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MATTERS OF SEPARATION

H. LEBLANC and R. K. MEYER

1. Extending in some respects, sharpening in others, results in the
literature, we establish here that:

(1) Every classically valid wff A of QC=, the first-order quantificational
calculus with identity, is provable by means of axiom schemata A1-A3 and
rule R1 in Table I, plus the axiom schemata and vules of that table for only
such of the logical symbols ¢~ &’ <y’ =’ ¢V’ ‘I’ qgnd ‘=’ as occuv in A,

(2) Every intuitionistically wvalid wff A of QC= is provable by means of
axiom schemata A1-A2 and rule R1 in Table I, plus the axiom schemata and
the seven vules of that table for only such of the logical symbols in question

as occur in A.

In the first of our two theorems R2 is to serve as rule for ‘V’; in the
second, R2 or R2' according as ‘&’ occurs or not in 4.

TABLE 1

Axiom schemata

For ‘D’

For ‘~’:

For ‘&’:

For ‘v’:

For ‘=;

For ‘V’:

For ‘3’:

Al.
A2,
A3.
A4.
A5,
A6.
AT.
A8.
A9.

A10.
All.
Al2.
A13.
Al4.
Al5.
Al6.
A17.

AD (BD A
AD((B>0)D(A2B) O (A>C0)
(A5B)oA)DA

(A2 B) O (~BD ~A)

AD ~~A

~~A D (~A D B)

(A& B) DA

(A& B)DO B

AD (B2 (A & B))

AD(A v B)

B> (A v B)
A>CO>(B>C)>((Av B)>OQ)
A>(A=B) > B

AD ((B=A)> B)
(ADB)D((BDA)D(A=B)

(VX) A D A(Y/X)

A(Y/X) D @X)A
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For ‘=": Al1l8. X=X
A19. X =YD (AD A(Y//X)), where A is an atomic wff
of QC=.

Attendant substitution conventions: (i) In A16-17 A(Y/X) is to be
like A except for containing free Y wherever A contains free X.
(ii) In A19 A(Y//X) is to be like A except for containing (free) Y
at zero or more places where A contains (free) X.

Rules

For ‘©’: R1l. From A and A O B to infer B.

For ‘v’: R2. Fyom A DO B to infer A D (VX)B, so long as X
does not occur free in A.

R2'. Fyom A D (B2 C) to infer AD (B D (VX)C), so

long as X does not occur free in eithev one of A
and B.

For ‘3°; R3. Fyom A D B to infer 3X)A D B, so long as X
does not occur free in B.

The earliest forerunner of (2) is probably a result of Curry’s in [1],
which differs from (2) in only three minor respects: (i) A is restricted
throughout to be a wff of QC, the first-order quantificational calculus
without identity, (ii) ‘=’ is ignored, being treated as a defined sign, and
(iii) R2 serves in all cases as rule for ‘V’, the extra axiom schema

Bl. (VX) (AD B) D (AD (VX)B), where X does not occur free in A,

being thrown in when ‘&’ does not occur in A.' The earliest anticipation of
(1) that we know of is a theorem of Kleene’s in [4], p. 459, to the effect that
if a wif A of QC is classically valid, then A is provable by means of axiom
schemata A1-A2, the following two axiom schemata (for ‘~?):

B2. (AD B)D((AD~B)D ~A)
B3. ~~ADA,

rule R1, plus the axiom schemata and rules of Table I for only such of the
four logical symbols ‘&’, ‘v’, ‘v’, and ‘3’ as occur in A. Like Curry,
Kleene ignores ‘=’, uses R2 as his one rule for ‘v’, and calls on axiom
schema B1 (redundant, it so happens, in the presence of A1-A2, B1-B2, and
R1) when ‘&’ does not occur in A. A partial forerunner of (1) and (2) is of
course Kanger’s [3], which gives proof of both theorems for the case where
A is a wff of SC, the sentential calculus.?

1. The last footnote on p. 288 of [1] suggests that B1’. (YX)(4AD B)D ((3X)A D B),
where X does not occur free in B, is also needed in the absence of ‘&’, but this is
probably unintended since Bl’ is provable by means of A1-A2, A16, R1, and R3.

2, Except A9, borrowed from Robinson’s [6], A1-Al2 are the very axiom schemata
that Kanger uses in [3]. Robinson notes in [6] that (A D~B) D (BD~ A) and
~ A D (A D B) can do duty for all three of A4-A6.



2. For proof of (1) consider first the case where A contains no occurrence
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of ‘=’ and hence is a wff of QC.

It is shown in [5] that every classically valid sequent of the sort

where A,,A,, ..

AL, A,, ..

of the axiom schema

and the intelim rules of T'able II for only such of the seven logical symbols

. An — B,

., A,(n=0), and Bare wffs of QC, is provable by means

K, A, L—- A

D76 6gr 6y = ¢y’ apd ‘3’ as occur in the sequent.®

For

For

For

For

For

For

For

For

Attendant vestvictions:

TABLE I

Intvoduction vules

Elimination vules

. K, A— B K—~ADB K—(ADC)DA
) K—ADB K— B
s
K, A—-B K,A— ~B K— ~~A
K— ~A K— A
@ K=A K—B K—A&B K—A&B
K—A&B K— A K— B
‘v
K— A K— B K, A-C K B—C K—AvB
K—AvB K—AVB K— C
., KA—-B K, B—A K—A K—(C=A)=(C=B)
K—A=B K— B
oy K— A K — (VX)A
T K, L— (VX)A K— A(Y/X)
thﬂMHW) K,L— (3X)A K,A— B
‘K- (3X)A K,L— B
‘Y’ and ‘v’:
K— Av B

K,L—- (VX)Av B

(i) In the introduction rule for ‘v’ the
variable X is not to occur free in any wiff in K.

(ii) In the

elimination rule for ‘3’ and the introduction rule for ‘v’ and ‘v’,
X is not to occur free in any wff in K nor in B.

3. In four out of five cases the quantificational rules of Table I are simplifications
(patterned after rules in Fitch’s [2]) of their counterparts in [5]. As the reader
may wish to verify, they permit proof of exactly the same sequents as their

counterparts in [5] do.



232 H. LEBLANC and R. K. MEYER

Now let the wif-associate of a sequent of the sort — B be B, that of a
sequent of the sort A, — B be A, D B, that of a sequent of the sort A,,
A, — B be A; D (A, D B), and so on. It is easily verified that the wiff-
associate of any sequent of the above sort K, A, L — A is provable by
means of A1-A2 and R1. It can also be verified (see section 4 for three
sample cases) that (i) if a sequent S follows from another sequent S;, or two
other sequents S; and S,, or three other sequents S,, S,, and S; by applica-
tion of an intelim rule of Table II for one or (as in the case of the introduc-
tion rule for ‘v’ and ‘v’) two of the logical symbols ‘D°, ‘~’, ‘&’, ‘v’ “=7,
‘v’ and ‘3’, and (ii) the wff-associate of S;, or the wff-associates of S; and
S,, or the wff-associates of S,, S,, and S; are provable by means of a set a
of axiom-schemata and rules from Table I, then the wff-associate of S is
provable by means of a, A1-A3, R1, and the axiom schemata and rules of
Table I for the one symbol or the two symbols in question.

Take then the wif A of (1). Since A is presumed to be classically valid,
then the corresponding sequent — A is sure to be classically valid as well.
Hence there is sure to be a proof of — A by means of the one axiom schema
and the intelim rules of Table IT for only such of the logical symbols ‘D’,
S f7, fyv?, =7 ‘Y2 and ‘37 as occur in — A: Hence there is sure to be
for each entry K; — B; in the proof in question of — A a proof of the
wif-associate of K; — B; by means of A1-A3, R1, and the axiom schemata
and rules of Table I for only such of the logical symbols ‘~’, ‘&, ‘v’, ‘=,
‘v?, and ‘3’ as occur in — A. Hence, in particular, there is sure to be a
proof of A (the wif-associate of — A) by means of A1-A3, R1, and the axiom
schemata and rules of T'able I for only such of the logical symbols ‘~*, ‘&’,
¢y?,¢=? ¢y’ and ‘3’ as occur in — A and hence in A.*

3. Consider then the case where A contains at least one occurrence of ‘=’.
Since A is presumed to be classically valid and since the axiom schemata
and rules of Table I permit proof of every classically valid wff of QC=,
there is sure to be a column of wifs of QC= that closes with A and counts as
a proof of A by means of the axiom schemata and rules of Table I. Now let
Bi, By, . .. ,and B, (r = 0) be in any order all the entries in the column in
question that are of the sort A18 or the sort A19 in T'able I. By virtue of
the Deduction Theorem

BiD(B;2(...D2[B,2A)...)

is sure to be provable by means of the axiom schemata and rules of Table I
minus A18-A19. Hence so is the result

BIDB!D(..DB2AN...)

of turning in every component of B; D (B, 2 (...D2 (B, D A)...)) of the
sort X = Y for one of the sort F(X, Y), where F is any two-place predicate
variable of QC that is foreign to B, D (B,2(...D> (B, D2A)...). But

4, The argument is reminiscent of arguments in [1], [3], [4], and [5].
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B!IDB!D(...D(BsDA"...) is a wif of QC, and—being provable by
means of the axiom schemata and rules of Table I minus A18-A19—is sure
to be classically valid. Hence by the case covered in section 2 B{ D (B} D
(...DBfD>A" ...) is sure to be provable by means of A1-A3, R1, and
the axiom schemata and rules of Table I for only such of the logical
symbols ‘~7, ‘&%, ‘v?, ‘=" ‘¥’ and ‘I’ as occur in B{ D (B{D (...D> By D
A")...)). Hence clearly B,D (B,2(...D>(B,DA)...) is sure to be
provable by means of A1-A3, R1, and the axiom schemata and rules of
Table I for only such of the symbols in question as occur in B; D (B, 2
(...2(B,2A)...). Hence A is sure to be provable by means of A1-A3,
A18-A19, R1, and the axiom schemata and rules of Table I for only such of

the symbols in question as occur in one or more of By, By, . . . , B,, and A.
But none of ‘~?, ‘&’, ‘v’, ‘=, ¢V’ and ‘3’ occurs in anyone of By, B,, . . .,
and B,; and ‘=’, which does occur in each one of By, B,, ..., and B,, is

presumed to occur in A. Hence A is sure to be provable by means of
A1-A3, R1, and the axiom schemata and rules of Table IT for only such of
the logical symbols ‘~’, ‘&’, ‘v’, ‘=?, ‘¥?, and ‘3’ as occur in A.°

4. The three sample cases that we promised to work out in detail are the
introduction rule for ‘v’ (= VI), the introduction rule for ‘v’ and ‘v’ (= Vly),
and the elimination rule for ‘3’ (= 3E). Throughout @ is to be an arbitrary
set of axiom schemata and rules from Table I.

Lemma 1. ((A D2 B) D B) D ((A D (VX)B) D B) is provable by means of
A1°A2, A16, and R1.

Proof: (VX)BD B is provable by means of A16. Hence Lemma 1.

Lemma 2. If A D (B D C) is provable by means of a, then A D (B D (VX)C)
is provable by means of a, A1-A3, A16, R1, and R2, so long as X does not
occur free in eithev one of A and B.

Proof: Suppose A D (B> C) is provable by means of a. Since (A D (B>
0) 2 ((A > (B2 (VX)C)) D C) D C) is provable by means of A1-A3 and R1,
then ((A D> (B2 (VX)(C)) D C) D C is provable by means of a, A1-A3, and
R1. Hence in view of Lemma 1 ((4 2 (B2 (VX)C)) D (VX)C) D C is prov-
able by means of a, A1-A3, A16, and R1. Suppose next that X does not
occur free in either one of A and B. Then ((A D (B2 (VX)C)) D (VX)C) D
(VX)C, which follows from ((A D (B D (VX)C)) D (VX)C) D C by application
of R2, is provable by means of a, A1-A3, A16, R1, and R2. But (((4 2 (B2
(VX)C)) 2 (VX)C) D (VX)C) D (A D (B2 (VX)C)) is provable by means of
A1-A3 and R1. Hence Lemma 2.°

5. A like argument obviously goes through for any predicate constant other than
‘=’ whose axiom schemata are all of the sort 41 D (42 D (... DA, D B)...))
where A, Ay, ..., Ay (n= 0), and B are atomic,

6. The two conditionals (4 D (B D C))D((tA D(BD(VX)C)) D C) DC) and (((A D
(B D (VX)C)) D (VX)C) D (VX)C) D (A D (B D(VX)()), though provable by means
of A1-A3 and R2, are not provable by means of A1-A2 and R1 alone., Hence Bl
(see Lemma 3) will call for a fresh proof in section 5.
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Lemma 3. (VX) (A 2 B) D (A D (VX)B), wheve X does not occur free in A,
is provable by means of A1-A3, Al16, R1, and R2.

Pyoof: (VX)(ADB)D(ADB) is provable by means of A16. Hence
Lemma 3 by Lemma 2.

Theorem 1. If the wff-associate B, D (B,D (...2 (B, 2A)...) of By,
By, .. .y By, — A is provable by means of a, then the wff-associate B, D
B2 (.o .2 Bn2(C12(C,2 (. .2 (G2 (VX)A) .. ) .. .) of By, By,
.., By, C,Cy, ..., Co— (VX)A is provable by means of a, A1-A3, Al6,
R1, and R2, so long as X does not occur free in anyone of By, B,, . . ., and
Bp. (V)

Pyoof by mathematical induction on m. Base Case: Suppose A is provable
by means of @. Then (p2 p) D A is provable by means of a, A1-A2, and R1.
Hence (p D p) D (VX)A, which follows from (p O p) D A by application of
R2, is provable by means of ¢, A1-A2, R1, and R2. Hence so is C; D (C, 2
(...2(ChD(VX)A) .. ).

Inductive Case: Suppose B, D (B; D (...D2 (Bn2A)...) is provable by
means of @, and X does not occur free in anyone of B, B,, .. ., and By,.
Then by the hypothesis of the induction (with n equalto 0) B, D (B, 2 (...D
(vX) (Bn DA) ...) is provable by means of a, A1-A3, A16, R1, and R2.
But in view of Lemma 3 (B, D (B2 (...D2(VX) (B DA)...))D(B 2D
(B2 (...2(Bn2(VX)A)...)) is provable by means of A1-A3, A16, R1,
and R2. Hence B; D (B, D (...D (B» 2 (VX)A) .. .)) is provable by means
of a, A1-A3, A16, R1, and R2. Hence sois B2 (B,2 (...2 (B,D2 (C,; D
(C2D (...D(C, D (YX)A) ... ) .. ).

Lemma 4. (VX) (Av B)D ((VX)A v B), where X does not occuv free in B,
is provable by means of A1-A3, A10-A12, A16, R1, and R2.

Proof: (VX)(Av B) D (A v B) is provable by means of A16, and (A v B) D
((BD> A) DA) provable by means of A1-A3, A10-A12, and R1. Hence
(VX)A v B)D ((BD A) D A) is provable by means of A1-A3, A10-A12,
A16, R1, and R2. Hence in view of Lemma 1 sois (VX) (A v B) D ((BD
(VX)A) DA). Hence so is (VX) (A v B) D ((BD (YX)A) D (VX )A), which
follows from (VX) (A v B) D ((BD2 (VX)A) DA) by application of R2. But
((BD (VX)A) D (VX)A) D ((VX)A v B) is provable by means of A1-A3,
A10-A12, and R1. Hence Lemma 4.

Theorem 2. If the wff-associate C; D (C, D (...D(Cpn D2 (A v B))...)of
Ci, Cay ..., Cn— A v B is provable by means of a, then the wff-associate
C;2(C2( .. 2(CaDd2 D2y 2(. .20 DYX)AvVv B)..))))...)
of Ciy Coy o ooy Cpyy Dyy Dy, ..., D,— (VX)A v B is provable by means of
a, A1-A3, A10-A12, A16, R1, and R2, so long as X does not occur free in
anyone of Cy, Cyy . . . , Cn, and B. (V1)

Proof: Suppose C; D (C,2(...D2(ChD>(Av B))...) is provable by
means of a, and X does not occur free in anyone of C;, C;, . . ., and Cp.
Then in view of Theorem 1, C; D (C, D2 (.. .2 (C, 2 (VX) (A v B) ...)is
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provable by means of @, A1-A3, A16, R1, and R2. Suppose next that X does
not occur free in B. Then in view of Lemma 4, C; D (C, D (...2(C, D
((WvX)A v B)) . ..)) is provable by means of a, A1-A3, A10-A12, A16, R1,
and R2. Hence so is C; D2 (Co2(...2(Cp 2D, 2 (DD (...2(D,D

(vX)A v B) .. ...)).

Theorem 3. If the wff-associates C, O (C; D (...2(Cp> (D12 (DD
(... 20, 23X)A) .. M) .. Nand C,D(C, D(...2(Cn DA DB))...)
0f C1,Cay o v« s Cny Dy, Dyy o oy Dp— (AX)A and C,,Cy, . ..,Cpn, A— B
ave provable by means of a, then the wff-associate C; D (C; 2 (.. .2 (Cp D
D, 2Dy .. 2D, 2B)..0))..)) of C.,Cay...,CpyDy,Dyy ...,
D,— B is provable by means of a, A1-A2, R1, and R3, so long as X does
not occur free in anyone of C,, C,, . . ., Cyp, and B. (IE)

Proof: Suppose C; D (C,2(...2(Ch DA DB))...) is provable by
means of a. Then AD (C;D(C; 2 (...2(Cr D B)...)) is provable by
means of @, A1-A2, and R1. Suppose next that X does not occur free in
anyone of C,,C,, ... ,C,, and B. Then AX)A D (C;, D (C320 (.. .2 (Cuw D
B) ...))), which follows from A D2 (C;, 2 (C;2(...2(CnD>B)...) by
application of R3, is provable by means of @, A1-A2, R1, and R3. Hence so
is (C12(C22( . . 2(Cn 2 (D12 (D2 (. .2 (Dr 2 (AX)A) .. ) .. 2
(C:2(C3 2 «.2(Cn 2D 2Dy 2(...2(Dy2B)...)))...). Hence
Theorem 3.

5. Proof of (2) is essentially like that of (1), except for using another result
from [5], this one to the effect that every intuitionistically valid sequent of
the sort A,,4,,...,A, — B is provable by means of the axiom schema
K,A, L — A and the intelim rules of Table III for only such of the seven
logical symbols ‘D7’ ‘~? €&’ ‘v?, ‘=’ ¢V’  and ‘I’ as occur in the sequent.

TABLE III

Introduction vules: Same as in Table I minus VIy.
Elimination vules:
For ‘&’, ‘v?, ‘V’, and ‘3’; Same as in Table II.

K—-A K—-ADB

For ‘O’
K— B
K—~A K- ~~A
For ‘~’:
or K— A
For ‘=" K—A K—-A=B K—A K—-B=A
o K— B K— B

To restrict ourselves again to quantificational matters, IE can be
handled as in section 4. VI, on the other hand, calls for fresh treatment,
since our proof of Bl in section 4 (see Lemma 3) makes use of A3. Proof
of Bl by means of Al1-A2, A7-A9, A16, R1, and R2 is readily had. We do
not know, however, of any proof of B1 by means of A1-A2, A16, R1, and R2
alone, nor for that matter of any proof of B1 by means of A1-A2, A16, R1,
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R2, and the axiom schemata and rules of Table I for anyone of ‘~*, ¢y’ ¢=?,
and ‘3’; and hence, in every case in which the wff A of (2) contains no ‘&’,
resort to R2', which of course delivers Bl at a stroke.

Lemma 5. (a) Bl is provable by means of A1-A2, A7-A9, A16, R1, and R2.
(b) B1is provable by means of A16 and R2'.

Proof: (a) (VX) (AD B) D (AD B) is provable by means of A16. But
(VX)) (AD B)D (AD B)) D (((VX) (AD B) & A) D B) is provable by means
of A1-A2, A7-A9, and R1. Hence ((VX) (AD B) & A) D B is provable by
means of Al-A2, A7T-A9, A16, and R1. Hence ((VX) (AD B) & 4) D (VX)B,
which follows from ((VX) (A D B) & A) DO B by application of R2, is provable
by means of A1-A2, A7-A9, A16, R1, and R2. But (((VX) (A2 B) & A4) D
(VX)B) O ((VX) (AD B) D (AD (VX)B)) is provable by means of Al1-A2,
AT-A9, and R1. Hence (VX) (A2 B) D (AD (VX)B) is provable by means
A1-A2, AT-A9, A16, R1, and R2.

(b) (VX)(A > B) D(A D B), from which (VX) (A 2 B) D (4 D (VYX)B) follows
by application of R2’, is provable by means of A16. Hence (b).

Theorem 4. If the wff-associate of By, B,, ..., B, — A is provable by
means of a, then the wjf-associate of B, B,, ..., B, C;, C,, ..., C,—
(VX)A, where X does not occur free in anyone of By, B,, . . . , and By, is

provable by means of a, A1-A2, A16, R1, and R2 when AT-A9 belong to a,
othevwise by means of a, A16, and R2'.
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