NON-ASSOCIATIVE RINGS OF FINITE MORLEY RANK
Ali Nesin*

INTRODUCTION

Stable associative rings have been investigated by Cherlin—Reineke [Ch-Re],
by Baldwin—Rose [B-Ro] and by Felgner [Fe] too early in the history of stable
algebraic structures to get the attention they deserve. Rose started to investigate stable
non-associative rings [Ro] in the late 1970's but again his work did not get the
attention of model theorists. Macintyre's classification of ®j_categorical fields
[Mac2] and its generalization to superstable fields [Ch—S] and to w-stable division
rings [Ch2] became important because, we think, of their importance in the study of
stable groups. We believe in the near future stable rings (associative or not) and their
stable modules will become an important research area in applied model theory. They
arise naturally in the study of stable groups. Here we list 4 instances:

a) Zil'ber classified m; — categorical associative rings of characteristic 0 as
indecomposable algebras over an algebraically closed field of characteristic 0 [Zi2].
He announces in [Zi3] that the same methods classify also ®1 — categorical nilpotent
Lie algebras over Q and that using Campbell-Baker—Hausdorff formula (see e.g.
[Jac 1]), one can deduce that ) — categorical torsion—free nilpotent groups are
algebraic groups over an algebraically closed field of characteristic 0.

b) Let R be an arbitrary ring (not necessarily associative, does not necessarily
have a unit). Then on the set G =R xR we can define a group multiplication by

(xy) x1.y1)) = (x+Xx13, ¥y +y1 +xx1).

This group can also be viewed as

G{le x,yeR}
1

with the obvious multiplication. It is easily checked that G is nilpotent of class <2
and is Abelian iff R is commutative. Since G is interpretable in R, it inherits
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stability properties of R. Thus to classify nilpotent groups, say of small Morley Rank,
we should at least classify rings of small Morley Rank.

c) We can generalize the above example. Let R be any ring (not necessarily
associative, does not necessarily have a unit) of finite Morley rank. Let M be a left
R-module of finite Morley rank. Define

1rx
G= { 8(1))1’ :reR,x,yeM}

with the obvious multiplication. Then G is a nilpotent of class 2 group of finite
Morley rank.

If R is associative with an identity and M is an associative, unitary right
R-module then G =M X R* i.e. the group

G= { ((1) :):re R*,x e M}

has also finite Morley rank. (Here R* denotes the multiplicative group of invertible
elements of R).

d) Associative, commutative rings with identity come naturally into scene
when one studies solvable of class 2, centerless, connected groups of finite Morley
rank (see [Ne 1]). Such rings of finite Morley rank have been classified by Cherlin and
Reineke in [Ch—-R]. But it happens that we are also interested in their modules simply
because the above groups can be interpretably imbedded into a finite product of groups
of the form M X R* where M is an R-module of finite Morley rank and R is aring
with the above properties.

The methods of this article are not original. The basic ideas are mainly
Zil'ber's. We found analogues of the known results about groups for rings.

In §1 we set the basics to study the non—associative rings. The lemmas are so
simple that the mere knowledge of the basic concepts like Morley rank and degree is
enough to understand their proofs.

In §2 we discuss Jacobson density theorem for associative rings.
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In §3 we show how one can use the density theorem in the study of non—
associative rings. The ideas are due to Zil'ber [Zi2]. He applied them to associative
rings. We generalize his methods to general rings. In the end of this section we apply
the previous results to connected Lie rings of Morley rank 1. Ivo Herzog can prove
parts i) and ii) of Lemma 13 by some other methods.

In §4 we study Lie rings of finite Morley rank. We prove the analogue of
Zil'ber's theorem for solvable groups. Namely we show that in a connected, solvable,
non-nilpotent Lie ring of finite Morley rank one can interpret an algebraically closed
field. The method is almost exactly like Zil'ber's original proof. But the result is
amazingly different: in the construction of the field K we find K+ where Zil'ber
finds K*. In other words we find the logarithm of Zil'ber's construction! This may
not be so shocking for logicians who know the exp-log correspondance between Lie
groups and Lie algebras. We also notice that the construction of this field by means of
Zil'ber's methods is also given by Jacobson's density theorem. Finally we notice
(without proof) that the proof of [Ne2] can be mimicked to show that if L is solvable
and connected then L’ is nilpotent.

This article was written while the author was visiting Notre Dame University.
He would like to thank the Mathematics department of Notre Dame and especially Julia
Knight and Anand Pillay for their hospitality. Thanks are also due to John Baldwin for
his mathematical comments and for correcting my English.

§1. BASICS
Before starting to set the basics we would like to recall Zil'ber's indecom—
posability Theorem [Zi 1] (not in its full generality):

Zil'ber's indecomposability Theorem : Let G be a group of finite Morley
rank. Let (Xj)ie1 be a set of connected subgroups of G. Then the group generated
by (Xi)ier is definable and connected. In fact if H is this group then there are a
finite number of 1ij ,..., inp €I such that

H=X...X..
4 b

If G is Abelian and written additively then we write
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H=X +...+X..
y h

Pillay's article "Model Theory, Stability Theory and Stable Groups" in this
volume has a proof of the above Theorem. The reader can also find a proof in [Ne 3]
or in [Th].

Unless otherwise stated R will always denote an arbitrary ring of finite
Morley rank (not necessarily associative, does not necessarily have an identity). In
particular R is a group under addition. Thus it has a connected component R°® which
is an additive subgroup of R. If Iis a definable ideal of R we may also speak about
I°, the connected component (as an additive subgroup) of 1.

Lemma 1. If I is a left (or right or bi) ideal of R then sois I°.

Proof: For x € R, xI° is a subgroup of R. Since I is a leftideal xI° S I. By
Zil'ber's indecomposability theorem the group generated by xI° and I° is connected,
thus itis I°, so xI°C I° O

It follows from Lemma 1 that R® is an ideal of R. We may therefore speak
about a "connected" ring. From now on, unless otherwise stated, all rings will be
connected. Notice that if (R,+) is torsion—free or divisible then R is necessarily
connected.

Lemma 2. If I is a finite left (resp. right) ideal then RI =0 (resp. IR =0).

Proof: Let iel. R being connected, Ri is a connected additive subgroup of R. But
Ri £ 1, so Ri isfinite. A connected finite groupis 0. Thus Ri=0. O
For ne N, define
Ry ={xe RInx=0}.
R; isa definable bi-ideal of R. If n and m are prime to each other, then
Rn N Ry = {0}, soalso RpRy =0. If n divides m then R, & Ry . For p,a
prime number, define
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R.=U R,.
P sy P

Rp.. is a bi-ideal. But it is not necessarily definable. Corollary 4 will show that
it is almost always definable.

We define anngR = {re R: Rr=0}, annRRr = {re R: 1R =0}. If R isnot
associative these are not necessarily ideals of R. But they are definable additive
subgroups.

Lemma 3. Thereisan ne N such that
anp— C ann RR N annRR.
Proof: Consider the additive group I generated by Rx, x e Rp_ By Zil'ber's

indecomposability theorem
I=Rx; +... + Rxy

for some Xppeers Xy € l%... Let n be such that D S Rp- Then IEan-
In particular forany x € Ry=, RxSRp, ie. p'Rx=0 or Rp"x=0,

ie. p?x € ann Rg. Similarly p® x € anngR. O
Corollary 4. If annRR =0 (or annRR=0) then Ry is definable. In
fact Rp- = an for some ne N.

Proof: By Lemma3,if x e Rp- then pnx=0, SO X € I%n. O

The next corollary states that the torsion part and the torsion—free part of a ring
without annihilator direct sum definably.

Corollary 5. Let R be a connected ring with ann RR =0 then there are finitely
many distinct primes pj,..., Pk, there is a definable torsion—free (as an additive group)
ideal D such that
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R= ®..®R .®D.
Ry @ @Ry

Proof: Notice that by Corollary 4 each R. is definable and has bounded order.

By Macintyre [Mac 1] R=D @ H as an additive group where D is divisible and H is
of bounded order. If n is such that nH=0 then D=nR. So D isdefinable. This
also shows that D is a bi-ideal.

Let re R have finite additive order. If r=d+h for de D, he H then
d=r-h e D and has finite orderif d #0. Soif d#0, D would have an element d’
of prime order p. But then Rﬂ“ #Ry; forany n (because D is divisible). This
contradicts Corollary 4. Thus d =0, so r € H. We showed that any element of finite
order is in H. ThusRP..gH for all p.

Clearly any element of finite order can be written as the sum of its primary
parts. Thus

H=9o .
Y
Since R is connected, no Ry is finite. Since R has finite Morley rank
we can have only finitely many Ry involved in H. This proves the Corollary. [

Corollary 5 shows that the study of connected rings with ann Rg =0 can be
reduced to the study of their primary parts. Let us underline the essence of Corollary 5:

Proposition 6. Let R be a connected ring with anngR=0. Then R=D @ H
where D, H are definable ideals, D is torsion—free divisible, H has bounded order .

O
Lemma 7. Let ¥ be a set of connected definable additive subgroups Sj of R.
Then the subring and the left (or right, or bi) ideal generated by Y, are definable and
connected.

Proof: Define inductively
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R; = Additive group generated by Sj's,

Ry+1= Additive group generated by Rj and xRy, Rpx for x € Ry.

By induction, using Zil'ber's indecomposability theorem, we see that Ry's are
definable and connected. By definition R C R a1 Thus rLEJIRn = Rn for some n.

Ry is clearly the subring generated by 3. (Rp may not have all the constants of R,
e.g. Rp may be without identity even if R has an identity).

To prove the lemma for left ideals, in the definition of Rp4+1 we omit Rpx's
and let x range over R. O

It follows from Lemma 7 that if a connected ring R has an identity then every
ideal is definable and connected. This is simply because an ideal I is generated by the
connected subgroups Rx for x € R. In particular such a ring is Noetherian and
Artinian. Rose [Ro] proved thatif R is an arbitrary stable ring then J(R), the
Jacobson radical of R, is definable and R/J(R) is Artinian and Noetherian.

Corollary 8. R?, R® are definable and connected.

Proof: By definition RP+! is the ideal generated by {xy: for x € R,y € R}, ie.
the ideal generated by (xR™) xeR.

Since for x fixed xRD is a definable homomorphic image of R?, by
induction xR" is a connected subgroup. Now apply Lemma 7.

For R(®+1) we consider the ideal generated by (xXRM) xcr(n) . The proof is the
same. O

Corollary 9. If I is a minimal leftideal of R and if I Z ann RR then I is
definable and connected (also infinite by Lemma 2).

Proof: Let aec I\ann Rr. Then 0% Ra C I. Thus the left ideal generated by Ra
is I which is definable and connected by Lemma 7. O

Remark: If o= ry (tp_1 (...(r2r7) ...) a formal sum of formal monomials
(rj € R), let us denote by wa (for a € R) the element of R defined by
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2 1p(...(r2(r19)) ...).
Then Corollary 9 and the proof of Lemma 7 tell us that the minimal left ideal I is the
setof wa's (afixed inI-{0}) for ® ranging over words whose "sum length" and
"product length" are bounded by some natural number n. This will be made more
precise in §3, Lemma 12.

Corollary 10. The ideal generated by {xy — yx: x,yeR} is definable and
connected.

Proof: Let [x,R] = {xy—yx |y e R}. [x,R] is a definable homomorphic image of R
(as an additive group). Thus it is definable and connected. Now the ideal in question
is generated by [x,R] for x ranging over R. Use Lemma 7. O

Remark: If Cis the ideal generated {xy —yx: x,y €R} then R/C isa
commutative ring of finite Morley Rank.

Corollary 11. If annRR =0 then R has minimal left ideals which are definable.
Furthermore these minimal ideals I are generated by the set Ra for any fixed
aeI - {0}, i.e. they are principal ideals.

Proof: By Lemma 7 the left ideal generated by Ra is definable and connected.
Choose a minimal such. By Corollary 9 and its proof it is a minimal ideal. O

§2. DENSITY THEOREM FOR ABELIAN GROUPS

In this section we will forget about the multiplicative structure of our ring. We
will not assume any stability conditions either. Let R be an Abelian group written
additively. An additive group M is said to be an R-module if there is a
homomorphism p of Abelian groups:

p: R = Endz (M).

M is said to be a faithful module if p is injective. We can define a

multiplication rxe M for re R, xe M via p:

x = p(r) (X).
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Then all the module-theoretical concepts can be defined.

Schur's Lemma: If M is an irreducible R-module then A = {¢: M —» M:
¢ linear and @(rx) =r@(x) forallr e R,x e M} =EndgrM is a division ring.

Under the conditions of Schur's Lemma, M becomes a vector space over A
and p(r) isa A-linear map for r€ R. If M is also faithful then R imbeds naturally
into EndaM.

A subset S of EndaM is said to be dense if for any n, any xi,....xn € M
linearly independent over A and any yj,....yn € M thereisan s € S such that

sx)=yi (@{=1,..,n).

Notice that if dima M <o then a dense subset of EndA M is necessarily
Enda M.

Density theorem for primitive abelian groups: Let M be an irreducible
faithful module for the Abelian group R. Define A =EndgM. Then R<Enda M as
an additive group and the ring S generated by R in Enda M is dense in Enda M.

Proof: This is a rephrasing of Jacobson's density theorem (see [Jac 2] p. 28) that
states the above conclusion in case R =S is an associative ring.

Let S be the (associative) ring generated by R in Enda M. Since S &
Enda M, M is a faithful S—-module. Since R S S, M is also S—irreducible. So if
A'=Ends M, S isdensein Enda'M by the original Jacobson density theorem. But
since R € S we also have EndsM € EndrM. Since S is generated by R,
EndgrMC EndsM. Thus EndrM = EndsM, i.e. A=A'". So S isdensein EndaM =
Enda M. O

If R is aring then for M to be an R-module we may need to add some more
conditions on the R-action. For instance if R has an identity 1 then we want p(1) =
Idm. Orif R is an associative ring we want p to be a ring homomorphism. If R is
a Lie ring so that it satisfies the Jacobi identity ((rs)t + (st)r + (ir) s = 0) then we
impose to p the condition to be a Lie-homomorphism, i.e. p(rs) = p(r) p(s) — p(s)
p().
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§3. APPLICATIONS OF THE DENSITY THEOREM

Suppose R is an Abelian group of finite Morley rank. Suppose we can
interpretin R a faithful irreducible R-module M (M could be an R -module where
R is a group interpreted in R). Suppose also that the division ring A = EndgM is
interpretable in R. Then A and M have finite Morley rank. It follows that if A is
infinite then it is an algebraically closed field [Ch 2] and M is a finite dimensional
vector space over A. Therefore by the density theorem the ring S generated by R in
EndaM is EndaM! In fact, as John Baldwin noticed, if the ring S generated by R
in EndAM is interpretable in R (e.g. if R is already an associative ring) then we do
not even need the non—finiteness of A to claim that S =EndaM . Because in this case
M will have finite dimension over A anyway: if xi,...,Xp,... isa A-base of M, let

Sk={se Slsx;=...=sx¢=0}.

Clearly Sk = Sk+1. But also by the density theorem Sk # Sk4+1. This contradicts the
descending chain condition. (For this argument we only need stability, because the
subgroups Sk are intersections of uniformly definable subgroups).

Therefore to use the density theorem we need the following steps:
1) Find an interpretable faithful irreducible R-module M (or may be R —
module).
2) Interpret A =EndgrM in R.
3) Then we know that R <EndaM (as an additive subgroup) and the ring
S generated by R in EndaM is dense in EndaM. To show that
S =EndaM, prove that either A is infinite or S is interpretable in R.
For the first step: an obvious candidate for M, incase R is aring,isa
minimal left ideal. Then this ideal will be definable if ann Rg =0 (Corollary 9). The
minimality of M will ensure that it is an irreducible module. But we do not
necessarily have the faithfulness. Then divide R by the annihilator of M:
annrM = {reR | TM = 0}.
Now R/anngM is an additive group and M is an irreducible and faithful R/anng M—
module. Notice that anng M is not necessarily an ideal. But itis soif R isan
associative or a Lie ring (see end of the section for the definition of Lie ring).
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Now about the second step; it is astonishing that A is almost always
interpretable in R.

Lemma 12. Let M be a minimal left ideal (necessarily definable) in a connected ring
of finite Morley rank with annRr =0. Then A =Endr M is an interpretable division
ring (hence a field). If Char R =0 or more generally if A is infinite then A isan
algebraically closed field.

Proof: (The idea of the proof is from [Zi2]). We know by Corollary 9 that M is
definable. We need torecall explicitly its definition. Let @ be a formal word in R
of the form

O=0] +...+ Oy,

@j =Tj1 (rj2(... (Tjk Tjk+1) --.))-
Here, k depends on j. Such words will be called special. For ac R and ® a
special word, define an element w(a) of R by

o(a) = w1(a) + ...+ wn(a),

wj(@)=1j (ra(... (rjk( 1jx+13))-..))-
Notice that @(a) € R and is not a formal word. Let us also define the length 2(w) of
a special word ® by

2w) = 2(wy) + ...+ Lwy),

2(wj) =k +1 (see the definition of ;).
Now we are ready to give the explicit definition of M. Let ap € M—{0}. Then for
some integer n,

M = {w(ap) : ® is a special word of length <n }.
This is the content of the proof of Lemma 7. Fix such an integer n.

‘We need one more definition before interpreting A. Let
J={ae M:V ®, w1, @ special words of length <n,
(0(ap) = w1(ap) — w(a) = w1(a))
& (Vre R r(01(a0)) = (ao)) — r(w1(a)) = w(a))
& (01(20) +w2(a0) = @(ag) > W1(a) + w2(a) = w(a))}.
J is a definable subset of R and ape J. Clearly J is an additive subgroup of R.

Thus J will be infinite if charR = 0.
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Now for ae€ J define y,: M —> M by
Ya (@(20)) = o(a).
The definition of J implies that 7, is well defined and is in Endr M. Conversely if 6
€ EndrM then clearly o(ap)€ J and 6= Yo(ag)- Thus
A=EndrM = {y;: a € J}
is interpretable in R. O
Now we can carry out our third step:

Corollary 13. Let R be a connected ring of finite Morley rank with ann Rr=0. Let
M be a minimal left ideal of R (Corollary 11). Then
i) M is necessarily definable (Corollary 9).
i) M is a faithful irreducible R/anngM-module. Let R = R/anngM.
iii) A =Endgr(M) =EndgrM is interpretable in R and is a field
(algebraically closed if infinite).
iv) R < EndaM as an additive group and the ring S generated by R in
EndaM is dense in Enda M.
v) Ifeither charR=0 or S is interpretablein R or S is commutative then
A is infinite and so M is a finite dimensional vector space over A. Hence
S =EndaM. Alsoif S is commutative then dimaM = 1.

Proof: Everything is already proved except some parts of v). If S is interpretable
we noticed in the beginning of this section that M must have finite dimension over A.
Soif A is finite then M is also finite. But then by Lemma2 M & AnnRgr=0, a
contradiction.

If S is commutative then (since it is dense in EndaM) it can easily be checked
that dimaM=1. Again A is infinite. O

Conjecture: dimpM <ee always (notation as above).

Let us give an illustration of this Corollary.

Recall that a Lie ring is an additive group L with a bilinear product (called
bracket) [x,y] such that for all x,y,zeL
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[xx] =0,

[[x,y], z] + [[y.z], x] + [[z.x], y] =0 (Jacobi identity).

Sometimes we will omit the brackets and write xy for [x,y].

Let L be a connected Lie ring of Morley rank 1. We would like to prove that
L is Abelian, i.e.

[x.y1=0

for all x,ye L. But being unable to prove it, let us see what the Corollary gives us.

Define Z(L) = {xeL : [x,y] =0} =center of L,

Zy)(L) = {xeL: [x,y] € ZL)}.

By the Jacobi identity Z(L), Zp(L) are ideals. If Z(L) is infinite then Z(L) =L and
so L is abelian. Suppose therefore that Z(L) is finite. Let L =1/Z(L). Then Z({I) =
Zo(L)/Z(L). Suppose Zp(L) is infinite. Then Z(L) =L. Thus L2 € Z(L). But by
Corollary 8, L2 is connected. Thus L2=0, Z(L) =L, a contradiction. Thus Z(L)
is finite. Then by Lemma 2, Zp(L)SZ(L). Thus Zp(L) =Z(L) and L is centerless.

We showed the following:

Lemma 14: If L is a connected non Abelian Lie ring of Morley rank 1 then L =
L/Z(L) is a connected centerless Lie ring of Morley rank 1. O
Now we can apply the Corollary to L. Assume L =L for the sake of
notational simplicity. ann Ly = 0 (because Z(L) =0), M =L (because L has Morley

rank 1, so is a minimal (definable) ideal). So we have parts i) and ii) of the
following Lemma.

Lemma 15. If L is a centerless connected Lie ring of Morley rank 1 then
i) LCEndAL where A= EndiL.
ii) The associative ring generated by L in EndaL is dense in EndaL.
iif) L has no non-trivial ideals (i.e. L is simple).
iv) A is afinite field.
v) L hascharacteristic p for some prime p #0.
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Proof: We have already proved i) and ii). If I were a proper ideal of L then the
ideal J generated by {[L.x]: x € I} would be definable by Lemma 7. Since this
definable ideal J isin I G L, J would be finite and hence central by Lemma 2. Thus
J=0. Then Lx=0 all xe I,ie. I € Z(L)=0. This proves iii).

Let aeL\{0}. Let Cr(a)={xeLI[x,a] =0}. Since A=End;L, A acts
on the finite (but non-zero) set Cp(a). If A were infinite it would be an algebraically
closed field and so it would be connected, then Aa € Cp(a) would also be
connected. But Cp(a) is finite, so Aa=0. Since Id €A, this is a contradiction.
This proves iv).

If v) were not true then nxe Cr(x) forall neN, so CL(x)=L,x=0. 0O

Let us make a weaker conjecture then the previous one:

Conjecture: Connected Lie rings of Morley rank 1 are Abelian.

Reineke proved (see [Re] or [Ch 1]) that connected groups of Morley rank 1 are
Abelian. The proof is very easy but one cannot give the same proof for Lie rings.
Cherlin and the author proved that if L is non—Abelian then dimpCy(a) > 1 fora
generic element a of L.

Added to the last version: In view of Hrushovski's discovery of new strongly
minimal sets the author of the above conjecture does not believe in it anymore, thus:

Conjecture: There is a non—Abelian connected Lie ring of Morley rank 1.

§ 4. SOLVABLE, NON-NILPOTENT LIE RINGS

Let us first recall the definitions of solvable and nilpotent rings. We defined the
ideals R® and R®M in Corollary 8. A ring R is said to be solvable if R®) =0 for
some n. Itis said to be nilpotent if R? =0 some n. Nilpotent implies solvable.

Let us also define the centers: Z,(R) =0,

Zi+1(R) = {xeR : xR CZ;[R)}.
If R=L is aLie ring then by the Jacobi identity Z;(L) is an ideal of L. Clearly
Z(L) € Z;, (L). Itis relatively easy to check that L is nilpotent iff Zp,(L) =L for
some m. We have Z;(L) =Z(L) =ann; L. Notice also that Z(L/Z;(L)) =
Zi((LYZi(L).
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We should also remind the reader that in a Lie ring we have [x,x] =0. This
implies [x,y] = —[y,x]. So that all left (or right) ideals are bi—ideals.

If X, YCL are any subsets, then the centralizer of X in Y is
Cy(X) = {yeY I [x,y] =0 forall x eX}.

Theorem 16. Let L be a connected, solvable, non—nilpotent Lie ring of finite
Morley rank. Then an algebraically closed field can be interpreted in L.

Proof: We will follow Zil'ber's steps (see [Zi 1] or [Ne 3] or [Th]). Since L is
connected and not nilpotent it is infinite.
‘We first reduce the problem to the case where L is centerless:

Claim 1: Without loss of generality L is centerless.

Divide L by its centers until there isn't any left . The point is that we need to
divide L only a finite number of times. Since L has finite Morley rank and is not
nilpotent and since to divide by an infinite definable ideal decreases the Morley rank, at
some point we can only divide by finite ideals Z;;1/Zi. Assume without loss of
generality that Z=Z(L) and Zp=Zp(L) are finite. Then by Lemma 2, ZpCZ. Thus
Zy=2.0

From now on we assume that L is centerless. By Lemma 2 this implies that L
has no, non—zero, finite ideals.

Let A be a minimal ideal of L. A exists and is definable by Corollary 11
(ann Rg = Z(L) = 0). By Lemma 1, A is connected. By Corollary 8, A2 is
definable. Since L is solvable, sois A. Thus A2G A. Butthen A2 is finite, so
A2=0. This shows that A is Abelian, i.e. [A,A] =0.

Let C=CL(A)={x€ L:[x,A] =0}. Since A isanidealof L, sois C. L
being centerless, C & L. L being connected L/C is an infinite Lie ring. Let H be a
minimal definable ideal of L. suchthat C G HC L and H/C is infinite. Since
[L,A] € A, also [H,A] € A. Choose BC A, a minimal (definable) infinite ideal
such that [H,B] € B. B is again connected.

Claim 2: Ca(H) =0, Cg(H) =0.
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Since A and H are ideals, CA(H) is an ideal of L. By minimality of A, CA(H) is
either A orfinite. Ifitis A then HESCy (A), acontradiction. So itis finite. Then it
is O because finite ideals of L are 0. Since Cg(H) & Ca(H), the second equality

follows from the first one. O

Claim 3: H/Cp(A) is connected.
Let H° be the connected component of H. H° is still an ideal by Lemma 1. We have
CL(A) C H°+Cp(A) C H. Since H/H® is finite so is H/H® + CL(A). Thus
H° + CL(A)/CL(A) is infinite. Hence by the choice of H, H=H° + CL(A). But
now

H/CL(A) =H° + CL(A)/CL(A), = H°/H° N CL(A).
Since H° is connected, sois H/H® N CL((A) and therefore also H/CL(A). O

Claim 4: H/Cy(A) is abelian, i.e. [H,H] S CL(A).

By Claim 3 and Corollary 8 (H/CL(A)? is connected. But it is also finite
(because H/Cy (A) is solvable as L is and it has no infinite definable ideals). Thus
(H/CL(A))2 =0, i.e. H2C Cy(A). With the notation of Lie rings: [H,H] < CL(A).

O
Claim5: If he H then Cg(h)=0 or B.

Claim 4 and Jacobi identity imply that Cg(h) is an H-ideal. If Cg(h) is not
finite, then itis B by the minimality of B. If it is finite, since the connected ring
H/CL(A) acts on it, as in Lemma 2, H/C1 (A) annihilates Cg(h). So also H
annihilates Cpg(h). Thus Cg(h) S Cg(H) =0. O

Claim 6: H/Cyg(B) is infinite.

Cu(B) =CL(B) "H 2 CL(A) "H = Cr(A). Thus H/Cyx(B) =
(H/CL(A))/(CH(B)/CL(A)). So H/Cy(B) is connected by Claim 3. Now if H/Cyx(B)
were finite then we would have Cyx(B) =H, or BC Ca(H), contradicting Claim 2.0J

By Claim 6 the infinite Lie ring H/Cy(B) acts on B by adjoint representation:

H/Cu(B)—> End B

h —— adh
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where (ad h) (b)=[h,b] for he H,be B.

By Claim 5 adh isa 1-1 map if h#0. Since B has finite Morley rank it is
also onto. Thus we have an imbedding

H/Cy(B) = Aut B U {0}

Let R be the (associative) subring generated by the image of H/Cyx(B) in End
B. Since [H.H] & Chx(A) € Cy(B), R is a commutative ring. We will show that R
is an algebraically closed field. By Claim 6, R is infinite.

Let be B—{0} be afixed element. As in the proof of Lemma 11 there is a
natural number n for which

B ={w(b) | o is a special word with entries in H of length <n}.
This is because B is minimal H-normal so the H—ideal generated by [H,b] must
be B.

This says that if RjCR is the set of endomorphisms of "length <n" then
Ry(b) = B.
Claim 7: Let reR,ceB —{0}. If r(c)=0 then r=0.

Without loss of generality b=c. Then 0=R; (r(b)) =r(R;(b)) =r(B). So
r=0. O

Claim 8: R =Ry, i.e. R is interpretable.
Let reR. Then drjeR; such that r(b) =rj(b). Byclaim 7, r=rj. O
Now we are ready to show that R is a field. By Claim 7, R has no zero—
divisors. By Claim 7 again, there is a 1-1 correspondance between the elements of B
and the elements of R:
R—-B

r — r(b).
This is a homomorphism which is 1-1 and onto. Thus the additive group of R and
B are isomorphic. In particular R is connected. So if reR-{0}, Rr=R =1R.
Therefore there is a ueR such that ur =r. Now if seR then for some teR, s =rt.
So
us=u(t) =(unt=rt=s.
Thus u is an identity of R.
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Let us show that inverses exist. If reR-{0} and b’ =r(b), applyingto b’
what we have said about b (b’#0) we get an seR such that s(b’) =b. So
sr(b) =b = u(b). Therefore sr=u.

Thus R is an infinite field which is interpretable in L. By Macintyre [Mac 2] it
is algebraically closed. Theorem 16 is now proved. O

Let us have a closer look at our field R. We have seen that (R,+) ~ (B,+) as
additive groups. This is also the case in the construction of a field in a solvable
connected group. Also in the above case ad H C Aut (B) U {0} is an additive
subgroup of R and it generates R as aring. On the other hand in the case of solvable
connected groups ad H (H acting by conjugation) is a multiplicative group!

There is a conjecture (whichis part of another conjecture called Zil'ber's
conjecture) that states that an infinite field R of finite Morley rank cannot have a proper
infinite definable subgroup (additive or multiplicative). If this conjecture is true for
additive subgroups then ad H=R and B =[H,b} forany b e B\{0}! Since the
conjecture for additive subgroups is true in case CharR =0 we have

Corollary 17. (Notation as in the proof of Theorem 16) If Char L =0 then
H/Cy(B) and B are isomorphic as additive subgroups via
h —[h,b]
for any fixed element b € B — {0}. If we define a multiplication on H/Cy (B) by
hyj+hy=h & [hy [b2,b]] = [h,b]
then (H/Cy(B), +, ) is an algebraically closed field of characteristic 0. O
We know that if G is a connected solvable group of finite Morley rank then
G’ =[G,G] is nilpotent ([Zi 4], [Ne 2]). We presume that one can mimic the proof in
[Ne 2] to show the following:

Theorem 18. If L is a connected solvable Lie ring of finite Morley rank then
L2 =[L,L] is nilpotent.
Now we will use the density theorem once more.

Theorem 19. Let L be a connected solvable centerless Lie Ring of finite Morley
rank. Let A CZ(L2) be a minimal ideal (then A is infinite and is definable). Let
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A =End; (A). Then dimpA =1 and the ring generated by L/Cr(A) in Enda(A) is
isomorphic to A.

Proof: We know by Corollary 13 that the ring generated by L/Cp(A) in EndpA is
dense in EndpA. Butsince A CZ(L2) we have , L2 C CL(A). So L/CL(A), hence
S, are commutative. But a commutative ring can be dense in EndpA iff dimp A =1.
Thus S=EndpA~A. O

The field S we get in this way is the field we got in Theorem 16. To convince
yourself of this fact, trace back the definition of A =Endy(A) and notice that it is just
the ring R of Theorem 16.
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