ and $\nabla^{l}\nabla\iota u_{j_{t}}=E^{*}j_{t^{S}}u_{S}tl$

Consequently,

$\Delta(T_{\iota_{1}\cdots;_{p}^{j_{1}\cdots Jq}}v^{t_{1\cdots v}ipu_{J_{1}}\cdots u_{Jq})}$

1 $p1$ $q$

$=T_{i_{1}\cdots ip}[-\Sigma^{p}E_{s}\iota_{tv^{s}v^{i_{1}}}\ldots v^{i}t-1v^{i}t+1\cdots v^{ip}u_{j_{1}}\cdots u_{j_{q}}+\sum_{l1q=1}^{q}EJ_{t^{S}}u_{s}v\cdots u_{j_{q}}]l-1t1t-1t+1pt1p1t-1t+1q$

$-\sum_{t-1}^{q}E^{*_{S}j_{l}}\tau_{t_{1}\cdots;_{p}^{j_{1}\cdots s\cdots j_{qt_{1}\ldots ipuj_{1}\cdots uj_{q}}}1q}vv+\sum_{t1\approx 1}^{p}E^{*}i_{t^{S}i_{1}\cdots s\cdots ip=0}Tj_{1}\cdots j_{q}v^{i}1\cdots v^{ip}u_{j_{1}}\cdots u_{j_{q}}1p1q$
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Similarly, we have the following

THEOREM 4.3. If, in a compact Hermitian manifold $X_{2n}$ with the torsion tensor

satisfying $S_{jt^{i}}=0,$ $\tau_{\iota_{1}\cdots;_{p}^{j_{1}\cdots j_{q}}}1$ and $T_{j_{1}\cdots j_{q}}2t_{1}\cdots ip$ are analytic pure tensors, then we haue

$T_{t_{1}\cdots;_{p}^{j_{1}}}^{1}$
‘
$j_{q}^{2}T_{j_{1}\cdots j_{q}}i_{1}$

. ” $ip_{=cmstant}$ .

Now, we shall call an anti-symmetric tensor $\tau_{i_{1}\cdots ip}$ pseudo-harmonic if it
satisfies the condition:

(4.12) $\nabla_{[r}Ti_{1}\cdots ip$] $=0$ and $g^{rs}\nabla_{S}T_{ri_{2}\cdots ip}=0$

and in a compact orientable metric manifold whose torsion tensor $S_{jih}$ satisfies
$S;;^{i}=0$, an anti-symmetric tensor $\tau_{i_{1}\cdots ip}$ is pseudo-harmonic if and only if

(4.13) $\nabla^{l}\nabla\iota T_{i_{1}\cdots ip}-\sum_{r-1}^{p}E_{i_{r}^{\iota}}T_{i_{1}\cdots l\cdots ip}+\Sigma^{p}T_{i_{1}\cdots t_{s-1}at_{s+1}\cdots i_{l-1}bi_{l+1}\cdots ip}(E^{ab}s<li_{l}:_{s}-E^{a};_{s};_{t^{b}})$

$+2\Sigma^{p}(\nabla_{l}T;_{1}\cdots t_{s-1}ai_{S+1}\cdots ip)S_{i_{s}^{al}}=0s-1$ [6].

Here, let $T;_{1}\cdots ip$ be an anti.symmetric pure tensor in $X_{2n}$ . Since, in $X_{2n},$ $\nabla\iota T;_{1}\cdots ip$

and $\nabla^{l}\nabla lT:_{1}\cdots ip$ are also pure in $\dot{t}_{1}\ldots\dot{tp}’(\nabla_{l}T_{i_{1}\cdots a\cdots ip})S_{i_{s}^{at}}$ is pure in $t,$ $a$ but $S\iota_{s^{al}}$ is
hybrid in $a,$ $t$ and therefore $(\nabla_{l}T_{t_{1}\cdots a\cdots ip})S_{i_{s^{at}}}$ vanishes. Moreover, since $E^{a}t_{S}i_{l^{b}}$ is
pure in $i_{s},$ $i_{t}$ , if $S_{ji^{h}}$ is analytic, then, by (2.15), we have

$E^{a_{i_{S}t_{l}}b}=E^{a_{i_{l}i_{S}}b}$ .
Hence, from (4.13), we find that in a compact Hermitian manifold $X_{2n}$ with the

analytic torsion tensor $S_{jt^{h}}$ satisfying $S_{ji^{j}}=0$, a necessary and sufficient condition
that an anti-symmetric pure tensor $\tau_{i_{1}\cdots ip}$ be pseudo-harmonic is that $\tau_{i_{1}\cdots ip}$ satisfy

(4.14) V $l\nabla t_{1}\cdots ipt_{1}\cdots a\cdots ip$

Therefore, from the theorem 4.1, we have the following theorem (Cf. [1]).

THEOREM 4.4. In a compact Hermitian manifold $X_{2n}$ with the analytic torsion tensor
$Sjt^{h}$ satisfying $Sjt^{i}=0$, an anti.symmetric pure tensor $Tt_{1}\cdots ip$ is analytic if and only if
$Ti_{1}\cdots ip$ is $pseudo\cdot harmomc$.

\S 5. The equation $g^{ji}\nabla;\nabla if=\lambda f$

Let $X_{2n}$ be the same manifold that we considered in the preceding paragraph

and $v^{i}$ be an arbitrary vector in $X_{2n}$ . Then, by virtue of the Ricci’s identity, we
have
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(5.1) $\nabla j(v^{k}\nabla kv^{j})=v^{k}\nabla j\nabla kv^{j}+(\nabla jvk)\nabla^{k}v^{j}$

$=v^{k}$( $\nabla k\nabla_{J}v^{j}+E_{jks^{j}}v^{s}-2$Sjk $\nabla_{a}v^{j}$) $+(\nabla Jvk)\nabla^{k}v^{j}$

$=v^{k}\nabla k\nabla jv^{j}+Eksv^{s}v^{k}+(\nabla jvk)\nabla^{k}v^{j}-2v^{k}Sjk^{a}\nabla_{a}v!$

and

(5.2) $\nabla k(v^{k}\nabla jV^{j})=v^{k}\nabla k\nabla jV^{j}+(\nabla kv^{k})\nabla jV^{j}$.
If $X_{2n}$ is compact and $S_{jt^{i}}=0$, then, integrating $(5.1)-(5.2)$ on the whole space, by

virtue of Green’s theorem, we have

(5.3) $\int_{X_{2n}}[Ejav$
and similarly from $\nabla_{k}(v_{j}\nabla^{k}vJ)$ ,

(5.4) $\int_{x_{2n}^{[v_{j}\nabla l\nabla^{l}v^{j}+(\nabla_{k}v_{j})\nabla^{k}v^{j}]d\sigma=0}}$.

In this place, forming $(5.3)+(1+\epsilon)\times(5.4)$ where $\epsilon$ is an arbitrary positive constant,
we get

(5.5) $\int_{X_{2n}}[Eijv^{i}v^{j}+(1+\epsilon)v;\nabla_{l}\nabla^{l}v^{j}+(1+\epsilon)(\nabla_{kv}j)\nabla^{k}v^{j}+(\nabla jvk)\nabla^{k}v^{j}$

$-(\nabla^{k}vk)\nabla Jv^{j}-2vkS^{jka}\nabla_{aVj}]d\sigma=0$

but since $\frac{1}{2}(\nabla^{k}vi+\nabla^{j}v^{k})(\nabla_{k}v_{j}+\nabla_{J}v_{k})=(\nabla kv_{j})\nabla^{k}vi+(\nabla jv_{k})\nabla^{k}vi(5.5)$ becomes

(5.6) $\int_{X_{2n}}[E;jv^{i}v^{j}+(1+\epsilon)vj\nabla l\nabla^{l}v^{j}+\epsilon(\nabla kvj)\nabla^{k}v^{j}+\frac{1}{2}(\nabla^{k}v^{j}+\nabla^{j}v^{k})(\nabla kvj+\nabla jvk)$

$-(\nabla^{k}vh)\nabla jv^{j}-2vhS^{jka}\nabla_{a}Vj]d\sigma=0$ .
Now, moreover assuming that $Sjt^{h}$ is analytic,we consider an equation of the form

(5.7) $g^{ji}\nabla j\nabla if=\lambda f$ $(\lambda=constant<0)$ [5]

or

$g^{jk}\frac{\partial^{2}f}{\partial z^{j}\partial z^{k}}-g^{jh}E_{jk^{i}}\frac{\partial f}{\partial z^{i}}=\lambda f$

here, since $g^{jk}$ is hybrid in $j,$ $k$ and $Ejk^{j}$ is pure in $j,$ $hg^{jk}Ejk^{i}=0$ and therefore
(5.7) can be also written as

(5.8) $g^{jk}\frac{\partial^{2}\int}{\partial z^{j}\partial z^{k}}=\lambda f$

And from (5.7), we have

(5.9) $\nabla h\nabla l\nabla^{l}f-\lambda\nabla hf=0$

but, by the Ricci’s identity, we get
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(5.10) $\nabla h\nabla\iota\nabla^{l}f=\nabla_{l}\nabla_{h}\nabla^{l}f-E_{lhs^{l}}\nabla^{s}f-2S_{hl^{a}}\nabla_{a}\nabla^{l}f$

$=\nabla^{l}(\nabla\iota\nabla hf-2S_{h}\iota^{a}\nabla af)-E_{hs}\nabla^{s}f-2S_{hl^{a}}\nabla a\nabla^{l}f$

$=\nabla^{l}\nabla l\nabla hf-2(\nabla^{l}S_{h}\iota^{a})\nabla_{a}f-2S_{h}\iota^{a}\nabla^{l}\nabla_{a}f-E_{hs}\nabla^{s}f$

$-2S_{h}\iota^{a}\nabla_{a}\nabla^{l}f$

and, from the assumption that $S_{jt^{h}}$ is analytic, $\nabla kS_{hl^{a}}$ is pure in $k,$ $l$ and hence

(5.11) $\nabla^{l}s_{h\iota^{a}=g^{kl}\nabla k}s_{h\iota^{a}=0}$.
Thus, (5.9) can be written in the following form

(5.12) $\nabla^{l}\nabla\iota\nabla hf-2S_{hl^{a}}\nabla^{l}\nabla_{a}f-E_{h^{S}}\nabla_{S}f-2S_{h}\iota^{a}\nabla_{a}\nabla^{l}f-\lambda\nabla hf=0$.

Next, transvecting (5.12) with $F_{i}^{h}$ and noticing $\nabla jF_{i}^{h}=0$ where $F_{;}^{h}=F_{\gamma}ig^{1h}$ , we find

(5.13) $\nabla^{l}\nabla l(F_{i}^{h}\nabla hf)-2F_{i}^{h}S_{hl^{a}}\nabla^{l}\nabla_{a}f-F_{i}^{h}E_{h^{S}}\nabla_{S}f-2F_{i}^{h}S_{h}\iota^{a}\nabla_{a}\nabla^{l}f$

$-\lambda F_{\dot{l}}^{h}\nabla_{h}f=0$.

Here, if we put $v_{h}=F_{h}^{l}\nabla_{l}f$, then we have

$p_{\dot{l}}^{h}s_{hl^{a}\nabla^{l}\nabla_{a}f=}F_{h}^{\beta}Si\iota^{h}\nabla^{l}\nabla_{a}f=Stl^{h}\nabla^{l}(F_{h}^{a}\nabla_{a}f).=St\iota^{h}\nabla^{l}vh$ ,

$F_{i}^{h}Shl^{a}\nabla_{a}\nabla^{l}f=F_{l}^{h}S;h^{a}\nabla_{a}\nabla^{l}f=Sth^{a}\nabla_{a}(F_{l}^{h}\nabla^{l}f)=-S;h^{a}\nabla_{a}v^{h}$

and

$F_{i}^{h}Eh^{S}\nabla_{S}f=F_{h}^{s}E;^{h}\nabla_{S}f=Ei^{h}vh$ .

Consequently, again (5.13) can be written as

(5.14) $\nabla^{l}\nabla\iota v\iota-2S;l^{h}\nabla^{l}vh-Ei^{h}vh+2S;h^{a}\nabla_{a}v^{h}-\lambda vi=0$ .
Substituting this equation into the integrand of (5.6), we have

(5.15) $Eijv^{i}v^{j}+(1+\epsilon)vj\nabla\iota\nabla^{l}v^{j}+\epsilon(\nabla kvj)\nabla^{k}v^{j}+\frac{1}{2}(\nabla^{k}v^{j}+\nabla^{j}v^{k})(\nabla jJ$

$-(\nabla^{k}vk)\nabla jv^{j}-2vkS^{jka}\nabla_{a}Vj$

$=Ei;v^{i}v^{j}+(2+2\epsilon)viS^{jlh}\nabla lvh+(1+\epsilon)$vjvh $E^{jh}-(2+2\epsilon)v;S_{h}^{ja}\nabla_{a}v^{h}+\lambda(1+\epsilon)vjv^{j}$

$+\epsilon(\nabla kvj).\nabla^{k}v^{j}+\frac{1}{2}(\nabla^{k}v^{j}+\nabla^{j}v^{k})(\nabla jj\nabla^{j}vj-2vS^{jka}\nabla_{aVj}$

$=(2+\epsilon)E;jv^{i}v^{j}+\lambda(1+\epsilon)vJv^{j}+\frac{1}{2}(\nabla^{k}v^{j}+\nabla^{j}v^{k})(\nabla jj$

$+2(1+\epsilon)(\nabla lv_{h}+\nabla_{hv\iota)j}S^{jlh}v-2(1+2\epsilon)S^{jlh}vj\nabla h\nabla\iota+\epsilon(\nabla j$

$-(\nabla kv^{k})\nabla_{j}v^{j}$
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$=(2+\epsilon)Etjv^{j}v!+(1+\epsilon)\lambda v^{i}vt+\frac{1}{2}[\nabla kvj+\nabla jvk-2(1+\epsilon)v^{i}Sjik]$

$\times[\nabla^{k}v^{j}+\nabla^{j}v^{k}-2(1+\epsilon)v_{a}S^{jak}]-2(1+\epsilon)^{2}S^{jak}Sjikv_{a}v^{i}$

$+\epsilon(\nabla_{k}v_{j}+.\frac{1+2\epsilon}{\epsilon}v^{i}S_{jik})(\nabla^{k}v^{j}+\frac{1+2\epsilon}{\epsilon}v_{a}S^{jak})-\frac{(1+2\epsilon)^{2}}{\epsilon}S^{jak}S_{j.k}^{i}v_{a}v\oint-(\nabla kv^{k})\nabla jv^{j}$

$=[(2+\epsilon)E;;+(1+\epsilon)\lambda gjt-\frac{2\epsilon^{3}+8\epsilon^{2}+6\epsilon+1}{\epsilon}S_{lim}S_{j}^{lm}]v^{i}v^{j}$

$+\frac{1}{2}[\nabla jjvkJtk][\nabla^{k}v^{j}+\nabla!v^{k}-2(1+\epsilon)v_{a}S^{jak}]$

$+\epsilon(kv+\frac{1+2\epsilon}{\epsilon}v^{i}Sjik)(\nabla^{k}v^{j}+\frac{1+2\epsilon}{\epsilon}v_{a}S^{jak})-(\nabla kv^{k})\nabla jV^{j}$

and

(5.16) $\nabla^{k}v_{k}=F^{lk}\nabla k\nabla\iota f$

$=\frac{1}{2}F^{lk}(\nabla_{k}\nabla_{l}f-\nabla_{l}\nabla_{k}f)$

$=F^{lk}S_{kl^{a}}\nabla_{a}f=0$,

because $F^{lk}$ is hybrid in $l,$ $k$ and $Skl^{a}$ is pure in $hl$ and therefore (5.6) becomes

(5.17) $\int_{X_{2n}}i$
$+\frac{1}{2}t\nabla kvj+\nabla jvk-2(1+\epsilon)v^{j}Sjik\}\{\nabla^{k}v^{j}+\nabla^{j}v^{k}-2(1+\epsilon)v_{a}S^{jak}\}$

$+\epsilon(\nabla kvj+\frac{1+2\epsilon}{\epsilon}v^{i}Sjik)(\nabla^{k}v^{j}+\frac{1+2\epsilon}{\epsilon}v_{a}S^{jak})]d\sigma=0$.

Thus, we have the following
THEOREM 5.1. If, in a compact Hermitian manifold $X_{2n}$ with the analytic torsion

tensor satisfying $S_{ji^{i}}=0$ , then the form

(5.18) $[(2+\epsilon)E_{ji}+(1+\epsilon)\lambda gj;-\frac{2\epsilon^{3}+8\epsilon^{2}+6\epsilon+1}{\epsilon}S_{\lim}S_{j}^{l\cdot m}]v^{t}vi$

( $\epsilon=an$ arbitrary constant$>0$) is positive definite, then the quation

$g^{ji}\nabla_{J}\nabla if=\lambda f$ $(\lambda=cmstant<0)$

has no solution other than zero.
Here, since $\epsilon$ is arbitrary, say, putting $\epsilon=1,$ $(5.18)$ becomes

(5.19) $(3E_{ji}+2\lambda g_{ji}-17S_{\lim}S_{j}^{lm})v^{i}v^{j}$ .

When the torsion tensor vanishes, that is, when $X_{2n}$ is a K\"ahlerian manifold, (5.18)

becomes

(5.20) $[(2+\epsilon)E_{J};+(1+\epsilon)\lambda gj;]v^{i}v^{j}$.
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In this case, since $\epsilon$ is arbitrary, from (5.20), we have

(5.21) $(2E;;+\lambda gjt)v^{i}v^{j}$,

that is, in a K\"ahlerian manifold, if (5.20) is positive definite, then (5.7) has no
solution other than zero.

This is a well known result in a compact K\"ahlerian manifold [5].
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