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1. Introduction and Summary

ROBBINS [10] investigated the two-armed bandit problem with finite memory. In his
paper, under the memory $r$ constraint he gave the rule which begins to change coins when
sufficient negative information ( $r$ consecutive tails) is obtained. But the limiting propor-
tion of heads equal to $\max\{p_{1}, p_{2}\}$ was not achieved by such a rule. ISBELL [9] improved
Robbins’ rule as one becomes uniformly for $\{p_{1}, p_{2}\}$ , and SMITH and PYKE [11] considered
the family of rules, containing Isbell’s as a special case, which obtained a further improve-
ment. Finally SAMUELS [12] investigated the randomized versions of the rules in order to
improve the above rules in each case. None of the above time-invariant rules with finite
memory achieved $\max\{p_{1}, p_{2}\}$ .

Afterwards under the assumption of the time-varying decision rule, COVER [1] described
a rule achieving $\max\{p_{1}, p_{2}\}$ with a memory of $r=2$ . His rule is that of interleaving trials
and tests with trial lengths increasing in such a manner as to swamp out preceding trials
and tests.

Here we shall state some extension of his rule. Because it does not seem general
enough that these rules were investigated only in the case where two coins exist.

In Section 2 we shall at first describe a rule achieving $\max\{p_{1}, p_{2}, p_{3}\}$ with a memory
of $r=3$, using three coins. Next, in Section 3 we shall do it, achieving $\max\{p_{1}, p_{2}, p_{3}, p_{4}\}$

with a memory of $r=4$, using four coins.

2. Three-armed bandit problem with finite memory

We are given three coins (coin $O1$ , coin \copyright , coin \copyright ) with unknown probabilities, $p_{1}=1$

$-q_{1},$ $p_{2}=1-q_{2}$, and $p_{3}=1-q_{3}$ of coming up heads. We shall follow the $pr\propto edure$ of inter-
leaving test blocks $T_{1},$ $T_{2},$ $\cdots$ with trial blocks $U_{1},$ $U_{2},$ $\cdots$ . Each test block $T$ will be begun
arbitrarily with coin $O1$ as the favorite. (This precaution yields independence of the test
blocks). A test block will be broken into $m$ subblocks each consisting of $3s$ tosses. A sub-
block test will be said to be a success if $3s$ tosses yield the unbroken sequence of THH’s,

TTH’s or THT’s.
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At the termination of each subblock, the new favorite coin is used to begin the next sub.
block until $m$ subblock tests have been performed. A test block consists of this collection
of subblocks. Thus $6ms$ tosses of the coin are made in the test block $T$.

We shall state the details of the test subblock. Let the sequence of coins tossed $(\theta_{1}$,
$\theta_{2},\cdots\theta_{3s}),$ $\theta i\in tO1$ , \copyright , \copyright }, and outcomes observed $(x_{1}, x_{2}, \cdots, x_{3s}),$ $xt\in\{H, T\}$ , be divided into
pairs

$\left(\begin{array}{lll}\theta_{1}, & \theta_{2}, & \theta_{3}\\x_{1}, & x_{2} & x_{a}\end{array}\right)\left(\begin{array}{lll}\theta_{4}, & \theta_{5}, & \theta_{6}\\x_{4}, & x_{5}, & x_{6}\end{array}\right)\cdots\cdots\left(\begin{array}{lll}\theta_{3s-2}, & \theta_{3s- 1}, & \theta_{3s}\\x_{3s-2}, & x_{3s- 1}, & x_{3s}\end{array}\right)$

.
The memory of the past at time $n$ is the state

$\left(\begin{array}{lll}\theta_{n-2}, & \theta_{n-l}, & \theta_{n}\\Xn-2 & Xn-1 & Xn\end{array}\right)$ or $x_{n-2},x_{n-1}\theta_{n-2},\theta_{n-1})(_{Xn}^{\theta_{\hslash}}$ or $x_{n-2}\theta_{n-2})(_{Xn-1}^{\theta_{n-1}}’\theta_{n}x_{n}$

according to $n=3n^{\prime},$ $n=3n^{\prime}-1$ or $n=3n^{\prime}-2$ ( $n^{\prime}$ : positive integer).

Thus the memory is of length $r=3$ .

Note: $ X/\theta$ means “if outcome of toss is $X$, use coin $\theta$ .
Fig. 1. State transition diagram (memory $r=3$).
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Figure 1 exhibits a strategy for the coin selection as a function of the state.
In figure 2 we shall give the explicit description of this rule in which the details of the

orderly transition from the current favorite coin to the new favorite coin are made clear.

coin $O1$ : $p_{1}=1-q_{1}$ coin \copyright : $p_{2}=1-q_{2}$ coin \copyright : $p_{3}=1-q_{3}$

O\copyright O O\copyright O O\copyright O

$(THH)$ $(THH)\cdots\cdots(THH)$ O\rightarrow \copyright
$\searrow$

\copyright

$(TTH)$ $(TTH)\cdots\cdots(TTH)$ Ol\rightarrow \copyright

$(THT)$ $(THT)\cdots\cdots(THT)$ O\rightarrow \copyright

otherwise $O1\rightarrow O1$

\copyright OO \copyright OO \copyright OO

$(THH)$ $(THH)\cdots\cdots(THH)$ \copyright \rightarrow O
$\searrow$

\copyright

$(TTH)$ $(TTH)\cdots\cdots(TTH)$ \copyright \rightarrow O

$(THT)$ $(THT)\cdots\cdots(THT)$ \copyright \rightarrow O

otherwise \copyright \rightarrow \copyright

OO\copyright OO\copyright OO\copyright

$(THH)$ $(THH)\cdots\cdots(THH)$ \copyright \rightarrow Ol

$\searrow\copyright$

$(TTH)$ $(TTH)\cdots\cdots(TTH)$ O3\rightarrow \copyright

$(THT)$ $(THT)\cdots\cdots(THT)$ \copyright \rightarrow Ol

otherwise \copyright \rightarrow \copyright

$(q_{1}p_{2}p_{3})^{s}/2$

$(q_{1}p_{2}p_{3})^{s}/2$

$(q_{1}q_{2}p_{3})^{s}$

$(q_{1}p_{2}q_{3})^{s}$

$1-\{(q_{1}p_{2}p_{3})^{s}+(q_{1}q_{2}p_{3})^{s}+(q_{1}p_{2}q_{3})^{s}\}$

$(q_{2}p_{3}p_{1})^{s}/2$

$(q_{2}p_{3}p_{1})^{s}/2$

$(q_{2}q_{3}p_{1})^{s}$

$(q_{2}p_{3}q_{1})^{s}$

$1-\{(p_{1}q_{2}p_{3})^{s}+(p_{1}q_{2}q_{3})^{s}+(q_{1}q_{2}p_{3})^{s}\}$

$(q_{3}p_{1}p_{2})^{s}/2$

$(q_{3}p_{1}p_{2})^{s}/2$

$(q_{3}q_{1}p_{2})^{s}$

$(q_{3}p_{1}q_{2})^{s}$

$1-\{(p_{1}p_{2}q_{3})^{s}+(q_{1}p_{2}q_{3})^{s}+(p_{1}q_{2}q_{3})^{s}\}$

Fig. 2. Coin transition in the test subblock.

Let $M$ be the coin transition probability matrix in which $Pij$ is the transition probabil-
$ity_{\llcorner}^{-}from$ the current favorite coin \copyright to the new favorite coin $Oo(i, j=1,2,3)$ .

(2. 1) $M=(P_{21}P_{31}P_{11},$ $P_{32}P_{22}P_{12},$ $P_{13}P_{\mathfrak{B}}P_{33}]$
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And let $P_{i}$ be the stationary probability of coin \copyright being the favorite $(i=1,2,3)$ .
In order to calculate $P_{i}$ . we at first consider the following

$P_{1}=P_{1}P_{11}+P_{2}P_{21}+P_{3}P_{31}$

$P_{2}=P_{1}P_{12}+P_{2}P_{a}+P_{3}P_{32}$

(2. 2)
$P_{3}=P_{1}P_{13}+P{}_{2}P_{\mathfrak{B}}+P_{3}P_{\mathfrak{B}}$

$P_{1}+P_{2}+P_{3}=1$ .
From (2. 1) and (2. 2), we obtain

$P_{1}=\frac{1}{1+a/c+b/c}$

(2. 3) $P_{2}=\frac{1}{1+b/a+c/a}$

$P_{3}=\frac{1}{1+a/b+c/b}$

where

$a=P_{1}{}_{2}P_{31}+P_{1}{}_{2}P_{32}+P_{1}{}_{3}P_{32}$

(2. 4) $b=P_{1}{}_{2}P_{\mathfrak{B}}+P_{1}{}_{3}P_{21}+P_{13}P_{\mathfrak{B}}$

$c=P_{21}P_{31}+P_{21}P_{32}+P_{\mathfrak{B}}P_{31}$ .

Thus by using (2. 4) we have

$a=(p_{2}q_{1}q_{3})^{s}\{\frac{3}{4}(p_{1}p_{2}p_{3})^{s}+(p_{2}p_{3}q_{1})^{s}+(p_{1}p_{3}q_{2})^{s}+(p_{1}p_{2}q_{3})^{s}+(p_{2}q_{1}q_{3})^{s}$

$+(p_{1}q_{2}q_{3})^{s}+(p_{3}q_{1}q_{2})^{s}\}$

(2. 5) $b=(p_{3}q_{1}q_{2})^{s}\{\frac{3}{4}(p_{1}p_{2}p_{3})^{s}+(p_{2}p_{3}q_{1})^{s}+(p_{1}p_{3}q_{2})^{s}+(p_{1}p_{2}q_{3})^{s}+(p_{2}q_{1}q_{3})^{s}$

$+(p_{1}q_{2}q_{3})^{s}+(p_{3}q_{1}q_{2})^{s}\}$

$c=(p_{1}q_{2}q_{3})^{s}\{\frac{3}{4}(p_{1}p_{2}p_{3})^{s}+(p_{2}p_{3}q_{1})^{s}+(p_{1}p_{3}q_{2})^{s}+(p_{1}p_{2}q_{3})^{s}+(p_{2}q_{1}q_{3})^{s}$

$+(p_{1}q_{2}q_{3})S+(p_{3}q_{1}q_{2})^{s}\}$

and then by using (2. 5)

$\frac{a}{c}=(\frac{q_{1}p_{2}}{p_{1}q_{2}})^{s}$

(2. 6) $\frac{b}{c}=(\frac{q_{1}p_{3}}{p_{1}q_{3}})^{s}$

$\frac{b}{a}=(\frac{q_{2}p_{3}}{p_{2}q_{3}})^{s}$
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Substituting (2. 6) into (2. 3), $P_{1},$ $P_{2}$ and P3 will be calculated.
That is, the stationary probabilities of coin $O1$ , coin \copyright and coin \copyright are then $1/(1+\alpha^{s}$

$+\beta^{s}),$ $\alpha^{s}/(1+\alpha^{s}+\beta^{s})$ and $\beta^{s}/(1+\alpha^{s}+\beta^{s})$ respectively, where $\alpha=q_{1}p_{2}/p_{1}q_{2}$ and $\beta=q_{1}p_{3}/p_{1}q_{3}$.
It is assured that $\beta\leqq\alpha<1$ , if and only if, $p_{1}>p_{2}\geqq p_{3}$.

And we shall note the stationary probabilities of deciding on the first inferior coin and
the second inferior coin in terms of $t$ and $t^{\prime}$ respectively. By the circulation of the station-
ary probabilities in $p_{1},$ $p_{2}$ and $p_{3}$, we may, without loss of generality, assume $p_{1}>p_{2}\geqq p_{3}$.
Thus $\beta\leqq\alpha<1$ and

$t=\beta^{s}/(1+\alpha^{s}+\beta^{s})<\beta^{s}<1$

$t^{\prime}=\alpha^{s}/(1+\alpha^{s}+\beta^{s})<\alpha^{s}<1$ .

Let $t;(t_{i}^{\prime})$ be the probability of selecting the first (second) inferior coin in the test block

$Ti$ . Clearly $ti(t_{i}^{\prime})$ depends on $\alpha,$ $m;$ , si and approaches $t(t^{\prime})$ as $ m;\rightarrow\infty$ . First we shall
choose {si} so that $\Sigma\beta^{s};<\infty$ and $\Sigma\alpha^{s_{i<\infty}}$ , e.g., $s;=i$ . We then choose $\{m;\}$ large enough

so that, for each $\beta\leqq\alpha<1,$ $t_{i}<\beta^{s_{j}}$ and $t_{t}^{\prime}<\alpha^{s_{j}}$ for sufficiently large $m;$. This may easily be

done. Thus it is assured that $\sum h<\infty$ and $\Sigma t_{i}^{\prime}<\infty$ .
As the $bl\propto k$ tests have been made independent, for the sake of the argument, by let-

ting coin $O1$ be the favorite at the beginning of each test block, thus ignoring all the previ.
ous information, we may conclude, from the Borel zero-one law and the finiteness of $\sum ti$

and $\sum t_{i}^{\prime}$ , that with probability one only a finite number of test blocks $Ti$ will result in an
incorrect choice of coin.

Thus if we now use, for the next $u$; trials, the coin chosen by block $Ti$, we may con-
clude that the proportion of heads obtained in the first $n$ trials tends to $\max\{p_{1}, p_{2}, p_{3}\}$ , with
probability one, as $ n\rightarrow\infty$ . This, of course, is the maximum achievable limit.

3. Four.armed bandit problem with finite memory

In this section four coins (coin $O1$ , coin \copyright , coin \copyright , coin $O4$) are given with unknown
probabilities, $p_{1}=1-q_{1},$ $p_{2}=1-q_{2},$ $p_{3}=1-q_{3}$ and $p_{4}=1-q_{4}$ of coming up heads. We shall
follow the same procedure as used in Section 2.

In figure 3 we shall give the details of the orderly transition from the current favorite
coin to the new favorite coin in the test subblock.
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O\copyright OO O\copyright OO

$(TTTH)\cdots\cdots(TTTH)$ $O1\rightarrow O4$

$(TTHT)\cdots\cdots(TTHT)$ Ol\rightarrow \copyright

$(THTT)\cdots\cdots(THTT)$ O\rightarrow \copyright

$(TTHH)\cdots\cdots(TTHH)$ $O1\rightarrow\copyright$

$\searrow$

$O4$

(THTH) $\cdots\cdots$ (THTH)
$O\rightarrow\copyright\backslash _{o4}$

$(THHT)\cdots\cdots(THHT)$ O\rightarrow \copyright
$\backslash $

\copyright

$(THHH)\cdots\cdots(THHH)$ $O1\rightarrow\copyright$

$\searrow\backslash \bigotimes_{\copyright}$

otherwise $O1\rightarrow O1$

OOO\copyright OOO\copyright

(TTTH) $\cdots\cdots$ (TTTH) O\rightarrow \copyright

$(TTHT)\cdots\cdots(TTHT)$ \copyright \rightarrow Ol

$(THTT)\cdots\cdots(THTT)$ \copyright \rightarrow O4

(TTHH) (TTHH)
$\copyright\rightarrow O1\searrow\copyright$

$(THTH)\cdots\cdots(THTH)$ O\rightarrow \copyright
$\searrow$

$O4$

(THHT) $\cdots\cdots$ (THHT) \copyright \rightarrow Ol
$\searrow$

$O4$

$(THHH)\cdots\cdots(THHH)$ \copyright \rightarrow O

$\backslash _{\copyright}\backslash \copyright$

otherwise \copyright \rightarrow \copyright

\copyright OOO \copyright OOO

(TTTH) $\cdots\cdots(TTTH)$ \copyright \rightarrow O

(TTHT) $\cdots\cdots(TTHT)$ \copyright \rightarrow O4

$(THTT)\cdots\cdots(THTT)$ \copyright \rightarrow O

$(TTHH)\cdots\cdots(TTHH)$ \copyright \rightarrow O
$\backslash $

$O4$

(THTH) $\cdots\cdots$ (THTH) \copyright \rightarrow O
$\backslash $

\copyright

$(THHT)\cdots\cdots(THHT)$ \copyright \rightarrow O
$\backslash $

$O4$

$(THHH)\cdots\cdots(THHH)$
$\copyright\backslash \rightarrow O\searrow_{4}^{\copyright}$

otherwise \copyright \rightarrow \copyright

OO\copyright O OO\copyright O

$(TTTH)\cdots\cdots(TTTH)$ O4\rightarrow \copyright

$(TTHT)\cdots\cdots(TTHT)$ O4\rightarrow \copyright

(THTT) $\cdots\cdots$ (THTT) \copyright \rightarrow Ol

$(TTHH)\cdots\cdots(TTHH)$ O4\rightarrow \copyright
$\backslash $

\copyright

$(THTH)\cdots\cdots(THTH)$ $O4\rightarrow O1$

$\backslash $

\copyright

(THHT) $\cdots\cdots$ (THHT)
$O4\rightarrow O\iota\searrow\copyright$

(THHH) $\cdots\cdots$ (THHH)
$\copyright\backslash \rightarrow O\searrow_{8}^{\copyright}$

otherwise $O4\rightarrow O4$

Fig. 3. Coin transition in the test subblock.

Let $N$ be the coin transition probability matrix in which $P;j$ is the transition probabil-
ity from the current favorite coin \copyright to the new favorite coin \copyright $(i, j=1,2,3,4)$ .

(3. 1) $N=\left\{\begin{array}{llll}P_{1l}, & P_{12}, & P_{13}, & P_{14}\\P_{21}, & P_{22}, & P_{\mathfrak{B}}, & p_{u}\\P_{31}, & P_{32}, & p_{\ae}, & P_{34}\\P_{41}, & P_{42}, & P_{43}, & p_{u}\end{array}\right\}$
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where
$P_{l1}=1-\{(q_{1}p_{2}p_{3}p_{4})^{s}+(q_{1}p_{2}p_{3}q_{4})^{s}+(q_{1}p_{2}q_{3}p_{4})^{s}+(q_{1}q_{2}p_{3}p_{4})^{s}+(q_{1}p_{2}q_{3}q_{4})^{s}$

$+(q_{1}q_{2}p_{3}q_{4})^{s}+(q_{1}q_{2}q_{3}p_{4})^{s}\}$

$P_{12}=(q_{1}p_{2}q_{3}q_{4})^{s}+\frac{1}{2}\{(q_{1}p_{2}q_{3}p_{4})^{s}+(q_{1}p_{2}p_{3}q_{4})^{s}I+\frac{1}{3}(q_{1}p_{2}p_{3}p_{4})^{s}$

$P_{13}=(q_{1}q_{2}p_{3}q_{4})^{s}+\frac{1}{2}\{(q_{1}q_{2}p_{3}p_{4})^{s}+(q_{1}p_{2}p_{3}q_{4})^{s}\}+\frac{1}{3}(q_{1}p_{2}p_{3}p_{4})^{s}$

$P_{14}=(q_{1}q_{2}q_{3}p_{4})^{s}+\frac{1}{2}\{(q_{1}q_{2}p_{3}p_{4})^{s}+(q_{1}p_{2}q_{3}p_{4})^{s}\}+\frac{1}{3}(q_{1}p_{2}p_{3}p_{4})^{s}$

$P_{21}=(p_{1}q_{2}q_{3}q_{4})^{s}+\frac{1}{2}\{(p_{1}q_{2}q_{3}p_{4})^{s}+(p_{1}q_{2}p_{3}q_{4})^{s}\}+\frac{1}{3}(p_{1}q_{2}p_{3}p_{4})^{s}$

$P_{22}=1-\{(p_{1}q_{2}q_{3}q_{4})^{s}+(q_{1}q_{2}q_{3}p_{4})^{s}+(q_{1}q_{2}p_{3}q_{4})^{s}+(p_{1}q_{2}q_{3}p_{4})^{s}+(p_{1}q_{2}p_{3}q_{4})^{s}$

$+(q_{1}q_{2}p_{3}p_{4})^{s}+(p_{1}q_{2}p_{3}p_{4})^{s}\}$

$P_{\mathfrak{B}}=(q_{1}q_{2}p_{3}q_{4})^{s}+\frac{1}{2}\{(p_{1}q_{2}p_{3}q_{4})^{s}+(q_{1}q_{2}p_{3}p_{4})^{s}\}+\frac{1}{3}(p_{1}q_{2}p_{3}p_{4})^{s}$

(3. 2) $P_{24}=(q_{1}q_{2}q_{3}p_{4})^{s}+\frac{1}{2}\{(p_{1}q_{2}q_{3}p_{4})^{s}+(q_{1}q_{2}p_{3}p_{4})^{s}\}+\frac{1}{3}(p_{1}q_{2}p_{3}p_{4})^{s}$

$P_{31}=(p_{1}q_{2}q_{3}q_{4})^{s}+\frac{1}{2}\{(p_{1}p_{2}q_{3}q_{4})^{s}+(p_{1}q_{2}q_{3}p_{4})^{s}\}+\frac{1}{3}(p_{1}p_{2}q_{3}p_{4})^{s}$

$P_{32}=(q_{1}p_{2}q_{3}q_{4})^{s}+\frac{1}{2}\{(p_{1}p_{2}q_{3}q_{4})^{s}+(q_{1}p_{2}q_{3}p_{4})^{s}\}+\frac{1}{3}(p_{1}p_{2}q_{3}p_{4})^{s}$

$P_{33}=1-\{(q_{1}p_{2}q_{3}q_{4})^{s}+(p_{1}q_{2}q_{3}q_{4})^{s}+(q_{1}q_{2}q_{3}p_{4})^{s}+(p_{1}p_{2}q_{3}q_{4})^{s}+(q_{1}p_{2}q_{3}p_{4})^{s}$

$+(p_{1}q_{2}q_{3}p_{4})^{s}+(p_{1}p_{2}q_{3}p_{4})^{s}\}$

P34 $=(q_{1}q_{2}q_{3}p_{4})^{s}+\frac{1}{2}\{(q_{1}p_{2}q_{3}p_{4})^{s}+(p_{1}q_{2}q_{3}p_{4})^{s}\}+\frac{1}{3}(p_{1}p_{2}q_{3}p_{4})^{s}$

$P_{41}=(p_{1}q_{2}q_{3}q_{4})^{s}+\frac{1}{2}\{(p_{1}q_{2}p_{3}q_{4})^{s}+(p_{1}p_{2}q_{3}q_{4})^{s}\}+\frac{1}{3}(p_{1}p_{2}p_{3}q_{4})^{s}$

$P_{42}=(q_{1}p_{2}q_{3}q_{4})^{s}+\frac{1}{2}\{(p_{1}q_{2}p_{3}q_{4})^{s}+(p_{1}p_{2}q_{3}q_{4})^{s}\}+\frac{1}{3}(p_{1}p_{2}p_{3}q_{4})^{s}$

$P_{43}=(q_{1}q_{2}p_{3}q_{4})^{s}+\frac{1}{2}\{(q_{1}p_{2}p_{3}q_{4})^{s}+(p_{1}q’ p_{3}q_{4})^{s}\}+\frac{1}{3}(p_{1}p_{2}p_{3}q_{4})^{s}$

$P_{44}=1-\{(q_{1}q_{2}p_{3}q_{4})^{s}+(q_{1}p_{2}q_{3}q_{4})^{s}+(p_{1}q_{2}q_{3}q_{4})^{s}+(q_{1}p_{2}p_{3}q_{4})^{s}+(p_{1}q_{2}p_{3}q_{4})^{s}$

$+(p_{1}p_{2}q_{3}q_{4})^{s}+(p_{1}p_{2}p_{3}q_{4})^{s}\}$

And let $Pi$ be the stationary probability of coin \copyright being the favorite $(i=1,2,3,4)$ . In
order to calculate $P;$ , we at first consider the following
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$Pi=\sum_{j-1}^{4}P_{j}P_{ji}(i=1,2,3,4)$

(3. 3)

$P_{1}+P_{2}+P_{3}+P_{4}=1$

From (3. 1), (3. 2) and (3. 3) we obtain

$P_{1}=\frac{A_{1}}{A_{1}+A_{2}+A_{3}+A_{4}}$

$P_{2}=\frac{A_{2}}{A_{1}+A,+A_{3}+A_{4}}$

(3. 4) $P_{3}=\frac{A_{3}}{A_{1}+A_{2}+A_{3}+A_{4}}$

$P_{4}=\frac{A_{4}}{A_{1}+A_{2}+A_{3}+A_{4}}$

where

$A_{1}=(p_{1}q_{2}q_{3}q_{4})^{s}A$

$A_{2}=(q_{1}p_{2}q_{3}q_{4})^{s}A$

(3. 5)
$A_{3}=(q_{1}q_{2}p_{3}q_{4})^{s}A$

$A_{4}=(q_{1}q_{2}q_{3}p_{4})^{s}A$

and

$A=\frac{16}{27}(p_{1^{2}}p_{2^{2}}p_{3^{2}}p_{4^{2}})^{s}+\frac{4}{3}\{(p_{1^{2}}p_{2^{2}}p_{3^{2}}p_{4}q_{4})^{s}+(p_{1^{2}}p_{2^{2}}p_{3}p_{4^{2}}q_{3})^{s}+(p_{1^{2}}p_{2}p_{3^{2}}p_{4^{2}}q_{2})^{s}$

$+(p_{1}p_{2^{2}}p_{3^{2}}p_{4^{2}}q_{1})^{s}\}+\frac{55}{18}\{(p_{1^{2}}p_{2^{2}}p_{3}p_{4}q_{3}q_{4})^{s}+(p_{1^{2}}p_{2}p_{3^{2}}p_{4}q_{2}q_{4})^{s}+(p_{1^{2}}p_{2}p_{3}p_{4^{2}}q_{2}q_{3})^{s}$

$+(p_{1}p_{2^{2}}p_{3^{2}}p_{4}q_{1}q_{4})^{s}+(p_{1}p_{z^{2}}p_{a}p_{4^{2}}q_{1}q_{3})^{s}+(p_{1}p_{2}p_{3^{2}}p_{4^{2}}q_{1}q_{2})^{s}\}$

$+\frac{27}{4}\{(p_{1^{2}}p_{2}p_{3}p_{4}q_{2}q_{3}q_{4})^{s}+(p_{1}p_{2^{2}}p_{3}p_{4}q_{1}q_{3}q_{4})^{s}+(p_{1}p_{2}p_{3^{2}}p_{4}q_{1}q_{2}q_{4})^{s}$

$+(p_{1}p_{2}p_{3}p_{4^{2}}q_{1}q_{2}q_{3})^{s}\}+\frac{7}{4}\{(p_{1^{2}}p_{2^{2}}p_{3}q_{3}q_{4^{2}})^{s}+(p_{1^{2}}p_{2}p_{3^{2}}q_{2}q_{4^{2}})^{s}+(p_{1^{2}}p_{2^{2}}p_{4}q_{3^{2}}q_{4})^{s}$

$+(p_{1^{2}}p_{2}p_{4^{2}}q_{2}q_{3^{2}})^{s}+(p_{1^{2}}p_{3^{2}}p_{4}q_{2^{2}}q_{4})^{s}+(p_{1^{2}}p_{8}p_{4^{2}}q_{2^{2}}q_{3})^{s}+(p_{1}p_{2^{2}}p_{3^{2}}q_{1}q_{4^{2}})^{s}$

$+(p_{1}p_{2^{2}}p_{4^{2}}q_{1}q_{3^{2}})^{s}+(p_{1}p_{3^{2}}p_{4^{2}}q_{1}q_{2^{Z}})^{s}+(p_{2}p_{3^{2}}p_{4^{2}}q_{1^{2}}q_{2})^{s}+(p_{2^{2}}p_{3^{2}}p_{4}q_{1^{2}}q_{4})^{s}$

$+(p_{2^{2}}p_{3}p_{4^{2}}q_{1^{2}}q_{3})^{s}\}+\frac{15}{4}\{(p_{1^{2}}p_{2}p_{3}q_{2}q_{3}q_{4^{2}})^{s}+(p_{1^{2}}p_{2}p_{4}q_{2}q_{3^{2}}q_{4})^{s}+(p_{1^{2}}p_{3}p_{4}q_{2^{2}}q_{3}q_{4})^{s}$

$+(p_{1}p_{2^{2}}p_{3}q_{1}q_{3}q_{4^{2}})^{s}+(p_{1}p_{2^{2}}p_{4}q_{1}q_{3^{2}}q_{4})^{s}+(p_{2^{2}}p_{3}p_{4}q_{1^{2}}q_{3}q_{4})^{s}+(p_{1}p_{2}p_{s^{2}}q_{1}q_{2}q_{4^{2}})^{s}$

$+(p_{1}p_{3^{2}}p_{4}q_{1}q_{2^{2}}q_{4})^{s}+(p_{2}p_{3^{2}}p_{4}q_{1^{2}}q_{2}q_{4})^{s}+(p_{1}p_{2}p_{4^{2}}q_{1}q_{2}q_{3^{2}})^{s}+(p_{1}p_{3}p_{4^{2}}q_{1}q_{2^{2}}q_{3})^{s}$
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$+(p_{2}p_{3}p_{4^{2}}q_{1^{2}}q_{2}q_{3})^{s}\}+\{(p_{1^{2}}p_{2^{2}}q_{3^{2}}q_{4^{2}})^{s}+(p_{1^{2}}p_{3^{2}}q_{2^{2}}q_{4^{2}})^{s}+(p_{1^{2}}p_{4^{2}}q_{1^{2}}q_{3^{2}})^{s}$

$+(p_{z^{2}}p_{3^{2}}q_{1^{2}}q_{4^{2}})^{s}+(p_{3^{2}}p_{4^{2}}q_{1^{2}}q_{2^{2}})^{s}+(p_{2^{2}}p_{4^{2}}q_{1^{2}}q_{3^{2}})^{s}\}+2\{(p_{1^{2}}p_{2}q_{2}q_{3^{2}}q_{4^{2}})^{s}$

$+(p_{1^{2}}p_{3}q_{2^{2}}q_{3}q_{4^{2}})^{s}+(p_{1^{2}}p_{4}q_{2^{2}}q_{3^{2}}q_{4})^{s}+(p_{1}p_{2^{2}}q_{1}q_{3^{2}}q_{4^{2}})^{s}+(p_{2^{2}}p_{3}q_{1^{2}}q_{3}q_{4^{2}})^{s}$

$+(p_{2^{2}}p_{4}q_{1^{2}}q_{3^{2}}q_{4})^{s}+(p_{1}p_{3^{2}}q_{1}q_{2^{2}}q_{4^{2}})^{s}+(p_{2}p_{3^{2}}q_{1^{2}}q_{2}q_{4^{2}})^{s}+(p_{3^{2}}p_{4}q_{1^{2}}q_{2^{2}}q_{4})^{s}$

$+(q_{1}q_{2^{2}}q_{3})^{s}+(p_{2}p_{4^{2}}q_{1^{2}}q_{2}q_{3^{2}})^{s}+(p_{3}p_{4^{2}}q_{1^{2}}q_{2^{2}}q_{3})^{s}\}+\{(p_{1^{2}}q_{2^{2}}q_{3^{2}}q_{4^{2}})^{s}$

$+(p_{2^{2}}q_{1^{2}}q_{3^{2}}q_{4^{2}})^{s}+(p_{3^{2}}q_{1^{2}}q_{2^{2}}q_{4^{2}})^{s}+(p_{4^{2}}q_{1^{2}}q_{2^{2}}q_{3^{2}})^{s}\}+6\{(p_{1}p_{2}p_{3}q_{1}q_{2}q_{3}q_{4^{2}})^{s}$

$+(p_{1}p_{2}p_{4}q_{1}q_{2}q_{3^{2}}q_{4})^{s}+(p_{1}p_{3}p_{4}q_{1}q_{2^{2}}q_{3}q_{4})^{s}+(p_{2}p_{3}p_{4}q_{1^{2}}q_{2}q_{3}q_{4})^{s}\}+2\{(p_{1}p_{2}q_{1}q_{2}q_{3^{2}}q_{4^{2}})^{s}$

$+(p_{1}p_{3}q_{1}q_{2^{2}}q_{3}q_{4^{2}})^{s}+(p_{1}p_{4}q_{1}q_{2^{2}}q_{3^{2}}q_{4})^{s}+(p_{2}p_{3}q_{1^{2}}q_{2}q_{3}q_{4^{2}})^{s}+(p_{2}p_{4}q_{1^{2}}q_{2}q_{3^{2}}q_{4})^{s}$

$+(p_{3}p_{4}q_{1^{2}}q_{2^{2}}q_{3}q_{4})^{s}\}+13(p_{1}p_{2}p_{3}p_{4}q_{1}q_{2}q_{3}q_{4})^{s}$ .
Substituting (3. 5) into (3. 4), $P_{1},$ $P_{2},$ $P_{3}$ and $P_{4}$ will be calculated.

That is, the stationary probabilities of coin $O1$ , coin \copyright , coin \copyright and coin $O4$ are then
$1/(1+\alpha^{s}+\beta^{s}+\gamma^{s}),$ $\alpha^{s}/(1+\alpha^{s}+\beta^{s}+\gamma^{s}),$ $\beta^{s}/(1+\alpha^{s}+\beta^{s}+\gamma^{s})$ and $\gamma^{s}/(1+\alpha^{s}+\beta^{s}+\gamma^{s})$ respective-
ly, where $\alpha=q_{1}p_{2}/p_{1}q_{2},$ $\beta=q_{1}p_{3}/p_{1}q_{3}$ and $\gamma=q_{1}p_{4}/p_{1}q_{4}$ .
It is assured that $\gamma\leqq\beta\leqq\alpha<1$ , if and only if, $p_{1}>p_{2}\geqq p_{3}\geqq p_{4}$ .

In this section we shall follow the same rule as used in Section 2. Therefore we may
conclude that the proportion of heads obtained in the first $n$ trials tends to $\max\{p_{1},$ $p_{2},$ $p_{3}$,
$p_{4}\}$ , with probability one, as $ n\rightarrow\infty$ . This, of course, is the maximum achievable limit.
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