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KAHLER STRUCTURES ON THE COTANGENT BUNDLES
OVER SOME STATISTICAL MANIFOLDS

TAKUJI SATO

ABSTRACT. We prove that a Kéahler structure induced on the cotangent bundle
over a statistical manifold by using the dual connection has constant holomor-
phic sectional curvature under some conditions. Some examples which stem from
information geometry are provided.

1. INTRODUCTION

Let (M,V,h) be a statistical manifold which is regarded as a generalization of
statistical models. It is known that an almost Kéahler structure (J, g) can be intro-
duced on the tangent bundle T'M of a statistical manifold M. We denote by T the
difference tensor between the Levi-Civita connection V of the Riemannian metric h
and the torsion free affine connection V. The tensor T plays an important role in
statistical manifolds.

In the preceding papers[Sal, Sa2], we have studied a family of almost K&hler
structures on the tangent bundles of some statistical models induced from the o-
connection. We have shown that the tangent bundles of some statistical models
possess Kéhler structures with constant holomorphic sectional curvature. The key
fact to lead these results is the following theorem originally due to Shima.

Theorem 1.1 ([Sh, Sa2]). Let (M,V,h) be a statistical manifold. If the affine
connection V is flat, and the difference tensor T satisfies the equation

(%) (VxT)yZ = Mh(X,Y)Z + h(X,2)Y}!
for some constant A, then the tangent bundle (T'M,J,g) is a Kdhler manifold of
constant holomorphic sectional curvature —2M\.
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!According to Shima[Sh], Hessian manifold satisfying this condition is said to be of constant
Hessian curvature 2.



In this paper, we shall consider an almost Kahler structure on the cotangent
bundle T*M of a statistical manifold M. We denote by (J*, g*) the almost Kéhler
structure on T*M, induced by the dual connection V* of V with respect to h. We
shall prove the following dual version theorem.

Theorem A. Let (M,V,h) be a statistical manifold. If the affine connection V
is flat, and the difference tensor T satisfies the condition (*) in Theorem 1.1, then
the cotangent bundle (T*M, J*, g*) is a Kdhler manifold of constant holomorphic
sectional curvature —2\.

As a consequence, we see that the statement of Theorem A is also applicable to
the statistical manifolds given in [Sa2|. We shall describe briefly these examples in
the last section.

Throughout this paper, we assume that all manifolds are connected and smooth
and further that all quantities on manifolds are smooth, unless otherwise specified.

2. STATISTICAL MANIFOLDS

Let (M, V, h) be a statistical manifold, that is, V is a torsion free affine connection,
h is a Riemannian metric on M and Vh is symmetric. Let V* be the dual connection
of V with respect to h, given by

(2.1) Xh(Y, Z) = h(VxY, Z) + h(Y, V% 2),

for any vector fields X,Y, Z on M. Since Vh is symmetric, the dual connection V*
is also torsion free.

For the Levi-Civita connection V of h, we define the difference tensor fields T and
T* by

(2.2) TxY :=VxY — VY,
(2.3) T:Y :=VxY — VLY,

for any vector fields X,Y on M. We have

(2.4) T(X,Y,Z) = h(TxY, Z) = %(Vxh)(Y, 2),



which shows that T is symmetric in X, Y, Z. We also have the following identities

(2.5) VY = VxY + Ty,

(2.6) | VLY — VxY = 2TyY,

(2.7) 2VxY = VxY + VY,

(2.8) TLY = —TyY,

(2.9) (VxT) (Y, Z) + (VXT*)(Y, Z)

= —2TxTvZ — TyTxZ — TzTxY),
where T(X,Y) = TxY, T*(X,Y) = T}Y.

We denote by K, K* and K the curvature tensors of V,V* and v , respectively.
Then we have from (2.1)

MK(X,Y)Z,W)=—-h(K*(X,Y)W, Z),
which implies that V-flatness and V*-flatness are equivalent.

If V and V* are flat connections, we have

(2.10) K(X,Y)Z =— (TxTyZ — TyTx Z),
(2.11) (VxT)(Y, 2) =(VyT)(X, Z),
(2.12) 2K (X,Y)Z =(VxT)(Y, Z) — (VyT)(X, 2).

3. THE COTANGENT BUNDLE OF A STATISTICAL MANIFOLD

Let (M, V,h) be an n-dimensional statistical manifold and 7 : T*M — M be its
cotangent bundle. As usually, we adopt (¢¢, p;) as a coordinate of p = p;dz® € T M,
where (') denotes a coordinate system on a neighborhood U of  in M and ¢* =
z'om. Then a tangent vector X = fi% + m% € T,(T*M) can be decomposed into
the horizontal and vertical parts X”, XV with respect to the dual connection V* of
V:

) 0 0
Xh — z__: 4 k i* , ,
¢ dq* ¢ * Op; Op;

where I} = p,I};" and I} are coefficients of V*. By abuse of notation, we often

XY= (77i - 5161_';1;

write I} instead of I} o7, and so on.



For a local coordinate system (¢*,p;) on 7= *(U) C T*M, we put for: = 1,2,...,n,

o\t a8 .8
(3.1) Xo=(5g) = 5 + g
' . D\ _ D

By using this local frame {X;,Y*}, we introduce a Riemannian metric g* and an
almost complex structure J* on 7*M by

(32) g*(Xi’Xj) = h‘ijv g*(Xh YJ) = g*(Yi,Xj) =0, g*(Yi’ YJ) = h’ij
(3.3) J*X; = hi Y, JYi=-hiX;

a

—_ 0
where h'ij = h(-a?, 907

) and h¥ are the components of the inverse matrix of (h;;).

It is obvious that (J*, g*) is almost Hermitian, and its Kahler form Q* is given by
Q*(Xi, X;) =0, Q*(X;, Y7 = =67, Q* (Y, Y7) = 0.
Note that the coframe of {X;, Y} is {dq’, 6p; = dp; — I, dg*}, and the dual connec-
tion V* of V is torsion free, we have
Q* = —6qui Adp; = —dg* A (dp; — ,-",‘cqu)
= —dg' ANdp; + Ihdq" A dg* = —dq* A dp;.
It follows that
dQ* = 0.

Thus we have the following

Proposition 3.1. Let (M,V,h) be a statistical manifold. Then the almost Her-
mitian structure (J*,g*) on T*M induced by the dual connection V* is almost
Kahlerian.

Lemma 3.2. For a local frame {X;,Y*}, we have
[Xi7 XJ] = le:jlcl Yka
(3.4) [X;, Y9 = I3 Y*,
Y4, Y] =0,
where Ki*j,cl are the components of the curvature tensor K* of M with respect to the
dual connection V*.

Proof. By definition,
0 ., 0 0 , O ]

X0 X,) =[5 + Ty 55 * Ty,



o . . 0 .\ 0 0 0 ) 0
“(a_qi h Fihaphfjk) Opi (an L+ L gy L )ap
0 * * * 0 0 * * 0
‘—“pz(a ir‘kl+nhlrjkh)8pk—pl(a erl‘*‘ryklf )'8—_
—'le;;kl Yk
Thus we obtain the first equation of (3.4). The second and the last equations of
(3.4) are obvious. d

By the above Lemma 3.2, the Nijenhuis tensor N* of J* is givén by
N*(Xi, X;) = —(Kj'm) Y,
(3.5) N*(X;,Y?) = —(W"h* K, p,) Xk,
| N*(Y*,Y9) = (W h* K2, o) Y*.
Therefore we have the following
Proposition 3.3. Let (M,V,h) be a statistical manifold with flat affine connec-

tion V. Then the almost Hermitian structure (J*,g*) on T*M induced by V* is
Kahlerian.

Let D* denote the Levi-Civita connection of the Riemannian metric g* on T*M.
By Lemma 3.2, we have for a local frame {X;,Y"},

= 1
Dy X; =Tt X\ + KJ,C p YF,

Dy.Y? —§h”h3’cK i Xy — T YR
(3.6)
Dy X; = — —h”"hs’“K D h,_kV Yk

D3 Y7 = — Eh’"VIh"J Xk,
where ﬁjk are coefficients of the Levi-Civita connection V in (M, h). Especially, in
the case of K(= K*) = 0, taking account of (2.3),(2.4) we have
D%, X; 1" Xk,
Dy Y =— i y*,
Dy X; =—T"; Y*,
D3 YT =Tk X, .

where T*;;* are components of T* with respect to a coordinate system (z*). From

(3.7)

these, it is easy to see that D*J* = 0. So, we see again that (J*, ¢*) is a Kéhler
structure.



4. PROOF OF THEOREM A

First of all, we shall calculate the curvature tensor on the tangent bundle 7* M
over a statistical manifold M with flat affine connection V. Let {X;,Y*} be a local
frame defined by (3.1). We obtain the following

Proposition 4.1. Let (M, V,h) be a statistical manifold with flat affine connection
V. Then the curvature tensor R* of the cotangent bundle (T*M, J*, g*) is given by
R*(X:, X)Xk = Kyt X1, |

R*(X:, X;)Y* = K, * V",

R (X, Y) Xy = {-ViTy/ + Ti' Ty, + TR T/} YY,

R* (X, Y)Y* = iR {VIT) — TR'T) - Th'T, Y X,

R (Y'Y Xy = —{T5IT* — T2 iy X,

R*(Y?,YI)Y* = —{Twkrpri _ eikrpeiy yt,

with respect to a local frame {X;,Y*}.

(4.1)

Proof. We show only the third and fourth equations of (4.1). The rest of equations
are obtained similarly.

By virtue of (3.7) and (2.3),
* * * *j a * J «jpQr
D, Dy Xy = = Dx, (T Y') = ~( =T — T/ B Y,
7]
T (Ox"
Dy; Dy, Xy =Dy, (" X,) = LT Y,
=- (WY + T TY) Y,

*J _ rx J T ok e l
Tkl Tkr il Tkr il )Y ’

and
Diy,ynXe = — T4 Dy Xy = T/ T Y.
So, we have
R (X, Y) Xy = {-ViTe/ + Ti' T, + TR T} Y.
From
R*(X;, YOY* =pF" J*R*(X;, Y X,,

we have immediately the fourth equation. a



We now proceed to complete the proof of Theorem A. From the assumption () of
the theorem and (2.12), we see that (M, h) has constant sectional curvature k = —3

?

that is, taking account of (2.10), we have

I?ijkl = _(TiTlTjkr - Tjrlﬂkr) = k(hjk(sg - hikéj-).

Furthermore, by (2.9), we have
Tht = —A(hij6L + hjdl) + 2T o'

Consequently, for a local frame {X;, Y}, the curvature tensor R* in Proposition
4.1 can be written as

R* (X, X;) X = k(hjxb! — haxdh) Xy,

R*(X;, X;)Y* = —k(hjdF — hyok) Y,

R*(X:, Y) Xy = —k(hd} + hadl + 2h6?) Y,

R*(X;, Y)Y* = k(h'sk + %8t + 2n¥67) X,

R (Y, Y9) Xy, = k(h%6] — W'6%) X,

R (Y, Y)Y* = k(hi*si — hi*67) Y.

For any tangent vector X = &*X; + ;Y on T*M, we note that J*X = —h¥n; X; +
hi;&7Y* and g*(X, X) = h;;€¢7 + h¥n;n; by (3.2) and (3.3). Making use of (4.2), we
obtain by straightforward computation

(4.2)

(4.3) g* (R (X, ' X)X, J*X) = —4k g*(X, X)?,
for any vector field X on 7*M. The equality (4.3) shows that the holomorphic
sectional curvature of (T*M, J*, g*) is constant 4k = —2\. O

5. EXAMPLES

In this section, we shall consider some statistical manifolds of constant curvature
arising from the statistical models in information geometry [A, AN]. For details, we
shall refer to our paper [Sa2].

5.1. The half space R}. Let R? = {z = («},...,2") € R*|z! > 0} be the n-
dimensional half space. On R}, we shall consider the Poincaré metric h = (h;;),
1



Taking account of the a-connection in the statistical model of normal distribu-
tions, we shall introduce a family of torsion free affine connections on (R%}, k) by

(5.2) v =G - 1@
for a € R, where T(® = (T,.(ja)’“) is a (1,2)-tensor defined by
(5.3) TS = 22 (6t + 810% + 58,5 — 6u6118%).

a

Py

Then (R?, V(®, h) becomes a statistical manifold, and the dual connection of V(®

with respect to h is V(=2), We see that V(®) is flat when o = +1. Further we have
202

Vﬁa)fl}(f)l =(:z:1)2 (5"161"‘511 - 6i15j16k1611)
a((lxj;;x) (8:16710}, + 6:16k10% + 8;16516% + 6,166
+ 010550 — 60! — 26:1610%10%)
- D08+ Bl — Badudl + B8t
In the case of @ = —1, we obtain
VEITE - (ﬁ)z (655% + Bix6)
=2(hi;0% + hakdh)

which shows that the condition (*) in Theorem A is fulfilled with A = 2.
When o = 1, we see, however, the condition () is not satisfied.
Hence, by virtue of Theorem A, we have

Theorem 5.1. Let (R?, V) h) be a statistical manifold where the metric h and
the affine connection V@ are given in (5.1) and (5.2). The almost Kdhler structure
(JE g(=2)) on the cotangent bundle T*R" induced by the connection VED s
Kihlerian if and only if @ = £1, and if a = —1, then (T*R, JI), ¢V) has constant
holomorphic sectional curvature —4.

5.2. The open subset S? of S™. Let ST = {z = (2°,4%,...,2") € R**!|(2%)% +
()2 + -+ (z™)? = %,2* > 0 for ¢ = 0,...,n} be the “positive part ”of n-
dimensional sphere S™ in R**! with radius ¢ > 0. With respect to a local coordinate

system (z!,...,z") on S%, the induced Riemannian metric h = (h;;) is given by
zir?
(5.4) hnij = 6,']' + -(-;0—)-2-



By considering the a-connection in the statistical model of discrete distributions,
we shall define a family of affine connections on ST by

(5.5) Ve =§ 1@

for o € R, where T(® = (Ti(ja)"’) is a (1,2)-tensor given by
2 i ok
Then it is easy to see that (S?, V(%) h) is a statistical manifold and V) is flat when
o = £c2.
We have
v 1
(z)?
!

ala — c?) T
+—7r—&mﬂ—%hg+

(o —c?)

(5.7) v -2 81560

ixizkt }
(z0)*
ola+c2

In the case of a = ¢?, (5.7) reduces to
c 2
w%mm:-gwmﬁm@)
which shows that the condition () in Theorem A is satisfied with A = —%. Thus,

applying Theorem A, we have the following

Theorem 5.2. Let (S7, V™, h) be a statistical manifold where the metric h and
the affine connection V® are given in (5.4) and (5.5). The almost Kdihler struc-
ture (J®, g(=2)) on the cotangent bundle T*S% induced by the connection Vi)
is Kdhlerian if and only if o = +c2, and if a = ¢, then (T*S?, J) g(=))) has
constant holomorphic sectional curvature 245. '

5.3. The open subset H? of H". Let H" = {z = (z°,z!,...,2") € R""|(2°)? —

(z})? — -+ — (z")? = ¢%,2° > 0} be the n-dimensional hyperbolic space in R**!
equipped with Minkowski metric. We denote by H} = {z € H"|z* > 0 for ¢ =
0,...,n} the “positive part "of H". With respect to a local coordinate system
(z',...,2") on H%, the induced Riemannian metric h = (h;;) is given by

ztz?
(5.8) hij = 6ij — @



We introduce a family of torsion free affine connections by
(5.9) V@ =¥ - 1@

for a € R, where T(®) = (T, (a)k) is given by

xixd gk
)
Then it is easy to see that (HT, V(%) h) is a statistical manifold and V(® is flat
when a = +c2. We have

2
a (04 C
(5.10) T = 2 (85885 + diya* -

afa =)

(5.11) VTN = a Oij%ikd z( 1)2
ala — ) . N
- —6'—{h’jk6i - 6ij6ik; + W—}
+
+39?£lwmh+hﬁﬁ

and when a = ¢%, (5.11) reduces to

VT = (%&+m@)

Thus, we have the following

Theorem 5.3. Let (H?, V(®), h) be a statistical manifold where h and V(® are given
in (5.8) and (5.9). The almost Kahler structure (J=), g(=®)) on the cotangent bun-
dle T*H? induced by the connection V(=% is Kihlerian if and only if o = +c%, and

if o = ¢, then (T*H?Y, J=*), g(”c2)) has constant holomorphic sectional curvature

4
ez’
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