Nihonkai Math. J.
Vol.20(2009), 25-32

REMARKS ON SOME ALMOST HERMITIAN
STRUCTURE ON THE TANGENT BUNDLE

TAKUYA KOIKE, TAKASHI OGURO AND NORIO WATANABE

Dedicated to Professor Kouei Sekigawa on his retirement

ABSTRACT. In [5], M. Tahara and Y. Watanabe constructed a family of almost
Hermitian structures (J, G) on the tangent bundle TM of a Riemannian manifold
and constructed a family of Hermitian and K&ahler structure on the tangent bundle
on a space form. It is well-known that there are sixteen classes of almost Hermitian
manifolds ([3]). In this paper, we give the conditions for (J,G) such that TM
belongs to each of these sixteen classes.

1. Canonical almost Kahler structure on T'M

Let M = (M, g) be an n-dimensional Riemannian manifold and 7= : TM — M the
tangent bundle of M. It is well-known that T'M is a 2n-dimensional manifold. At
each point u € T'M, the n-dimensional subspace

V. = ker(dm),

of T,(T M), the tangent space of TM at u, is called the vertical subspace. If (') be
a local coordinates about (u) € M, then (z*,£") = (&'om, di") is a local coordinates
about v and V,, is of the form
v, = {imi ‘ Al e R}.
iz 0¢
Thus, the vertical subspace V;, is naturally identified with T, M, the tangent space
of M at 7(u), via

Vi — T M; A— | = A'—.
t: V= T L(; 351) o7

We denote by H, the horizontal subspace of T),(T'M) with respect to the Riemannian
connection V of g. Then, we have a direct sum decomposition T,,(TM) = H, ® V,,
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which defines smooth distributions on T'M. With respect to the local coordinates
(2%, &%) about u, the horizontal subspace H, is of the form
= {54 (L 2 sS rE e )2 ) | At e R
R =1 ort a2 Y &k ’

i 1

where I'}; is the connection coefficient of V. For each X € T),(M) and u € TM with
m(u) = p € M, there exists unique vector X1 € H, (resp. XY € V,,), called the
horizontal lift (resp. vertical lift) of X, such that dn(X2) = X (resp. «(X)) = X).

The connection map K : TTM — TM is defined by K(A) = «(AY), where
AV is the vertical component of A. The map K is a homomorphism of the two
vector bundles TTM — TM (the tangent bundle of TM) and dr : TTM — TM.
Moreover, K|y, = t, H, = ker(K|r,(ram)) and if we regard a vector field X € X(M)
as a C®-map X : M — T M, we have

K(dX (u)) = VX
for w e TM.

Proposition 1.1. Let X,Y € X(M). For each v € TM, we have
(XY, Y . =0, (
(XY V], = (VxY)y, (
dr((X",Y],) = [X, Yo, (
K([X", Y1) = =R(Xa), Yo Ju, (
where R is the curvature tensor of M defined by R(X,Y) = [Vx,Vy] — Vixy].

The canonical symplectic structure wy on T'M is defined by
wo(A, B) = g(K(A),dr(B)) — g(K(B),dr(A))

for A, B € X(T'M). With respect to the local coordinates (¢, ") of TM, wy is given
by

Wy = — Xn: dz* A d((gij o m)&7).

ij=1
By means of the metric g, we can identify T'M with the cotangent bundle T*M of
M. Then, wy can be regarded as the canonical symplectic structure on T*M.

The Sasaki-metric G is a Riemannian metric on T'M defined by

Go(A, B) = g(dr(A),dn(B)) + g(K(A), K(B)),
for A, B € X(T'M), or equivalently,
G0<X5> YuH) = GO(X’IL/7 Yuv> = g(XW(u)’ YW(U))? GO(va Yuv) =0,



for X, Y € X(M) and w € TM. Then 7 : (T'M,Gy) — (M,g) is a Riemannian
submersion. On one hand, the canonical almost complex structure J, on T'M is
defined by

SXP =X, DX =-X]
for X € X(M) and u € TM, which is characterised by
dr(JoA) = —K(4), K(JoA) = dr(A)

for A € X(T'M). The pair (Jy,Go) is an almost Hermitian structure on 7'M and
the corresponding Kahler form coincides with the canonical symplectic form wy.
Therefore, (T'M, Jy, Gy) is an almost Kéhler manifold.

Theorem 1.2 ([2]). An almost Kdhler manifold (T'M, Jy, Gy) is integrable if and
only if (M, g) is locally flat.

Proof. Let N be the Nijenhuis tensor of Jy. Then, for any X, Y € X(M) and u €
TM, we have N(XH V) = —N(XV ) VV), N(XE YY) = JN(X),YV). Thus, it
suffices to show that N(XY,Y,Y) = 0 is equivalent to R = 0. By Proposition 1.1,
we have

N(X) Y ) = XY = (VY ) + (Ve X))

and thus dn(N(X),YY)) =0, K(N(XY,Y))) = —R(X,Y )u, which completes the
proof. O

2. A family of almost Hermitian structure on 7'M

In this section, we introduce a family of almost Hermitian structure (J,G) on TM
defined by M. Tahara and Y. Watanabe ([5]) and compute the covariant derivative,
exterior derivative and coderivative of the Kéhler form of (J, G).

Let (M, g) be a Riemannian manifold of dimension n. We define an almost com-
plex structure J = J(f,h) on the tangent bundle TM of M by

h —
IXP = XY+ g
1 h—f
XV = ——XH 4 — (X, u)ul

for XY € Try(M) and u € TM, where ¢t = |[u|* and f,h : [0,00) — R are
positive C'*-functions such that (f(¢t) — h(t))/t is C* at t = 0. Moreover, we define



a Riemannian metric G = G(«, 3, f, h) on TM by

G(X, V) = ag(X,Y) + Bg(X, u)g(Y, ),

alf> = h?) +tf°p
tf2h?

(6%
G(Xfa Yuv) =0,

G(anyuv> = g(X7 u)g(Y7 U,),

for X,Y € Trw)(M) and v € TM, where C*-functions «, 3 : [0,00) — R satisfy
a(t) > 0 and a(t) +t3(t) > 0. It is easy to verify that (J, G) is an almost Hermitian
structure on TM. In particular, (J(1,1),G(1,0,1,1)) coincides with the almost
Kéahler structure (Jy,Go). Also, (J,G) includes the almost Hermitian structure
constructed in [1] and [4], see [5] for more details.

We denote by V and €2 the Riemannian connection of G and the Kéahler form of
(J,G), where Q(-, -) = G(-,J-). Furthermore, we put

1 = 2h(log )" — ﬁ7
o
o = 2h(log f) — g’
¢3:¢1—¢2=2h(10gg) _ﬁ_i_h_f
/ o t

By direct (and tiresome) calculation, we obtain the following three propositions.

Proposition 2.1. For X,Y,Z € T,(M), w € TM (n(u) = p), the covariant deriv-
ative V) is given by

04/)1

(Vap )V, 2 = SHg(X, Y )g(Z,u) — g(X, Z)g(Y, u)} (2.1)
2f<(YZ)Xu>
(Vg (Y, Z)) = ;“}”;{gm Y)g(Z,u) — g(X, Z)g(Y,u)} (2.2)
20 Y. wg(Z,)
— g(ROX,u)Z u)g(V.u)} = 5 50(R(Y. 2)X,0)
(Vxy DV, 2)) = 5 fh<w1—2w2> 9(X,Y)g(Z,u) (2.3)

~ 5t~ 202)9(X. 2)g(¥.u)

a(h — f)(¥1 — 2¢»)

* 2 f7h

g(X,u)g(Y,u)g(Z, u)




a(h - f)

+ 2tf—3hg(R(X’ w)Y,u)g(Z,u)
~ 5 d(RY: 2)X, w)
(Vxa (Y1, ZY) = (Vxy (V] ZI) = (Vap) (v, 2Y) = 0. (2.4)
In particular, if M is a space of constant curvature ¢, we have
(T2 = § (0= S ) X200 - g XD}, (29
(V)Y 2)) = 5 (m - ?) {9(X,Y)g(Z,u) - g(X, Z)g(V,u)}, (26)
(T2 2Y) = 5 (- 20+ 5 ) X Va2 27)
~ o (- 24 ) g(X Z)g( 0
+ % (wl — 2tpy + %) 9(X,u)g(Y,u)g(Z, u).

Proposition 2.2. For XY, Z € T,(M), v € TM (m(u) = p), the exterior derivative
dSQ) is given by

_O}_z/f{g@, Y)g(Zu) - g(X, Z)g(Y,u)},  (28)

dUXT v 70y = d(XE v ZY) = dX),Y,), ZY) = 0. (2.9)

dQ(quI? Yuvv ZX) =

Proposition 2.3. For X € T,(M), uw € TM (w(u) = p), the coderwative 62 is
given by

SQUXT) = —(n — )3 (X, u), (2.10)
5QUXY) =0. (2.11)

3. Conditions for each classes

First, we recall the sixteen classes of almost Hermitian manifolds established in [3].
Let M = (M, J, g) be an almost Hermitian manifold and {2 the corresponding Kéahler
form. We denote by # the set of all almost Hermitian manifolds of dimension 2n.
Making use of the invariant subspaces #1, ..., #, of the unitary representation, we
can classify # (dimension 2n > 6) into following sixteen classes.

(1) # = Kahler manifolds: VQ = 0.
(2) # = A& = nearly Kéhler manifolds: (VxQ)(X,Y) =0.
(3) #s = ¥ = almost Kéhler manifolds: dQ2 = 0.



(4) #5 = H N S# = Hermitian semi-Kéhler manifolds:
(Vx)(Y, Z) = (VxQ)(JY, Z) =002 = 0.
(5) #i:

(Vx)(Y, 2) = - {9(X,Y)0Q(Z) — g(X, Z)02(Y)

2(n—1)
—g9(X, IY)SUJIZ) + g(X, JZ)5QUJTY)}.

(6) M1 U Wy = 2% = quasi-Kéhler manifolds: (VxQ)(Y,Z) + (V;xQ)(JY,Z) = 0.
(1) Uy (VxQ)(X,Y) = (VuxQ)(JX,Y) =002 = 0.

(8) M1 UH,:
(T3 Y) = = (IXIPO0(Y) — (X, Y)S0X) = 9(IX, V)6UIX))
(9) #oUHs5: X§Z{(VXQ)(Y, Z)—(VxQ)(JY, Z)} = 6Q = 0, where & denotes the
cyclic sum.

(10) #2U%i: & (VY 2) - g(X, JY)oQ(JZ)/(n = 1)} = 0.
(11) #5 U W, = = Hermitian manifolds:
(Vx)(Y, Z2) — (V,x)(JY, Z) = 0.

(12) U Ho U W5 = S = semi-Kéhler manifolds: 62 = 0.
(13) 1 U W U #y:

(VY. Z) + (VsxQ)(JY, Z) = —ﬁ{g()(, Y)00(2)
—g(X, Z2)5(Y) — g(X, JY)SUTZ) + g(X, TZ)5Q(IY)}

(14) MU0 H,: (VxQ(X,Y) = (VyxQ)(JX,Y) =0.
(15) #o U W5 U #y: X§Z{(VXQ)(Y, Z)— (VyxQ)(JY,Z)} = 0.
(16) # = almost Hermitian manifolds: No condition.

In case dimension 2n = 4, # can be classified into following four classes.

(1) # = Kahler manifolds.

(2) #5 = almost Kéahler manifolds.
(3) #, %” Hermitian manifolds.
(4) # = almost Hermitian manifolds.

Now, we return to our almost Hermitian manifold 7'M = (T'M, J, G) and examine
the conditions for (J,G) such that TM belongs to each of these classes. For a
constant ¢, we may consider next four conditions:

(Co) M = (M,qg) is a space of constant curvature c,



() 2h(loga) — % _ % =0 (= ¢ =c/f),
() 2Mlog sy ~ L =% =0 (= da=c/),
(Cs) 2h <log%) - ﬁ h;—f =0 (<= Y1 =1)

From (2.8)—(2.11), (C3) is equivalent to dQ2 = 0 and 692 = 0.

Theorem 3.1. For almost Hermitian manifold TM = (TM, J(f,h),G(«a, 3, f,h)),
we have the following:

TM € K if and only if (Cy), (C1), (Cy) and (Cs).

TM € W = NH if and only if (Cy), (C1), (C2) and (Cs).
TM € Wy = X if and only if (Cs).

TM e Wy =0 if and only if (Cy), (C1), (C2) and (Cs).
TM € ¥y if and only if (Cy) and (Cy).

TM € W1 U Wy = 2% if and only if (C3).

TM € #, UW5 if and only if (Cy), (C1), (Ca) and (Cs).
TM € #1 UH, if and only if (Cy) and (Cy).

TM € #y U W5 if and only if (Cs).

TM € #5U W, for any f,h,a, 3.

TM € #3U W,y = if and only if (Cy) and (Cs).

TM € W1 U WU W =S if and only if (C3).

TM e LU W UW, for any f,h,a, .

TM e W UWs W, if and only if (Cy) and (Cy).

TM € #oU W5 W, for any f,h,a, .
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Proof. (1): First, we consider the case dim7TM > 6 (dim M > 3). Assume that
M is not a space of constant curvature. Then, from (2.1), the condition VQ = 0
requires & = 0. Thus, M must have a constant curvature c. The, form (2.5)—(2.7),
we observe that VQ = 0 if and only if ¢; —¢/f = 0 and 1)1 — 21 + ¢/ f = 0, namely
(C1), (Cs) and (C3). If dimTM =4 (dim M = 2), the curvature tensor R is of the
form

9(R(X,Y)Z, W) = k(p){g(X, W)g(Y, Z) — g(X, Z)g(Y, W)},

for X,Y, Z, W € T,(M). Therefore, the equalities (2.5)—(2.7) are valid if we replace
¢ with k(p). Then, form (2.5), we may show that k(p) must be constant. So, the
argument comes down to the case of constant curvature. Hence, (1) follows.

Using (2.1)—(2.11) and making a similar argument as above if necessary, we can

prove (2)—(15). 0
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