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arbitrary closed subsets by the formula
dim(V(er)) = dim(A/o2)

where g is an arbitrary ideal of A.
If M is a finitely generated A-module we define
dim(M) = dim(Supp(M)) = dim(A/ann(M)).

Here we use the fact, mentioned in the preliminaries, that
Supp(M) is the closure in Spec(A) of Ass(M), and Ass(M)
consists of the prime ideals associated to ann(M).

If NC M is another A-module we see trivially that

<

dim(N)

dim(M)

A

dim(M/y) = aim(M)

In fact ann(N) D ann(M), ann(M/y) D ann(M).
A non-trivial statement, proved in Bourbaki's, chapter IV, §2,
is the following:

Theorem 1.2. dim(M) = O if, and only if, M has finite

length, in the composition series sense.

§2. HILBERT-SAMUEL POLYNOMIAL
Iet H be a graded ring, i.e.

H= n goHn
where H  are (additive) groups and h -h €H ., for
hn € Hn’ hm € Hm' Clearly Hn is an Ho-module. We assume:

a) H, is an artinian ring

b) H is generated (as an Hy-algebra) by finitely

many elements of Hy.
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An H-module M is called graded if M = @ Mn’ where Mn are Ho—
n
modules and

Hn Mp C:Mh+p'

If M is a finitely generated H-module, then Mn is a finitely

generated H -module and (since Hj is artinian) M, has finite

length.

Definition 2.1. The Hilbert-Samuel Polynomial of M, x(M, n)

is given by

x(M, n) = length =, M~ for large n.

Of course one needs to prove that x(M, n) is indeed a

polynomial. In fact

Theorem 2.1. (Hilbert) ILet H, M be as stated above. Then
there exists a polynomial P(X) € Q[X], which achleves integer
values for integer values of X and such that, for all sufficient-

ly large n,

x(M, n) = P(n)

Proof: Since H is finitely generated over H0 by Hl’ we
have a homogeneous epimorphism (of degree 0)

c
Ho[X1,...,xr] SH->O0

and M becomes a finitely generated Ho[Xl,...,Xr]—module. Now
length H Mn is independent of whether we consider M as an H-
o

module or an H,[X;,...,X ]-module (since c is onto). Hence we
may assume H = Ho[Xl,...,Xr].

We proceed by induction on r. When r = 0, H = Ho and, since



22

M is finitely generated by, say, m

i € Mni, we have Mn = 0 if

n 2 max {ni}. Hence x(M, n) = O for n sufficiently large.
i

Let 9,.:M — M be given by ¢(m) = X .m. Then 9, is a

homogeneous morphism of degree 1 and we have

@
O->5No>MoS5SM-oSC-0

O->N ->M ->M. ,->C,,-20
Since length (-) is an additive function we have
o
x(M, n+1) - x(M, n) = x(C, n+1l) - x(N, n)

For n € N, ¢ € C we have Xr-n =0, X.ec =0, hence N and C are

r
Ho[xl""’xr-l] modules, and, by induction, x(C, n+l) - x(N, n)
is a rational polynomial in n, for sufficiently large n. A
standard argument now shows that x(M, n) is also a rational
polynomial, for n sufficiently large.

For the remainder of this section we assume that A is a

noetherian, semi-local ring.

Definition 2:2., Let ﬁy be an ideal of A. We say that o is

an ideal of definition 22 é, if the ring A/y is artinian.

We recall here that a ring A is called artinian if it
satisfies the descending chain condition or, equivalently, if
every prime ideal of A is maximal.

We assert:

Proposition 2.1. ILet 4 be an ideal of A. The following

three conditions are equivalent.
a) v is an ideal of definition of A
b) A/4 has finite length (in the composition series sense)
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c) 9 D Wk, where W denotes the radical of A.

b) => a) is immediate, since A/9 satisfies both chain
conditions. a) = Db) follows from the fact that an artinian
ring is also noetherian.

c) => a) follows from the following observation: if
7 DWW and a prime ideal P contains ¥, then P is one of the
maximal ideals of A. To see that a) => c) we observe first,
that since A/7 is artinian, rad(A/7) = the set of nilpotents in
A/7 . Now, clearly, rad(A/9 ) = o(A), where :A —>A/7 is the
canonical epimorphism.

If7 is an ideal of definition of A and M is a finitely
generated A-module, M/7 M is a finitely generated A/7 -module (in
fact M/7M Me A A/r¢/), hence M/7M has finite length.

Theorem 2.2. (Hilbert-Samuel) Iet A, '7 » M be as above.
Then

a) M/O/n M has finite length

b) 1length A(M/A;'n M) = Po/ (M, n) is a polynomial in n for

n sufficiently large.

Proof: We prove a) by induction on n. When n = 1 the

assertion is precisely the observation we made previous to the

k+1

statement of the theorem. Clearly, for all k, 47k/»0/~' is a

finitely generated A-module (A noetherian). Hence

(M/57M) ® , 4971‘/,.'71‘*1 is a finitely generated A-module. The

epimorphism

k+1 k+1 M

(w4 u) @ A/k/cy > o K M/e/

given by m ® g ~— qm (here m, g denote the equivalence classes
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of meM, q ¢ v ) shows that 4 M/-q lMisa finitely
generated A-module. Finally the exact sequence

n+l n+l

(#) 0o g " Wog™ M-sMg ™ MMyt M0

and the induction assumption prove a).

To prove b) we define

gr?,

gr(M) = i® q M/qi+l

M!
=

where qo = A, Since H° = A/y is artinian, H is generated over
2

Ho by finitely many elements of Hl = 7/7 (any A-basis of -7

will do) and M!' is a finitely generated H-module (any A-basis of

M will do); we can apply Theorem 2.1 and get

n+l

length(qn M/q M) = a polynomial in n for n >> O.

(We write n >> O for "...n sufficiently large".)

From the above exact sequence (&) we get

Length (M/4 n+l oy - length(M/g ™ M) = length(g™ M/gy n+l g
or

P7 M, n+1)-7P 7 (M, n) = a polynomial in n for n >> O.
The theorem is proved.

Note: The geometrical significance of the polynomial
P?, (M, n) was discovered by Serre, and it is the following.

Let H, M' be as in the proof of the theorem. Iet X = Proj(H),
;‘1 = the sheaf over Proj(H) associated to the graded module M ':

then for every n, Py (M', n) = Z: (-1)1 length Hi(X, g(n)).
i
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We do not go into further details, except to point out that,
for n >> 0 HI(X, ?(n)) = 0, which throws a better light on the
somewhat unsatisfactory statement of b), (for n >> 0).

Let now A, 7 » M be as usual. A filtration
M=M D) My Deed M, D... is called a 4 - good filtration of

MAf g M, C M, ,, with equality holding for n = n,.

We assert

Proposition 2.2. Under the above hypotheses, for n >> 0

length, (M/M ) = P((M,), n) = a polynomial in n of degree and
coefficient of the term of highest degree equaling those of
P q (M, n) .

Proof: As in the proof of theorem, we prove by induction

on n that M/Mn has finite length. In fact M/Ml is an A/ -
module finitely generated, and

0 —’Mn/Mn+l ——)M/Mn+l -->M/Mn -0

and 9 (M, /M .,) = 0, whence M /M . is an A/g -module and has
finite length.

Consider now the module Mn . It is a finitely generated
o

A-module and Mn+no = anno. Hence, by theorem 2.2
length(Mno/l%_,_no) = a polynomial in n, for n >> O.
The exact sequence

0 - Mno/Mn+n0 - M/M

nhn MM, -0

(o}

shows that length(M/M,) is a polynomial in n for n >> 0. The



26

inclusions

n+n

o n
7 MCMn+noC?' MCMn
give exact sequences

0-M /7"*“0 M —>M/7n+n0 MMM, -0
(o) (o]
0 - 7“ M/Mn+no -n«x/Mn+r10 —~M/ g" M0
O—)l%/an—aM/an—)M/Mn-aO
whence
p7 (M, n+n ) 2 P((Myy )5 nn,) & Ty (M, n) 2 P((M,), n).

Since P?, and P are polynomials, they must have the same degree

and the same highest degree coefficient, Q.E.D.

Proposition 2.3. Iet q, q’ be ideals of definition of A,
M a finitely generated A-module. Then P7 B 7 ; are polynomials

of the same degree.

Proof: Since rad(fy') = rad(7) =W we have (A is
noetherian) 7 Dq’p and 7' D 7m’ for some m. Hence

o—>?¢'n M/qu—>M/9!an-—>M/7'nM—)O

whence P ,(M, n) £ P

7

(M, mn) and similarly

7

P_ (M, n)

7

and the proposition is proved.

1 (M, pn)

.S_P?

Definition 2.3. Iet A, M be given as above. Then deg P
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(which, by the proposition above is independent of 7) is
denoted by d(M).

Proposition 2.4, Let A be as usual, and let

0-H>M' 5 M-M" 50

be an exact sequence of finitely generated A-modules. Then, for

any ideal 7 of definition of A:
deg[P,, (M) - P, (M') - P_ (M")] = a(M') - 1 S 4a(M) - 1
eg ,7( ) 7( ) 7( N=amr) (M)

Proof: By the Artin-Rees lemma (B.C.A., III, 3, corollary
1) the submodules M'n =,7nMﬂM'of M! form & 7— good filtration of
M!. By proposition 2.2 we have (*) Pq (M') and P(M' ) have
the same degree and the same highest degree coefficient.

The exact sequence
o] ->9rn M("\M'-417n Mo 9ﬁllf'—90
gives an exact sequence

0 Mt/ 7“ MO M! -)M/ynM-aM"/an“ -0

whence
P7 (M, n) - P?' (M", n) - P(M',, n) =0
P, (M) - P_(M") - P(M! =0
7( ) 7( ) n)

Hence

P(M!' ) = P_ (M) - P, (M"
(1) ?() ’()

and, by (*),
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Pq (M) = Pq M) - P?' (M") + a polyn. of degree
at most d(M') - 1.
The first inequality is proved. The second follows immediately

from observing that 0 = P?, (M, n) S (M, n), for n > 0,

7

whence

deg P, (MY) = geg P

9 ?(M).

Iet M be a finitely generated A-module, and let
Fyseees¥g e be a set of generators of W . Then
M/y; M +...+ y, M is an A/ -module and hence has finite length.
With this in mind we give the following:

Definition 2.4. We denote by s(M) the smallest integer k

satisfying the following condition:
there exist k elements KyseeesXy in W such that

M/xl M +...+ x, M has finite length

We are now in the position of proving the main result of

dimension theory, namely

Theorem 2.3. (Krull-Chevalley-Samuel) Iet A be a semi-
local noetherian ring, M a finitely generated A-module. Then
dim(M) = d(M) = s(M).

Proof: (Serre). We shall prove

1) dim(M) = d(M)
2)  d(M) = s(M)
3) s(M) = aim(M).

We start with the following
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Lemme 2.1. Let x e W ,» consider the exact sequence

0o MM LM oM/xM o0

where ¢(m) = xm. Then
1) s(M) = s(M/xM) + 1

11) Iet (Pyse-es Pm) denote those points of Supp (M)
such that dim(A/Pi) = dim(M), £+ = 1,...,m. If

x ¢ 1(1 P, then dim(M/xM) = dim(M) - 1
111) deg[P,(xM) - Pq (M/xM)] = d(M) - 1, where 7 is
any ideal of definition of A.
Proot:
1) Let N = M/xM, and let y;,...,y, €W such that
N/yy N +...+ y, N has finite length and k = s(N).
The isomorphism
N/yl N+...+yk N — M/xM + y1 M-I-...+yk M
proves 1).

11) We start with a word about the Pi's. By definition
we have dim(M) = d:.m(A/am(M)). If P15 Poseces Pis
t 2 m, denote the prime ideals associlated to ann(M)
in A one easily sees that
dim(M) = 1:&3: aim(A/ Py ).
1=1i=¢
Hence the prime ideals mentioned in the statement of 1ii)
are to be found among the points of Ass(M).
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We have to compare dim(A/ann(M/xM)) with dim(A/ann M)
Let ql”"’ qt be those prime ideals in A associated to
ann(M/xM) and such that dim(M/xM) = dim(A/qj). Then, for
some 14, 1 s 1y £ ¢, we have qJ D )913. Let

4
70(: ‘7::_C ... C 71'{ be a chain of prime ideals of maximal
FhE Ty

length in A/ann(M/xM), i.e. k = dim(M/xM). The prime ideal
q:) corresponds to & prime ideal ¢ of A containing ann (M/xM)
and, from k = dim(M/xM) one sees that 7 = ?'j for some Jj.

We proceed in steps.

Case 1. 73 D /bij’ i; >m. Then

dim(M/xM) = dim A/ Y = dim A/ o, < dim(M)
J
and ii) is proved in this case.

case 2. ¢ 32 Pij’ 1y 2= m, Then (since x € 7,)

7J i Pij and the chain Pi,ji %i ... shows that

aim(M) 2 k + 1 and ii) is proved in this case also.

1i1). We have two exact sequences
0> M->M-xM-0
0 —xM—>M-M/xM -0
Now
deg[P7 () - P7(M/XM)] =
deg[(Pq (M) + P7(x.M) - P?,(M)) + (P?, (M) - P7 (xM) - P7(M/xM)]

and, by proposition 2.2 the right hand side is the degree of the
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sum of two polynomials, one of degree = (M) - 1 = d(M) - 1,
the other of degree = d(xM) - 1 = d(M) - 1. The lemma is
proved. Now we return to the proof of the theorem.

1) dim(M) 2 4(M). We proceed by induction on d(M).

d(M) = 0. Then P? (M) = constant, whence
length (M/g ™ M) = length (M/gr™*1 M) for n >> 0.
7 7
The exact sequence

n+l n+l

M/—)M/9' M_>M/¢“M—>o

0——>7nM/¢

shows length (7 n M/?'n"'l

n+l

M) = O whence qn M= g M. Now,

we take 7 = W, and then we have [} w ™ = (0), whence
nZo

yfn M =0 for n > > 0. Hence M is an A/yrn—module, and since
A/W™ is artinian, its dimension is O, whence dim(M) = O.
Hence 1 holds when d(M) = O.

Choose a prime /M, € Ass(M) such that dim(M) = dim(A/ Z,).
Since PO is the annihilator of an element m € M, the submodule
N =Am C M is isomorphic to A/Po. By proposition 2.4 we have

<

d(N) = d(m)
and

dim(N)

n

dim(M)

Hence it suffices to prove 1) for N. ILet
POC PlC Po --- C P, be a chain of maximal length in A,

+

corresponding to a chain of maximal length in A//bo (note that
n =+ ®©ig g priori possible). If Plﬂh’ C PO’ then PO on,

whence is maximal (because A is semi-local), a contradiction.
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Choose x € Plﬂ W, x ¢ Po-
We have
N/xN = (A/xA) ® AN
and, from proposition 18 of B.C.A., II, §4 we get

Supp (N/xN) = Supp(N) N V(x).

v

Hence P,, Poreees Po e Supp (N/xN), whence dim(N/xN)
(in particular, if dim(N/xN) is finite, so is n). Now trivially

n-1

the homomorphism A/ PO > A/ FO given by & mw— xa is injective,
hence N = 0. By lemma 2.1 we get d(N/xN) = d(N) - 1 = d(M) - 1,
and by induction dim(N/xN) S d(N/xN) (and we have proved that n
is finite). Now

dim(M) = n = dim(N/xN) + 1 = 4(N/xN) + 1 = d(M)

and 1) is proved.

We observe here that we have actually shown dim(M) < + .
2) d(M) = s(M). Let {x;};s;=, be elements of " such

that, letting 4t = x; A +...+ x, A, Wwe have length (M/ X M)<+ =
and n = s(M). Iet ¢ =1oC + W N ann(M). We have

ann(M/7 M) O ¢C, hence the prime ideals in Ass(M/7M) are
maximal, and therefore 7 D) }fk for some k, 1i.e. 7 is an ideal
of definition of A. Now clearly 7'“ M= ozm M, whence

7‘“ M/_7m+l M= of M/otm'l M. Let z;,...,z, be a minimal set

of generators of M over A. Then the elements

v v

{x; l...xn Sz, 11w, vy 4.+ v = mare a set of

generators of 6" M/dtm"'l M over A/? . Let length (A/Ay) =
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a(a < + = since A/q is artinian). Now

m+1l

length (9™ W/ g™ M) = length (" M/a™ M) s

n+m-1

a.r. ( = a polyn. in m of degree n - 1.
n-1

The exact sequence

m+1

O-equ/an'lM—)M/q M—)M/qu—>0

shows 2).

3) s(M) = dim(M). We proceed by induction on dim(M)
(which is finite by 1).
dim(M) = 0. Then length (M) < + « (since A/ann M is artinian)
and no elements of W are needed to have length (M/x1M+...+ka)
< + ®©, Hence s(M) = 0 and 3) holds. ILet n = dim(M) Z 1. ILet
{ Py} sys, be those elements of Ass(M) such that dim(M) =
dim(A/Pi). Since n 2 1 the R_L are not maximal. We assert:

m m
W ¢ iUl Py- In fact, if o C iLJl P, then, by

proposition 2 of B.C.A., II, §1, we have W C Pi for some i, a

contradiction, since pi is not maximal. Hence we can choose
m
xeW , x § U Pi' By lemma 2.1 we have
i=1
s(M) = s(M/xM) + 1
and dim(M/xM) = dim(M) - 1. Hence, by induction

s(M/xM) = dim(M/xM)
and finally

s(M) = s(M/xM) + 1 = dim(M/xM) + 1 S dim(M),
Q.E.D.
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We give a brief description of the geometrical meaning of
the three numbers dim(M), s(M), d(M).

We admit right off that d(M) is a far-reaching concept
leading in particular to certain results of intersection theory,
and we shall limit ourselves to a geometrical interpretation of
dim(M) and s(M).

dim(M) is the simplest of the two. It simply gives the
maximal length of irredundant descending chains of irreducible
subsets of Supp(M). (Such chains must necessarily terminate
with a closed point.)

s(M) has a somewhat more sophisticated interpretation.
Remembering that Supp(M/xM) = Supp(M) M V(x) and that
length (M) < + © &> dim(M) = 0 &> dim(Supp(M)) = 0 >
(by above remark) <===> Supp(M) consists of a finite number of

closed points. We see that s(M) is the smallest number of
"hypersurfaces" (the V(x)'s) such that their intersection with
Supp(M) is zero dimensional.

There is a fourth integer that one should introduce in
this connection, but which is related to the previous three, in
general, by an inequality rather than equality.

Iet A be a local ring, 7, its maximal ideal. The A-module
# /m? is (clearly!) annifilated by M, hence #/, 2 is an A/m
module, i.e. a vector space over k = A/#ML. dimk(ﬂn/%bz) is the

fourth integer we wish to consider. We assert:

Proposition 2.5.

s(A) = dimk(‘”b/m2)-
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Proof: Let XyseeesXy be elements of #L such that their
equivalence classes (mod mg) form a basis of m/ma over A/m .
We assert that XyseeasX) form a system of generators of 7¢.

Let

M=x AGBngGB...anA

1
N=m

and let u:M — N be defined by u(a;x; ®...® &, X,)= Z: a;X, .

Let 2L = m 2 C rad(A) = 7. Now

Ne@A/ 2= M/ _»2
and m ”
u® id M A/, 2-5M/ 2

By 2 " m

is surjective, since we have the commutative diagram

n
M® A4~ © k

i=1
v
cp[ \
M® A/mz - M/mg
"

and @, ¥ are surjective. By Nakayama's lemma we have that u is
surjective, which proves that XiseeesXy form a system of

generators of M.. Hence A/xlA +eoeot an = k and 1engthA(k) <+ >,

A

Hence s(A) = n = rankk(M/mg), Q.E.D.

We show with an example that s(A) < rankk(‘m/mz) does happen.
We observe first of all that (trivially) any set of generators
of M, gives rise to a set of generators of m/’lba over k. Hence

dimk(m/rng) = smallest number of generators of Mit. Let now
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R = C[X, Y]/(Y2 - X3) = c[x! .V]

= xR + yR
A=RP
m = PAP .

We make (without proof) the following assertions: (b), c)

have easy proofs)

a) dim R=1
b) R is an integral domain
c) p is prime

Hence it follows that P 1s maximal and that s(A) =

dim(A) = 1. But #t is not principal, in fact dimy o (#e/,,2) =
2., To see this, consider the diagram

M/A

|

mNR = p~—

We see that dimA/m(ﬂt—/mz) = smallest no. of generators of
m = 2 (x, y generate m). However, were m principal, so
would p be. Now were it so, the inverse image of P under
€[X, Y] - R would be principal mod (Y2 - X3), which is easily
seen to be impossible. Hence dimc(m/MQ) = 2. (Note that
A/m. = ¢). From dim R = 1 one obtains dim(A) = 1, whence
s(A) = 1 < dimg(t/,, 2).
When the local ring A is such that s(A) = dimy oo (M/1e2)

we say that A is a regular local ring.
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The geometrical interpretation of the number
dim, /i, (Mt /4y 2) is the following: it is the number of linearly
independent linear forms (modulo forms of higher degree). This
corresponds to the classical concept of the dimension of the
tangent space.

If A is not a local ring, one can still talk about dim(A),
and one trivially gets the formula

ain(A) = Sup(ain(Ap,))

where m ranges over the maximel ideals of A.

We give a brief description of the situation when
dim(A) = 0, 1.

dim(A) = 0. Then A is artinian, hence semi-local. Iet
W = nil radical(A). We get AM = @ A/m,, L.e. AM 1is a
direct sum of fields. Spec(A) consists of a finite number of
closed points, and the local rings are primary rings (1.e. some
power of the maximal ideal is 0). In fact, since A is artinian,

n n+l
mi)

Q (m, Ami)n = (0). Furthermore we have

so is Ami, whence (M A = (""1 s n>>0, and

A, )
m;

A =T(Spec A, A) = ® Agy,

which is easily seen from the fact that Spec(A) consists of a
finite number of closed points.

dimgAz = 1., In this case the prime ideals of A are
either minimal or maximal, and there are only finitely many
minimal primes, with at least one, say p , such that
dim(A/p ) = 1. If A is local, all minimal primes have this
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property. There are infinitely many maximal primes, if A is

not semi-local.

A typical example of this case are the Dedekind rings, i.e.

noetherian, integrally closed domains A such that every prime
ideal P C A, P %+ (0) is maximal. It follows that all local
rings A-P are valuation rings.

We note however that, while in the case A = €[X] all local
rings AT are isomorphic, when A = Z we obtain distinct local
rings, for distinet P .

One can get more one-dimensional examples in the following
way: Let A be a Dedekind ring, K its field of quotients, L a
finite extension of K. Then any ring B, with AC BC L, is
one dimensional (and need not be Dedekind). (Krull-Akizuki
theorem, B.C.A., VII, §2.) Other examples are the orders of A in
L, i.e. rings contained in A, with field of quotients L (hence
not integrally closed when they are different from A).

If A is one dimensional local ring which is a Dedekind domain
(1.e. integrally closed), then A is a valuation ring (See Lang,
"Introduction to Algebraic Geometry", theorem 1, p. 151, or
B.C.A., VI).

The geometrical interpretation of the notion of Dedekind
rings is seen by observing that, if A is a Dedekind domain, Spec(A)
consists of one minimal prime and maximal primes whose local rings
are integrally closed whence regular. Classically this
corresponds to the notion of an irreducible, non-singular curve.

Iet A = €[X, Y], and let £(X, Y) € €[X, Y]. Then a

classical statement in Algebraic Geometry is that the irreduc-
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ible components (in the Zariski topology) of the variety of
zeros of f(X, Y) have codimension = L We generalize the above
situation with the following:

Theorem 2.4. ILet A be a noetherian ring, XyseeesX,
oL = x; A+...+ x A, Let p be a minimal prime in Ass(A/ee ).

Then codim(V(p)) = d:Lm(AP) =n

€A,

(When n = 1 this is the well-known "Hauptidealsatz").
Proof. We have the inclusions AP D pAP DaAP .
Since p is minimal in Ass(A/0t), there are no primes of A
properly included between P and ¢ , hence AP /atA has a
unique prime ideal (namely P(AP /uAP )), and is therefore

Artinian, whence of finite length. Now AP /aAP ~
AP/xl AP oot X AP » Whence codim(V(P)) = dim AP =
s(AP) S n, Q.E.D.

Theorem 2.4 1is an example of how we can apply our local
dimension theory to & global situation.

Some final results concerning the notion of dimension:

Theorem 2.5. (Artin-Tate). ILet A be a noetherian integral

domain. Then the following conditions are equivalent:

a) A is semi-local of dimension = 1
b) (0) is an isolated point in Spec(A)
c) there exists an f € A such that A, is a field.

Proof: We give a cyclic proof.

a) ==> b). Since A is integral, (0) € Spec(A). Since A
is semi-local, there are a finite number of closed points,
{m.},....{"} in Spec(A). Since dim(A) = 1, Spec(A) consists
precisely of {(0)}, {#,},...,{”} and b) follows.
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b) ==> c¢) Since (0) is isolated in Spec(A), and the open
subsets {D(f)}feA form a basis for the Zariski topology of
Spec(A), there exists f € A such that D(f) = (0). But
D(f) = Spec Ag, whence A, has only one prime ideal, namely (0),
and c) follows.

c) ==>a) Let P ¥ (0) be any poilnt of Spec(A). The
injection A —->Af shows, since Af is a field, that 1 € P Af.
Hence f € P . We assert:

(*) every minimal prime ideal of A/fA is maximal.

In fact, since A/fA is noetherian, let Pl’ «ees P, be the

k
minimal prime ideals of A/fA. Assume that one of them, say

P,, is not maximal. Ietft D P, be maximal. Since Pjis

+

k
minimal, we have M + PJ, J= 2,000k, IfMC U PJ, then
J=1
M= pJ for some j, which we have just shown not to be the
k

case. Som { U Pj i.e. there exists g' e #t such that
J=1
g ¢ Py J=1,...,k. ILet g € A such that g' = g + fA. Iet
0/ be a minimal ideal of Ass(A/gA). By theorem 2.4
Codim(V(¢f)) ¥ 1, and clearly Codim(V(g)) = 1, since 9 + (0)
and A is an integral domain. Therefore q is a minimal prime
of A, hence f eq and th/fA is a minimal prime of A/fA, i.e.
‘O/-A/fA = PJ for some j. Clearly g ey » hence g' € PJ, is
a contradiction. Therefore assertion (*) above is proved, and
every non zero prime idegl of A i1s hence maximal. Furthermore
the only prime ideals of A are (0) and the inverse images of
Pl""’ Pk Hence A is semi-local and dim(A) = 1.
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Proposition 2.6. ILet A be a noetherian semi-local ring,

M a finitely generated A-module, x € W = rad(A). Then
dim(M/xM) 2 aim(M) - 1

and equality holds if, and only if, x belongs to none of those
minimal primes p e Ass(M) such that dim(M) = dim(A/p).

Proof: By theorem 2.3 and lemma 2.1 we have
aim(M/xM) = s(M/xM) Z s(M) - 1 = dim(M) - 1.

Now assume that x belongs to none of those minimal primes
p e Ass(M) such that dim(M) = dim(A/P ). Again by theorem 2.4

and lemma 2.1 we have
dim(M/xM) = dim(M) - 1

whence equality holds. Conversely, assume that equality holds.
Let Piseees Py € Ass(M) such that dim(M) = d:Lm(A/pJ),
j=1,...,k. Then clearly Pj ¢ Supp(M/xM) (since, for any M,

dim(M) = dim(Supp(M)) = Sup (dim A/p) = Sup (dim &/p)).
P eSupp (M) P €Ass (M)

More quickly, since Pj € Supp(M) and Supp(M/xM) =
Supp (M) N V(x), x ¢ P:]' Q.E.D.
We define a notion extensively used in Algebraic Geometry.

Definition 2.5. Let A be a noetherian semi-local ring.

A set of elements XqseeasX, € W 1is called a system of

parameters of the finitely generated A-module M if n = dim(M)
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and M/xl M+...+ X M has finite length.
Note that, by the remark preceding definition 2.5 and
theorem 2.4 every A-module admits a system of parameters.
We prove

Proposition 2.7. ILet A, M be as in the above definition.

Let XqseeesXy ew . Then

>
dim(M/x; M +...+ x, M)

I
=]
I
L

and equality holds if, and only if, the system Xyse..5X, can be
imbedded in & system of parameters of M.

Proof: We proceed by induction on k.

When k = 1 the inequality holds by Proposition 2.6.
Furthermore equality holds if and only if x belongs to none of
the primes p in Ass(M) with dim(M) = dim(A/p). Let
XqseeesX) o €W such that s(M/xM) = n - 1, (M/xM)/x;(M/xM) +...+
x,_,(M/xM) has finite length. (See definition 2.5) Then
Xy XpseeesXy 4 is a system of parameters of M. Conversely, if
x can be imbedded in a system of parameters, say x, XyseeesXy 9
then s(M/xM) £ n - 1 and, by Proposition 2.6, dim(M/xM) = n - 1.

Q.E.D.
The equality

M/x) Mbo.otx, M= (M/x) Mbooodbx, g M)/x (M/%) Méo.obx, ) M)
shows, by the induction assumption, the desired inequality.

Assume now dim(M/x; M +...+ x, M) = n - k. Then, letting
N = M/xl M

dim(N/x, N +...+ x, N) = (n - 1) - (k- 1)



43

]

(n-1)- (k-1) 2 aim(N) - (k-1) = dim(M) - 1 - (k1) = n-k
whence dim(N) - k + 1 = n - k or dim(N) = n - 1. By the
induction assumption, {x2,...,xk} can be imbedded in a system
of parameters of N, say {x2,...,xk, xk+l,...,xn} (here we must
use dim(N) = n - 1). Then clearly {xl, x2,...,xn} is a system
of parameters of M.

Conversely, if {xl, XpseeesXys xk+l""’xn} is a system

of parameters of M, let N = M/x1 M. Then N/x2 N +...+4x N has

A

finite length, whence s(N) = n - 1. By Proposition 2.6 we
have

n-1=4dim(M)- 1= dim(N) = s(N) Sn-1

whence dim(N) = n - 1. Hence {xz,...,xk,...,xn} is a system of

parameters of N, and, by the induction assumption

dim(N/x2 N +oooh X N)=(n-1)- (k-1)=n-k

The proposition is proved.
We finish this section with a few remarks about the nature

of the function ¥:Spec(A) —» N given by

¥(p) = aim(ay )

where A is any noetherian ring. It is obviously not
continuous, otherwise it would have to be constant when Spec(A)
is connected (e.g. when A is an integral domain), and trivial
examples show this is not the case (say A = k[X, Y]).

We do nevertheless have some information, namely, by

proposition 1.1,

dim(AP ) = dim(A)
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and

dim(A/p ) = dim(A).

The latter is geometrically interpreted as follows: If x € ¥,
s N é
then dim(V(J,)) dim(V(jy)).
Dimension is a very coarse invariant, i.e. were we to
consider the equivalence classes of affine varieties of a given
dimension, we would obtain huge classes of highly non isomorphic

varieties.

§3. DEPTH

The next numerical invariant we shall study in the notion
of depth. We assume throughout this section that A is a
noetherian local ring with maximal ideal ##f, and that M is a
finitely generated A-module.

Definition 3.1. a) an element x € A is called M-regular

if the homomorphism ¢:M — M given by ¢(m) = xm is injective.
b) a sequence {xl,...,xn} of elements of A is called M-

<

regular if x; is M/x; M +...+ x; ; M regular, 1 £31 = n.

Remark. Clearly every x ¢m being invertible is M-regular
for every module M. Hence we shall confine our attention to
those M-regular elements which belong to #1. With regard to b)
we state, without proof, the fact that the sequence {xl,...,xn}

is M-regular if, and only if all sequences {xc(l)""’xo(n)}

o € Sn are M-regular, where Sn denotes the group of permutations
on n symbols. (Grothendieck, E.G.A., Ch. 0, §15.1, I.H.E.S.

no 20) The above statement is false if A is not noetherian.



