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§1. Introduction
Let X;, be a complex analytic manifold of n complex dimension (topological
dim. 2n) endowed with a Hermitian metric

a.n) ds’=gjrdzidzx (G, k=1, 2, -, m, 1, 2, -, n)

where gjr(z2, 2) is a positive definite symmetric tensor satisfying

1.2) Zap=8a5=0, gai=gap (a, =1, 2, ---, ).
Hence, by virtue of (1.2), the metric form (1.1) can be written in the following
(13 ds?=2g.5dzedz? [1].

Throughout this paper we shall assume that the Latin indices take the values
1,2 --,.n 1, 2, -, n and the Greek indices run over the range 1, 2, ---, n.

The metric connection will be denoted by Ejz* and covariant differentiation with
respect to this connection by Vv, so that

(14) Vigik=01gir—gskE1;5—gisEns=0.

It is assumed that this connection Ej; is so called unitary connection, that is, those
components of Ej;i of different parity vanish and then the torsion

Sjri = ‘%‘(Ejki—EkjiD
has only the following non-vanishing components:
SN S -
Sprr= %‘(Eﬂr“_-Erﬁ"‘): Sr*= 5 (Egr*— Ep®)-

From (1.4), we have

_ = Ogsp o a5 OR0B
(1.5) Eﬁra_gaﬁ—w-—azT-, Eﬁr _gaé___a;;_ ,
so that
s 98 Ogs ao(_ 088 _ 0857
(1.6 Sty ga ( 027  0z8 )’ Spr= g 027 0z8 /°
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Hereafter, X,, always will mean a manifold endowed with such a connection
Ej;» with torsion tensor Sj;». In this manifold X,,, we consider a pure tensor of
the following form:

i Py e ByBg)
<1‘7) Til...ip _(Tal---ap 0’ ’ O’ T&]_---&p
and T;.., v is called analytic, if it satisfies
(1.8) a”Tal...a,,ﬂlmﬁ"=0' a,Taln_apﬂf"ﬁq:o,

But since Eji* is unitary, it is easily seen that (1.8) is equivalent to

(1.9) v;ir P y,r P,
ay--ap ap--ap

If the torsion tensor vanishes, then, by (1.6), X,, coincides with a Kihlerian
manifold.

The main purpose of this paper is to extend some properties of analytic tensors
or vectors in the Kihlerian manifold to the case of this Hermitian manifold with
torsion.

Now, since our manifold X, is a complex manifold, there exists a mixed tensor

F;i which has the numerical components [5]

(1.10) Fob=i64B, FaP=F3zp=0, Faf=—idF (i=1/—T1)
in all complex coordinate systems and .which satisfies

(111) F8Fg=— A% F;8Fsi=—A% ie FiiFjh=— A"

In this place, if we put F;;=F;7g,i, then F;; is hybrid in 4, { and Fj;=—F;; and

F;; has the components

(1.12) Fop=F33=0, Fap=igas, Fap=—igas.
Moreover, we find

(1.13) ViFit=0, V jFin=0.
In fact,

VﬁFa,TzaﬂFnT_[_EpoTFaa_EpaaFar
= i635a7 +l'qu7'5a"— iEﬁaaaar= 0

and since Ej;# is unitary,

v ﬁFaf-: EBaiFaa_ EsaiFa7=0,
v ﬁFaszﬁo‘fFaa"' EﬁaaFE—f= 0.

Next, we define the operators
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1
1.14) ok = f(A”,-’A’; —Fiszh)
*07p = 1 (analy + FimFu)

and if a tensor is pure (hybrid) in two indices, then it is annihilated by transvec-
tion of *0(0) on these indices and vice versa [5].

For instance, *07}Fn! =0 and 07/gmi=0.
Consequently, by virtue of (1.13), we see that (1.8) or (1.9) is equivalent to
(1.15) *OIV 5T ..; 72 74=0

or

<1'16) FhsVSTil-"ipjlqu_stl VhTil...ipsjzqu =0.

§2. Curvature tensor /b

From th(_e usual definition of the curvature tensor:

1D Erjih=0rEjih—0;jEgih -kEklthil — Ejih Epil,

we obtain
(2.2) E;pau=—Eﬁ;a~%6;Epau (conj.),
(2.3) Ezpgat— Ezapt=20zS gat =2V &S pat* (conj.).

Applying the Ricci’s identity to gji, we find
0=V 1Vigii— VeVigij=—Eni’gsj— Ew;i’gis—2S1:° V sgij

and on putting Eiju=gisEijs, we obtaien

24 | E1ij=— Eji.
Thus, we have non-vanishing components

Ea5r3, Eap7s, Eaprs, Easys

which satisfy

(2.5) Eepyi=—E%as3, Eapyi=— Eafis;.

Next, from (1.4) and (2.3), we have

(2.6) Eigei— Eagizp= Ezpap— Eiapp— (Eagis— Eainp) =2V &S pag— 2V aSizp
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where Spap=gszSpa’.
There are three kinds of Ricci’s tensor

C€XP) Eji=g'"Ejimi, Sep=g"Ersap, Spa=8" Esrfay
Taf=g"Euapys, T5a=g"Ejzays.

From this definition, we have immediately

(2.8) Saﬁ = sga, TaE == T§a
and by virtue of (2.3), we have
2.9 Esa— Ea5=g'%Ejrja— g #Eapir}
=g #( Egarf— Egrof+ Eygfa— Ey3pa)
=g'#(2V pSarf+2V 1Szpa)
=2(V #Sgga— V7 Srap),
(2.10) Sap— Eaf=g"3( Eysaf— Ea3r5)

=g Ejar— Eirap)
=2V7Sarf,
(2.11) Tap— Eap=g"(Ea3pr— Eafisr)
=2V «S35°.

Consequently, if S;j;* is analytic, then these Ricci’s tensors coincide with each
other [2] and therefore when Sji* is analytic, we shall write briefly Ej; for these
Ricci’s tensors.

Moreover, in this case, from (2.6), we have

(212) : Ezgon=Eapzp
and the Bianchi’s identity:

(2.13) Ejrii+ Eriji+ Ei1jri—2(V jSkit+ V&Siji+ ViSjzt)
+4(Sjrt St + Ski? St ji+Sij¢Stri) =0

becomes the ordinary from

(219 Ejrii+ Egi1ji+ Eijii=0.
Hence Egyrsa+t Erspa+ Espra=0 or
(215 Egyas=Egsay or Egrsa=Egsra

(this is obtained also from (2.3)).
Summarising these results, if the torsion tensor is analytic, then the curvature
tensor has symmetric properties as in the Kihlerian manifold [1].
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Now, since, in our manifold X,,, Erji# is pure in f’, we have
(2.16) ErjihFil=Eji' Fih
and contracting with gii, we get
217 Eimih Fnl = Byl Fih or
(2.18) —;—(Ekmlh—Eklm")Fm’=Ek’F1h
where Exl=Eysgs! and Fml= Fglgsm,

If the torsion tensor is analytic, then by virtue of (2.14), from (2.18), we have

(2.19) Byt Fih=— Emith i or
(2.20) Eps= —;—le Emixh Fps =%F ! EminS Fih.

Here, if we consider a pure tensor T pfl 42 and apply the Riccrs identity to

FsitF'V n VT ;. ”2 J4, then we have

2.2 Fsi1Fhkyy VkT i sigjq

N]H

1Fhk(vhva'1 ’;Jz Ja__ —ViVaT;,. ‘;12 Ja)

Fsi\Fhk(EppesT,...; /72 "1+Z’Ehktl’T izt

r=2

I

N[H

—'ZEhkzrtT . pSJZ ]q 2ShktVtT 3_72 ]q)

r=1

%FslthkEhkst s M+; stchkEher L
r=1

p

**zl—ré'ftsF"kEhkir'T:1---s~--zpn 792 Syt FsFheV T ;. ..;p sizia,
But, since Enzqs® is pure in g, we have FsiiEprts=FiSEpesit and FisEpgi,t=

Fi,Enres and since Fhk is hybrid in h, k£ and Swif is pure in h, k&, we have FhtSpp:=0.
Consequently, (2.21) can be written as

(2.22) FstF#V p VT, 3’2 Ja

—-% S Fst FhkEpperT ;. 11"‘3'"1‘1 % SFit FhkEpeesT ;. ...q... p'r--iq_

r=1 r=1
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Thus, if the torsion tensor is analytic, by (2.20), we have

(2.23) Fsi1Fhky VkT‘l ip”z'“jq

— SBivT, . vt SE T pteni 17T

T =1 i1rip r=1

§3. Lie derivatives

We consider an analytic pure tensor T ;1 4 in X,, and the following Lie

derivative of T p“ ‘J2 with respect to a contravariant analytic vector vi:

i1~ Jq,, t

i1 M+>:T,1...,...,,,

i1 1‘0 r=1

€3)) £T ;.0 =02VaT

]...t...]q ]
21T1 ip v’

where v, =Vt +2Sstvs =0kt + Esetvs [5].

But since, by V ;jFin=0, V;.T i1ja is pure in all indices i}, -, ip, 71, - Jq €XCept

2

h, £T,1 i pfl 74 js also a pure tensor.

Here we have the following

TueoreM 3.1. For an analytic pure tensor Ty pfl 74 and a contravariant analytic

vector vi in X, if the torsion tensor Sji* is analytic, then the Lie derivative £T, yip i-ia
- is also analytic.
Proof. In order to prove that .;E:T,1 i 1,’1 74 js analytic, since a&’,T,1 . pfl "J2 is a pure

tensor, it is sufficient to show

3.2) FdSVs(.;(TT,1 ,pfl "1) FSHV”’(”eTq ‘psm Jq) 0.

First, when the left hand side of (3.2) is pure in {,1, that is, pure in all indices

d, iy, = ipy 1 ~» jq» SiNCE vd(aer,l i % 77 is pure in §, (3.2) is evident.

Secondly, when the left hand side of (3.2) is hybrid in {;1, that is, hybrid with
respect to d and every one of i, -, ip, j;, -, fq» We shall show that (3.2) is true.
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Noticing that Fsi,Va(£T; -”2'“"1)———Fdsvs(£T j1--7q

irip iyrip
we have
@3 ——[Fd Vs<£T11 ,p’l Jay— anvd(;eT ,512 Jay]
=FatVs(£T 1770
=FasVs(ueveT, 1 04+ 5T, |, Vit — 3T, | vt-iayin
=Fas(Vsv2)VaT;,. :pjl ]q+Fdsv”VsVaT:1 :pl Jq+Fd52(VsT:1...t...zp]1 '.quU;f-
+Fas ZT'I"'f'“ipn TV — FdsZ(VSTu zpllmtm]q)v ir— Fas 2T;,. zpn "t".jq<st;jr).

On the other hand, since v and T, . ; pfl “j¢ are analytic, we have Fas(Vsv%)

X VaT;,.. ,p“ 74 =0, because Fys is pure in j, Vsva is pure in ¢ and V.7, .. /174

s i1ip

is pure in /! and therefore Fuss(Vs0a)VoT; . ;7177 must be pure in j! but, from

i1-ip
the assumption, Fas(Vsv4)VaT,,..; ;1 /2 is hybrid in L
Similarly, we have FasIVsT; ...;/1"79=0, FasZ VT, ..;/t"*"77=0 and hence
GH FdSVs(aeT ipigt
—FdsvaVsVaT,l ,pjl ]q+Fd52T ...t...,p”‘ Jq[VsVi,‘Ut‘i'zVs(Sairt‘va)]

—Fgs ZTzl ,pjl"'tqu[VthUjr'{-ZVs(Safjrv”)].
Moreover, since, from the same reason used in the preceding paragraph,
FasV s(Sai,'v2) = Fgs(VsSai,} )v4+ FasSai,t Vsva=0

and FgsV s(Satirva)=0, (3.3) can be written in the form

(3.5) Fas Vs (£T;,.. )
=Fa0sV sV al iy iV T4 FasET i)V Vi 08

—FusST, .. /vt 99V i,

Next, applying the Ricci’s identity to the three terms of the right hand side of (3.5)
respectively, we have
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3.6) FasvaV sV o T.. . 7174

iy-ip
_FdW”VaVsTu tpjl ]q+FdsvaZEsac’fT ]1---C~~-jq FdsU“ZEsaircTil...c...ibnqu

—2F 4503554V ¢ T"l"' ,'pjlqu.

But, since the four terms of the right hand side of (3.6) are hybrid in {1'1, we find

that FasveVaVsT; .. ;1 4 =0, Fasv385acV T, ..; /1779=0, Esacir is pure in a, ¢ and

ipip
Esqi ¢ is pure in «, i,. Therefore, by (2.15), (3.6) can also be written as

(3.7) FdsvaVsVaT

‘1 tpjl ]q—-FdsvaZEscaJrT Jl"'c"'lq
— Fgsv33 Esi,af Tlr--c---;p]l .Jq
Similarly, we obtain
3.8) Fas2T; ...,...,i,’l iy svivt= FasZEsi,a'v?T; . ... ipir--iq
—2F4s3Ssi,2(V av')T; ...,...,i,’l Jq—FdsvaZ’Es,ra . i f1iq
and
(39 FasST; . V909 o 0ir = Fas SEtofrvaT ;71150
_’2F‘dsz'ssta(Va‘l.)-’r)T"1 ,pjl £ ]q""FdsvaZEsta-’fol 'pll"""'lq

Thus, by virtue of (3.7), (3.8) and (3.9), the right hand side of (3.5) vanishes.
This is a generalization of the result obtained for a vector in the Kihlerian manifold

[31.

Observing that .£T,1 g p’l e ijs a pure tensor, from this theorem, we have the

following

CoroLLary 31. When T, .. p’l i s an analytic pure temsor and vi, vi, -, vi are m
' 1 2 m

contravariant analytic vectors in X, if the torsion temsor Sji* is analytic, then the
following temsors are all analytic:

.aEiT,1 y pll Ja, ffTir--ip”mm' ’f f ...fT’,r"ipn---m

1 21 mm—1 1

where .££T,1 ,ﬂ’l Je  implies £(£T,1 ,p“ J4) and so on.

21 ) 21
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§4. A necessary and sufficient condition that a pure tensor be analytic

In this section, we assume that X, is compact and S;;i=0.

Then, for any vector v/, we have

(41 V ivi =V jvi + 250!
o O/ g vt
=Vivi = }_ \/g
v g 0zi

where \'°7 denotes covariant differentiation with respect to the Christoffel symbol
{ jk} and g is the determinant formed with gjx. But, since X,, is orientable, by virtue

of Green’s theorem, for any vector field »i{, we have
4.2) Sinthdazo

where do is the volume element.
Using (4.2), we can prove the following
Tueorem 4.1. If, in a compact Hermitian manifold Xsu, Sjii=0, then a pure tensor

T;p..i V7% is analytic if and only if

.. q . . b .
VEVRT .V SEBXRGT, IV Ie— SR IT J17a=()

=1 el 11...t...,p

where E*ji =—;—F“bEabtiFj'.

If the torsion temsor Sji* satisfies Sjii=0 and Sji* is analytic, then a pure tensor

T, it 7 is analytic if and only if

. . q . . [ . .
VthTil...iern]q +r€1Et]fTi1...,'pjlmtqu _rE‘IEl'rtTil...t...ip"lqu=0.

Proof. 1f a pure tensor T, ..; pfl“""l is analytic, then, from (1.16) we have

4.3 V"Til---ipjl"'jq-l-stth’ \% lTil...iPsz"'j‘1=0

and operating V* to (4.3)

4D VAVAT; i T+ FAFR VAT, . S270=0,

Using (2.22), we can write (4.4) in the form
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(4-5) v VhT 1 ]1 ]q_J'_ ZFSchkEhkt]rT Jl.-.s...]q
r=1
;rZFzrchkEhkt T;.s. ,pfl Ja—0
or
(46) VAVAT, U SERGT, s — ZB%iT ./t i0=0,
r=1

In this place, if Sji* is analytic, from (2.20), we have E*s=FEps.
Next, in order to prove the converse, putting

(4.7) Phil‘i ]1 Jq_—VhTzl tpjl Jq FSJIFhIVIT,I ’sz ]q

and calculating the square of Ph,1 ,p “i4, we have

1 j1-jq phir-ip, =(ViT, J1 -Jq)VhTu ip

fphil" “ip j1iq ipeip j1iq

+ Fsit FRl (VAT P YWIT,. .., Szia,

Jj1iq i1-iq

Therefore, we find

1
(4.8) 5 P’“l zpn Jﬁthl tp Vh(T'I :pn e Phq 4 i1 ,q)
1 ... ;
=7Phi1---zp]1 Jq Ph11 ti’Jl ]q‘i‘(VhT'l zpjl Jq>Ph11 tq jq

15 R85 S j1ig—pi1-ip J1--jq
+T ]1...]pVhPh,'1...,’p T jl‘“JPV th]_ ip

and then, if S;;i=0, then, from (4.2), we have

4.9 Ozsxznvh(TiL. zpjl Jthq ” 198 dg
=SX2n[T11 ’p]‘l...jq VhPhil..."pjl ’q——g-Phil 1p]1 ]thtl ’pjl M]da

Here, (4.9) shows that if V*P,; ., /1"/7=0, then P, . ;1"72=0.

On the other hand, since V¥ hPp;... ’1 Ja—=0 is (4 6) itself, the proof is complete.
This theorem formally coincides w1th the case of the Kihlerian manifold [4].
From the theorem 4.1, we have the following

TreoreM 4.2. If, in a compact Hermitian manifold X,, with the torsion temsor
satisfying S;ii=0, zt)it(t=1, 2, -, p) and th,(t:l, 2, -, q@) are comtravariant analytic

vectors and covariant analytic vectors respectively, then for analytic pure tensor T, p’l Ja



On analytic tensors in certain Hermitian manifolds 17

we have
T, p“ "11)11 ;ﬂp Ujy u]q—constant
Proof. - A(T,..... Vi vivajyuj
i1 ip 1 p 1 1 7 11)

=Ti1~-z 1 ]qV’VI(U‘l g‘i’un ulq)+2V1<T ]1 M)Vl(v'l g‘f’un Ujq)

+(V!ViT,;,.. ’1 ) yit...vibuit--uia
1 »1 gq

where 4 denotes the Laplacean w.r.{. V.
Here

(4.10) (ViT,. ’1 M)V’(v’l v‘pun u,q)
?»
:(VlTi ) l_pj]."‘jQD[(Vl/ui]_)vigu.vl‘pujl...ujq+...+vi1...ujq_lvlujq]
L 172 p 1 ¢ 1 ¢-1 q

but since VzT ’1 Ja is pure in I, i, and V!/vi1 is hybrid in /, 7, and since
1

ViT;, ;Y7 is pure in ;‘q and vtz;,-q is hybrid in ;q, the right hand side of (4.10)
vanishes.
Similarly, we have
VIV i(vir-viduj - u;
(4.11) (Ui vivujy-sig)
?
=X(VIVwit)(vit-vit-10it+1- vlpu,l u]q)+Z(V’V1u],)vtl v‘#u,l u,, lu”ﬂ u,q.
t=1 t 771 t-1 t+1 p »

On the other hand, from theorem 4.1, we have

VIV vit=—FE*sitvs and VIV iu;,=E*;us.
¢ ¢ ¢ d
Consequently,

A(Ty.i V7 winvivujy-ujg)
1 p 1 q

=Ti1___,p’1 Jaf Z‘E*lwsvu Vit—10it+1- vtpu,l u,q—}—ZE*,,Susvil VibUjy- u,, 1uu+1 u,q]
t=1" t1 ¢-=1 t+1 p ¢ p 1

—ZE*SHT ip 11“'5'““11)11 vtpu,l u,q—l—Z’E*,t T,l_,,s,,,,’1 Japiy.. v'ﬂu,l u,q —0.

t=1 1 b q 1 b4
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Similarly, we have the following
THeorReM 4.3. If, in a compact Hermitian manifold X,, with the torsion tensor

1 .. 2 ..
satisfying Sjii=0, T, .;/v"'% and T; .. ; ' V"'? are analytic pure tensors, then we haue

1 .2 .
717 112p__
Tyy..ig V79T .. ;4 ¥ P =constant.

Now, we shall call an anti-symmetric tensor Ti;..i pseudo-harmonic if it
satisfies the condition:
(412) VirTiy-ip1=0 and grsVsTyiy...ip=0

and in a compact orientable metric manifold whose torsion tensor Sji» satisfies
Sjit=0, an anti-symmetric tensor Ti,..ip is pseudo-harmonic if and only if

» p
(4.13) V’VzTil..-ip—ZF{,'Til-.-t.-.ip+2<".£‘i1...£s_1ais+1-..i,_1bi,+1...ip(Eai,is" —Fa;jgib)
r= S

4
—I—ZZ'ICV:T;'I...,'S_1ais+1....‘p)5isa‘=0 [6]
s=

Here, let Ti,..ip be an anti-symmetric pure tensor in X,,. Since, in X4, ViTi;.ip
and V!V.Ti;..ip are also pure in iy..5p, (VTiy.a--ip)Sis* is pure in £, a but Si@? is
hybrid in a, ¢ and therefore (V:T;...a.-ip)Si;2¢ vanishes. Moreover, since FE2; . is
pure in s, %, if Sji* is analytic, then, by (2.15), we have '

Ea; ib=Fa;,}.

Hence, from (4.13), we find that in a compact Hermitian manifold Xj,, with the
analytic torsion tensor Sj;# satisfying S;ii=0, a necessary and sufficient condition
that an anti-symmetric pure tensor Ti;..ip be pseudo-harmonic is that Ti,..ip satisfy

b
414 VIV iTigip=ZEi, Ty -aip=0

Therefore, from the theorem 4.1, we have the following theorem (Cf. [1]).

TueoreMm 4.4. In a compact Hermitian manifold X,, with the analytic torsion tensor
Sjit satisfying S;jit=0, an anti-symmetric pure tensor Ti,..ip is analytic if and only if
Tiy.ip is pseudo-harmonic.

8§5. The equation giiV;Vif=Af

Let X,, be the same manifold that we considered in the preceding paragraph
and v be an arbitrary vector in X,,. Then, by virtue of the Ricci’s identity, we
have
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(5.1 V i(vkV i) =0k V jVr0i 4 (V jor) Vkvi
=vk( ViV jvi+ Ejrsivs — 28,2V qv3) + (V jor) V kvi
=0k V1V jvi+ Ersvsvk + (V jor) V*vi —20kSj3e V a7

and
(5.2) ‘ Vi(vhV j97) =0k ViV joi+ (Vrvk) V jvi.

If X,, is compact and S;;i=0, then, integrating (5.1)-(5.2) on the whole space, by

virtue of Green’s theorem, we have

(5.3) S X;,,[ Ersvkvs +(V jor) VAvi— (V eok) V j07 — 200(V av5) Sika)do =0
and similarly from V:(v;Vkv5),

(5.4) [ x,, [0V 1V10i+(V 1)) Vrvi)do=0.

In this place, forming (56.3)+(1+¢) x (5.4) where ¢ is an arbitrary positive constant,
we get

(5.5) SXZn[Eijv"vi+ A4+edv;ViVivi+ (1 +e)(Vrvi) VEvi 4+ (V jor) V kvi

—(V* ) V jvi —20rSika 7 qvj)do =0
but since —;—(V kyi 4V ivk) (Virvi+ V jor) = (Vi) VRi+(V jor) VEvi, (5.5) becomes

(5.6) Sin[ Eijvin+<1+€)vjVIV’vj+s (Vwrvj) VEvi + %(Vkvi+ Vivk)(Vrvj+ V jor)
—(V*kvp)V jvi —20kSikay 4v;1de =0.

Now, moreover assuming that S;;* is analytic,we consider an equation of the form

6D gtV iVif=2af (A=constant<0) [5]
or
i Lo Of
g 02707+ —&hrEw 0z =4

here, since gik is hybrid in j, k and Ej»’ is pure in j, k gi/*Ej»=0 and therefore
(5.7) can be also written as

02

. 0
&8 & 0270z* 4.
And from (5.7), we have
5.9 ViaVIVIf—AVrf=0

but, by the Ricci’s identity, we get
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(5.10) VaViVif=ViVrVif—Enms!Vsf—2SnavV.Vif
=VI(ViIVrf—2ShaVaf)—EnsVSf—2Sn2VaVif
=VIVIVrf—2(VISha)V of —2Sn12V IV of —Ens Vsf

—2ShavV o VIf

and, from the assumption that S;;® is analytic, V£Sse is pure in k, [ and hence
(5.11) ViSnia=gki V £Shia=0.
Thus, (5.9) can be written in the following form

(5.12) VIVIVrf—25h8VIV of —EnSV sf —2Sr12V aVif—AV rf=0.

Next, transvecting (5.12) with F* and noticing Vv ;F*=0 where Ff‘i:Frigrh, we find

(5.13) VIVI(FR V) — 2F"SuaviVaf — FLEwV of —2F"Snav . Vif
_.zFflthf_—‘O-

Here, if we put vh=thV1f, then we have
FYSnaViVaf=FOSihVIVaf =SithVI(F3,V of) = SithV ivs,

F"SnaVoVif=F"SinaVaVif=SintVa(Fy VIf)=—SinV o0

and
F{liEhsst: thEithf—’:Eihvh.
Consequently, again (5.13) can be written as

(6.14) VIV i10i—2SiihV vy — Eibvp+2Sine V avh — 2vi =0.

Substituting this equation into the integrand of (5.6), we have

(5.15) Eijvivi+Q4e)viViVivi4+e(Vrv)) Vkvi—i——;— (VHki+Vivk) (Vevj+ V jvr)
—(Vkor) V jvi —20rSika ¥ qv;j

= Ei juivi+(2+2¢)v;SilhV jop+ (1 +vjvn Eik — (242¢) 0;87,2V avh + 2L+ &) vjvi
+e(Vrvj) Vkvf+%(vkvi+ Vivk)(V w0+ V jor) —(V kor) V jv;— 208742V o0
=(2+e)Eijvivi+2(1+e)vjvi+%“(vkvf+ VivR)(Vrvi+ V jor)

+2A+)(Vivn+ Vav)Sithy; —2(1+2e)Sithy;V n Vi+e (V) V kvi
—(Vrv®)V jvi
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=(2+¢)Eijvivi+ <1+6)20i0i+%[Vkvj+ V jve—2(14¢)viSjir]

X [V *vi+ Vivk—2(1 + &) vaSiak] — 2(1+ ¢ )2SiakS j; pvavi

—I;Ze viSjin) (V kvi 4 1—};25

263+ 8e2+4-66+1
3

2 .
vaSiar) —~ L2 Giang 1,0, — (V40k)V joi

1
+€(Vkvj+.

=[Q@+4+e)Eij + A +e)igii— Stim S5 ™ vivi

+%[ Vevi+ V jor—2(1+&)viS;ir L V k07 + V ivk—2(1+¢)vaSiak]

1+2 . . 142
t £ viS;ie) (Vkvit t £

Fe(Vrvi+ vaS7eR) — (V k) V jvi

and
(5.16) V ko= Flk V1 f
=-;~F1k(VkV1f——V1ka)
=FlkSp1aV . f=0,
because F!k is hybrid in /, 2 and Sk¢ is pure in k, [/ and therefore (5.6) becomes

263+ 8e2+6¢ +1 N
(5.17) SXZn[{(2+s)Eji+(l+s)2gji— T Sim ST vivg

+ % {(Vevj+ Vjoe—2(1+e)viS;jie} {VFvi+ Vivk—Z(i + &) vaSiak}

. . 1
1-{;26 viSjie) (VRvi + —I;Ze

Fe(Vrvi+ vaSiak) |do=0.

Thus, we have the following
TueoreM 5.1. If, in a compact Hermitian manifold X, with the analytic torsion

tensor satisfying S;ii=0, then the form

2e3+8c24-6641

&€

(5.18) I:(Z—{—e)Eji—}-(l—l—e)Zgji—— SIimSl'j'"]vivj
(e=an arbitrary constant™>0) is positive definite, then the quation
giiV iVif=if (A=constant<0)

has no solution other than zero.
Here, since ¢ is arbitrary, say, putting ¢=1, (5.18) becomes

(5.19) ‘ (3Eji+21g)i —17S1imS" ™)vivi.

When the torsion tensor vanishes, that is, when X,, is a Kihlerian manifold, (5.18)

becomes

(5.20) [(2+e)Eji +(1+e)Agji Jvivi.



22

S. SAWAKI

In this case, since ¢ is arbitrary, from (5.20), we have
(5.2 (Q2Eji +agji)vivi,

that is, in a Kéihlerian manifold, if (5.20) is positive definite, then (5.7) has no
solution other than zero.

This is a well known result in a compact Kihlerian manifold [5].
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