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THE SHORTEST AXIOMS OF THE IM PLICATION A L CALCULUS

RICHARD TURSMAN

Jan Lukasiewicz has proved that all theses of the Implicational
Calculus of Propositions are derivable from the axiom

(I) CCCpqrCCrpCsp

and has outlined a proof to the effect that (I) is the shortest single axiom
from which all theses are derivable.1 Whether or not there are 13 letter
axioms other than (I) which could serve as single axioms of the Calculus,
ίiUkasiewicz noted,2 is not known.

In this article it is proved that (I) is the only 13 letter single axiom
with the possible exception of

(II) CCrpCCCpqrCsp.

This article leaves unanswered the question of whether or not (II) does
serve as a single axiom. If it does, then there are a total of two 13 letter
single axioms; if it does not, then (I) is the only 13 letter single axiom.

Since there are 132 forms of punctuation for these 13 letter wff 's, and
since there are 877 unique combinations and permutations of seven vari-
ables, there are 115,764 unique 13 letter wff's. Each of these which is
analytic is, initially, a candidate for single axiom status. The first
practical problem is to determine the analytic wff's without writing out
115,764 128 row truth tables.

The easiest way to determine the analytic wff's is to use three charts:

Chart I is a list of the 132 forms of punctuation.
Chart II is a list of the 877 unique combinations and permutations of seven
variables.
Chart III is a list of which of these 877 unique combinations and permuta-
tions can be assigned to each of 64 symmetrical couplets. (These couplets
result from reducing 128 standard assignments of two values, involving
seven variables, to 64; the second member of each couplet is superfluous,
since anything ending in a ' 1 ' is analytic.) (What follows is only part of
Chart IΠ.)
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CHART I

1. CxCxCxCxCxCxx

2. CxCxCxCxCCxxx

3. CxCxCxCCxxCxx

4. CxCxCxCCxCxxx

5. CxCxCxCCCxxxx

6. CxCxCCxxCxCxx

7. CxCxCCxxCCxxx

8. CxCxCCxCxxCxx

9. CxCxCCCxxxCxx

10. CxCxCCxCxCxxx

11. C#C#CC#CC:o;##

12. C#C#CCC##C###

13. CxCxCCCxCxxxx

1 4 . C Λ C Λ C C C C Λ Λ Λ Λ Λ:

15. CxCCxxCxCxCxx
1 6 . C Λ C C Λ Λ C Λ C C Λ Λ Λ;

1 7 . CΛΓCCΛΓΛ CCΛΓΛΓCΛΓΛ:

18. CxCCxxCCxCxxx

19. CΛ CCΛΓΛ C C C Λ Λ ΛΓΛ:

20. CxCCxCxxCxCxx

2 1 . C X C C Λ CΛ Λ C C Λ Λ Λ;

22. C#CCC:o:#C#C:ro;

23 . CxCCCxxxCCxxx

24. CΛ C C ^ C Λ CΛ Λ CΛΓΛ;

25. CxCCxCCxxxCxx

26. C#CCCΛ;Λ:CΛ;Λ;CΛ;Λ;

27. C#CCCΛ;CΛ;Λ:Λ;CΛ;Λ;

28. CxCCCCxxxxCxx

2 9. CxCCxCxCxCxxx

30. CΛΓCCXCXCCXXXX

3 1 . C*CCΛ;CCJO;CΛ:Λ;Λ;

32. CxCCxCCxCxxxx

33. CΛ C C Λ C C C Λ Λ Λ Λ Λ;

34. QxCCCxxCxCxxx

3 5 . CΛ C C C Λ Λ C C Λ ΛΓΛ Λ;

3 6. CxCC CxCxxCxxx

37. CΛ C C C C Λ Λ Λ CΛ Λ Λ;

38. CxCCCxCxCxxxx

39. CΛ CCCΛΓCCΛ Λ ΛrΛ Λ:

4 0 . C Λ C C C C Λ Λ C Λ Λ Λ Λ;

41. CxCCCCxCxxxxx

42. C#CCCCC####:o;

43. CCxxCxCxCxCxx

44. C C Λ Λ CΛ CΛ C C Λ Λ Λ;

4 5 . C C Λ Λ CΛ C C Λ Λ CΛ:^

46. CCxxCxCCxCxxx

47. C C Λ Λ CΛ C C C Λ Λ Λ Λ;

48. CCxxCCxxCxCxx

4 9 . C C Λ Λ CCΛΓΛ C C Λ Λ Λ;

50. C C Λ Λ C C Λ C Λ Λ CΛΓΛ;

5 1 . C C Λ Λ C C C Λ ΛΓΛΓCΛ Λ;

52. CCxxCCxCxCxxx

5 3 . C C Λ Λ C C Λ C C Λ Λ Λ Λ;

54. C C Λ Λ C C C Λ ΛΓCΛ ^Λ;

5 5 . C CΛΓΛ CCCA:CΛ:Λ:Λ:Λ:

56. C C Λ ΛΓCCCCΛΓΛ ΛΓΛ Λ;

57. CCxCxxCxCxCxx

5 8 . C C Λ C Λ Λ C Λ C C Λ Λ Λ;

59. CCxCxxCCxxCxx

6 0 . CCΛΓCΛ Λ C C Λ C Λ Λ Λ:

6 1 . CCΛΓCΛΓΛ CCCAΓΛ Λ Λ;

62. CCCxxxCxCxCxx

6 3 . C C C Λ Λ Λ CΛ C C Λ Λ Λ;

64. CCCxxxCCxxCxx
6 5 . C C C Λ Λ Λ C C Λ C Λ Λ Λ;

66. CCCΛ:ΛΓΛ;CCCΛ:Λ:Λ:Λ:

67. CCxCxCxxCxCxx

6 8 . C C Λ C Λ C A Λ C C Λ Λ ΛΓ

69. CCxCCxxxCxCxx

70. C CΛΓC CXXXC CXXX

7 1 . C C C Λ A CΛ Λ CΛ CΛ Λ;

72. CCCxxCxxCCxxx

73. CCCΛΓCΛΓΛ ΛΓCΛ CΛΓΛ:

7 4 . C C C Λ Γ C Λ Λ Λ C C Λ Λ Λ;

75. CCCCxxxxCxCxx

76. CCCCΛΓΛ:Λ:Λ:CCΛrΛ:Λ:

77. CCxCxCxCxxCxx

78. C C Λ CΛ C C Λ Λ Λ CΛ Λ;

79. CCΛΓCCΛ ΛΓCΛ ^C^Λ;

80. CCxCCxCxxxCxx

8 1 . C C Λ C C C Λ Λ Λ Λ CΛ Λ;

82. CCCxxCxCxxCxx

83. CCCΛ:ΛΓCCΛ:Λ:Λ:CΛ:Λ:

84. CCCΛ:CΛ;Λ:CΛ:Λ:CΛ;Λ;

85. CCCCxxxCxxCxx

86. C C C Λ CΛ CΛ Λ Λ CΛΓΛ;

87. CCCxCCxxxxCxx

88. CCCC#Λ:CΛ;Λ;Λ;CΛ:Λ;

8 9 . C C C C Λ Γ C Λ Λ Λ Λ CΛ Λ;

90. CCCC CxxxxxCxx

9 1 . C C Λ C Λ C Λ C Λ C Λ Λ Λ;

92. CCxCxCxCCxxxx

93. CCΛΓCΛTCCΛ Λ CΛ Λ Λ:

94. CCxCxCCxCxxxx

95. CCΛ;CΛ:CCCΛ;Λ;Λ:Λ:Λ:

96. C C Λ CC^ΛΓCΛ CA Λ Λ:

97. CCxCCxxCCxxxx

98. C C Λ C C Λ CΛ Λ CΛ Λ Λ;

99. CCxCCCxxxCxxx

100. CCΛ CCΛ CΛΓCΛ ΛΓΛΓΛ:

1 0 1 . C C Λ Γ C C Λ C C Λ Λ Λ Λ Λ;

102. CCxCCCxxCxxxx

103. C C Λ C C C Λ CΛ Λ Λ Λ Λ;

104. CCxCCCCxxxxxx

105. CCCΛ;Λ;CΛ;CΛ;C##A;

106. CCCΛΓΛ CΛΓCCΛ ΛΓΛ ΛΓ

107. CCCxxCCxxCxxx
1 0 8 . CCCΛΓΛ C C Λ C Λ Λ Λ Λ;

109. CCCxxCCCxxxxx

1 1 0 . CCCΛΓCΛΓΛΓCΛ C Λ Λ ΛΓ

1 1 1 . CCCΛΓCΛΓΛ C C Λ Λ ΛΓΛΓ

112. CCCCxxxCxCxxx

1 1 3 . CCCCΛΓΛΓΛΓCCΛΓΛ ΛΓΛ;

114. CCCxCxCxxCxxx
1 1 5 . C C C Λ C C Λ Λ Λ C Λ Λ Λ:

1 1 6 . CCCCΛΓΛ CΛrΛ CΛrΛ Λ:

117. CCCCxCxxxCxxx

118. C C C C C J W Λ Λ CΛ Λ Λ;

119. CCCxCxCxCxxxx

120. C C C Λ CΛ C C Λ Λ Λ Λ Λ;

121. CCCΛ:CCΛ:Λ:CΛ:Λ;Λ:Λ:

122. CCCxCCxCxxxxx

123. C C C Λ Γ C C C Λ Λ Λ Λ Λ Λ:

124. CCCCxxCxCxxxx

125. C C C C Λ Λ C C Λ Λ Λ Λ Λ;

126. CCCCΛ:CΛ;Λ:CΛ:Λ:Λ:Λ:

127. CCCCCxxxCxxxx
128. CCCC#CΛ:C%Λ;Λ;Λ;Λ;

129. CCCCxCCxxxxxx

130. CCCCCΛΓΛ CΛ Λ ΛΓΛ Λ;

1 3 1 . CGCCCΛΓCΛΓΛΓΛΓΛΓΛΓΛΓ

1 3 2 . CCCCCCxxxxxxx

CHART II

1. ppppppp
2. ppppppr
3. />/>/>#>r£

4. #>/>/>r/>p

5. />/> r̂/>/)/>

6. pprpppp

7. />r^/>/>^

8. r/>/>/>^/>

9. ppppprr

10. pppprpr
11. pppprrp
12. ppprppr

13. ppprprp
14. ppprrpp
15. pprpppr
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16. pprpprp
17. pprprpp
18. pprrppp
19. prppppr
20. prppprp
21. prpprpp
22. prprppp
23. prrpppp
24. rpppppr
25. rpppprp
26. rppprpp
27. rpprppp
28. rprpppp
29. rrppppp
30. pppprrr
31. ppprprr
32. ppprrpr
33. ppprrrp
34. pprpprr
35. pprprpr
36. pprprrp
37. pprrppr
38. pprrprp
39. pprrrpp
40. prppprr
41. prpprpr
42. prpprrp
43. prprppr
44. prprprp
45. prprrpp
46. prrpppr
47. prrpprp
48. prrprpp
49. prrrppp
50. rpppprr
51. rppprpr
52. rppprrp
53. rpprppr
54. rpprprp
55. rpprrpp
56. rprpppr
57. rprpprp
58. rprprpp
59. rprrppp
60. rrppppr
61. rrppprp
62. rrpprpp
63. rrprppp
64. rrrpppp
65. #>/>#>r#
66. #>#>r^
67. ##/>rtf/>

68. />#>r#>#
69. #>/*£?/>
70. £#>rtf/>£
71. #>r#>£?
72. #>r#><#
73. #>r^/>£
74. />/>rtf/>#>

75. £r#>#>#

76. />r#>/>#/>

77. £r£A7#>

78. />r/>##>/>

79. £r<tf>#>/>

80. rpppppq

81. r#>#>#£

82. r/>/>/>tf/>£

83. rppqppp

84. r£tf#>/>£

85. r#/>/>/>/>£

86. pppprrq
87. pppprqr
88. ppppqrr
89. ppprprq
90. ppprpqr
91. ppprrpq
92. #>£rr<tf>
93. ppprqpr
94. ppprqrp
95. pppqprr
96. pppqrpr
97. pppqrrp
98. pprpprq
99. pprppqr

100. pprprpq
101. pprprqp
102. pprpqpr
103. pprpqrp
104. pprrppq
105. pprrpqp
106. pprrqpp
107. pprqppr
108. pprqprp
109. pprqrpp
110. ppqpprr
111. ppqprpr
112. ppqprrp
113. ppqrppr
114. ppqrprp
115. ppqrrpp
116. prppprq
117. prpppqr
118. prpprpq
119. prpprqp

120. prppqpr
121. prppqrp
122. prprppq
123. prprpqp
124. prprqpp
125. prpqppr
126. prpqprp
127. prpqrpp
128. prrpppq
129. prrppqp
130. prrpqpp
131. prrqppp
132. prqpppr
133. prqpprp
134. prqprpp
135. prqrppp
136. pqppprr
137. pqpprpr
138. pqpprrp
139. pqprppr
140. pqprprp
141. pqprrpp
142. pqrpppr
143. pqrpprp
144. pqrprpp
145. pqrrppp
146. rpppprq
147. rppppqr
148. rppprpq
149. rppprqp
150. rpppqpr
151. rpppqrp
152. rpprppq
153. rpprpqp
154. rpprqpp
155. rppqppr
156. rppqprp
157. rppqrpp
158. rprpppq
159. rprppqp
160. rprpqpp
161. rprqppp
162. rpqpppr
163. rpqpprp
164. rpqprpp
165. rpqrppp
166. rrppppq
167. rrpppqp
168. rrppqpp
169. rrpqppp
170. rrqpppp
171. rqppppr

172. rqppprp
173. rqpprpp
174. rqprppp
175. rqrpppp
176. qpppprr
177. qppprpr
178. qppprrp
179. qpprppr
180. qpprprp
181. qpprrpp
182. qprpppr
183. qprpprp
184. qprprpp
185. qprrppp
186. qrppppr
187. qrppprp
188. qrpprpp
189. qrprppp
190. qrrpppp
191. ppprrrq
192. ppprrqr
193. ppprqrr
194. pppqrrr
195. ppΎprrq
196. pprprqr
197. pprpqrr
198. pprrprq
199. pprrpqr
200. pprrrpq
201. pprrrqp
202. pprrqpr
203. pprrqrp
204. pprqprr
205. pprqrpr
206. pprqrrp
207. ppqprrr
208. ppqrprr
209. ppqrrpr
210. ppqrrrp
211. prpprrq
212. prpprqr
213. prppqrr
214. prprprq
215. prprpqr
216. prprrpq
217. prprrqp
218. prprqpr
219. prprqrp
220. prpqprr
221. prpqrpr
222. prpqrrp
223. prrpprq

224. prrppqr
225. prrprpq
226. prrprqp
227. prrpqpr
228. prrpqrp
229. prrrppq
230. prrrpqp
231. prrrqpp
232. prrqppr
233. prrqprp
234. prrqrpp
235. prqpprr
236. prqprpr
237. prqprrp
238. prqrppr
239. prqrprp
240. prqrrpp
241. pqpprrr
242. pqprprr
243. pqprrpr
244. pqprrrp
245. pqrpprr
246. pqrprpr
247. pqrprrp
248. pqrrppr
249. pqrrprp
250. pqrrrpp
251. qppprrr
252. qpprprr
253. qpprrpr
254. qpprrrp
255. qprpprr
256. qprprpr
257. qprprrp
258. qprrppr
259. qprrprp
260. qprrrpp
261. ppprrqq
262. ppprqrq
263. ppprqqr
264. pprprqq
265. pprpqrq
266. pprpqqr
267. pprrpqq
268. pprrqpq
269. pprrqqp
270. pprqprq
271. pprqpqr
272. pprqrpq
273. pprqrqp
274. pprqqpr
275. pprqqrp
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276. prpprqq
277. prppqrq
278. prppqqr
279. prprpqq
280. prprqpq
281. prprqqp
282. prpqprq
283. prpqpqr
284. prpqrpq
285. prpqrqp
286. prpqqpr
287. prpqqrp
288. prrppqq
289. prrpqpq
290. prrpqqp
291. prrqppq
292. prrqpqp
293. prrqqpp
294. prqpprq
295. prqppqr
296. prqprpq
297. prqprqp
298. prqpqpr
299. prqpqrp
300. prqrppq
301. prqrpqp
302. prqrqpp
303. prqqppr
304. prqqprp
305. prqqrpp
306. rppprqq
307. rpppqrq
308. rpppqqr
309. rpprpqq
310. rpprqpq
311. rpprqqp
312. rppqprq
313. rppqpqr
314. rppqrpq
315. rppqrqp
316. rppqqpr
317. rppqqrp
318. rprppqq
319. rprpqpq
320. rprpqqp
321. rprqppq
322. rprqpqp
323. rprqqpp
324. rpqpprq
325. rpqppqr
326. rpqprpq
327. rpqprqp

328. rpqpqpr
329. rpqpqrp
330. rpqrppq
331. rpqrpqp
332. rpqrqpp
333. rpqqppr
334. rpqqprp
335. rpqqrpp
336. rrpppqq
337. rrppqpq
338. rrppqqp
339. rrpqppq
340. rrpqpqp
341. rrpqqpp
342. rrqpppq
343. rrqppqp
344. rrqpqpp
345. rrqqppp
346. rqppprq
347. rqpppqr
348. rqpprpq
349. rqpprqp
350. rqppqpr
351. rqppqrp
352. rqprppq
353. rqprpqp
354. rqprqpp
355. rqpqppr
356. rqpqprp
357. rqpqrpp
358. rqrpppq
359. rqrppqp
360. rqrpqpp
361. rqrqppp
362. rqqpppr
363. rqqpprp
364. rqqprpp
365. rqqrppp
366. pppprqs
367. ppprpqs
368. ppprqps
369. ppprqsp
370. pprppqs
371. pprpqps
372. pprpqsp
373. pprqpps
374. pprqpsp
375. pprqspp
376. prpppqs
377. prppqps
378. prppqsp
379. prpqpps

380. prpqpsp
381. prpqspp
382. prqppps
383. prqppsp
384. prqpspp
385. prqsppp
386. rppppqs
387. rpppqps
388. rpppqsp
389. rppqpps
390. rppqpsp
391. rppqspp
392. rpqppps
393. rpqppsp
394. rpqpspp
395. rpqsppp
396. rqpppps
397. rqpppsp
398. rqppspp
399. rqpsppp
400. rqspppp
401. ppprrqs
402. ppprqrs
403. ppprqsr
404. pppqrrs
405. pppqrsr
406. pppqsrr
407. pprprqs
408. pprpqrs
409. pprpqsr
410. pprrpqs
411. pprrqps
412. pprrqsp
413. pprqprs
414. pprqpsr
415. pprqrps
416. pprqrsp
417. pprqspr
418. pprqsrp
419. ppqprrs
420. ppqprsr
421. ppqpsrr
422. ppqrprs
423. ppqrpsr
424. ppqrrps
425. ppqrrsp
426. ppqrspr
427. ppqrsrp
428. ppqsprr
429. ppqsrpr
430. ppqsrrp
431. prpprqs

432. prppqrs
433. prppqsr
434. prprpqs
435. prprqps
436. prprqsp
437. prpqprs
438. prpqpsr
439. prpqrps
440. prpqrsp
441. prpqspr
442. prpqsrp
443. prrppqs
444. prrpqps
445. prrpqsp
446. prrqpps
447. prrqpsp
448. prrqspp
449. prqpprs
450. prqppsr
451. prqprps
452. prqprsp
453. prqpspr
454. prqpsrp
455. prqrpps
456. prqrpsp
457. prqrspp
458. prqsppr
459. prqsprp
460. prqsrpp
461. pqpprrs
462. pqpprsr
463. pqppsrr
4:64. pqprprs
465. pqprpsr
466. pqprrps
467. pqprrsp
468. pqprspr
469. pqprsrp
470. pqpsprr
471. pqpsrpr
472. pqpsrrp
473. pqrpprs
474. pqrppsr
475. pqrprps
476. pqrprsp
477. pqrpspr
478. pqrpsrp
479. pqrrpps
480. pqrrpsp
481. pqrrspp
482. pqrsppr
483. pqrsprp

484. pqrsrpp
485. pqspprr
486. pqsprpr
487. pqsprrp
488. pqsrppr
489. pqsrprp
490. pqsrrpp
491. rppprqs
492. rpppqrs
493. rpppqsr
494. rpprpqs
495. rpprqps
496. rpprqsp
497. rppqprs
498. rppqpsr
499. rppqrps
500. rppqrsp
501. rppqspr
502. rppqsrp
503. rprppqs
504. rprpqps
505. rprpqsp
506. rprqpps
507. rprqpsp
508. rprqspp
509. rpqpprs
510. rpqppsr
511. rpqprps
512. rpqprsp
513. rpqpspr
514. rpqpsrp
515. rpqrpps
516. rpqrpsp
517. rpqrspp
518. rpqsppr
519. rpqsprp
520. rpqsrpp
521. rrpppqs
522. rrppqps
523. rrppqsp
524. rrpqpps
525. rrpqpsp
526. rrpqspp
527. rrqppps
528. rrqppsp
529. rrqpspp
530. rrqsppp
531. rqppprs
532. rqpppsr
533. rqpprps
534. rqpprsp
535. rqppspr
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536. rqppsrp
537. rqprpps
538. rqprpsp
539. rqprspp
540. rqpsppr
541. rqpsprp
542. rqpsrpp
543. rqrppps
544. rqrppsp
545. rqrpspp
546. rqrsppp
547. rqspppr
548. rqspprp
549. rqsprpp
550. rqsrppp
551. qppprrs
552. qppprsr
553. qpppsrr
554. qpprprs
555. qpprpsr
556. qpprrps
557. qpprrsp
558. qpprspr
559. qpprsrp
560. qppsprr
561. qppsrpr
562. qppsrrp
563. qprpprs
564. qprppsr
565. qprprps
566. qprprsp
567. qprpspr
568. qprpsrp
569. qprrpps
570. qprrpsp
571. qprrspp
572. qprsppr
573. qprsprp
574. qprsrpp
575. qpspprr
576. qpsprpr
577. qpsprrp
578. qpsrppr
579. qpsrprp
580. qpsrrpp
581. qrppprs
582. qrpppsr
583. qrpprps
584. qrpprsp
585. qrppspr
586. qrppsrp
587. qrprpps

588. qrprpsp
589. qrprspp
590. qrpsppr
591. qrpsprp
592. qrpsrpp
593. qrrppps
594. qrrppsp
595. qrrpspp
596. qrrsppp
597. qrspppr
598. qrspprp
599. qrsprpp
600. qrsrppp
601. qsppprr
602. qspprpr
603. qspprrp
604. qsprppr
605. qsprprp
606. qsprrpp
60^7. qsrpppr
608. qsrpprp
609. qsrprpp
610. qsrrppp
611. pprrqqs
612. pprrqsq
613. pprrsqq
614. pprqrqs
615. pprqrsq
616. pprqqrs
617. pprqqsr
618. pprqsrq
619. pprqsqr
620. pprsrqq
621. pprsqrq
622. pprsqqr
623. ppsrrqq
624. ppsrqrq
625. ppsrqqr
626. prprqqs
627. prprqsq
628. prprsqq
629. prpqrqs
630. prpqrsq
631. prpqqrs
632. prpqqsr
633. prpqsrq
634. prpqsqr
635. prpsrqq
636. prpsqrq
637. prpsqqr
638. prrpqqs
639. prrpqsq

640. prrpsqq
641. prrqpqs
642. prrqpsq
643. prrqqps
644. prrqqsp
645. prrqspq
646. prrqsqp
647. prrspqq
648. prrsqpq
649. prrsqqp
650. prqprqs
651. prqprsq
652. prqpqrs
653. prqpqsr
654. prqpsrq
655. prqpsqr
656. prqrpqs
657. prqrpsq
658. prqrqps
659. prqrqsp
660. prqrspq
661. prqrsqp
662. prqqprs
663. prqqpsr
664. prqqrps
665. prqqrsp
666. prqqspr
667. prqqsrp
668. prqsprq
669. prqspqr
670. prqsrpq
671. prqsrqp
672. prqsqpr
673. prqsqrp
674. prsprqq
675. prspqrq
676. prspqqr
677. prsrpqq
678. prsrqpq
679. prsrqqp
680. prsqprq
681. prsqpqr
682. prsqrpq
683. prsqrqp
684. prsqqpr
685. prsqqrp
686. psprrqq
687. psprqrq
688. psprqqr
689. psrprqq
690. psrpqrq
291. psrpqqr

692. psrrpqq
693. psrrqpq
694. psrrqqp
695. psrqprq
696. psrqpqr
697. psrqrpq
698. psrqrqp
699. psrqqpr
700. psrqqrp
701. spprrqq
702. spprqrq
703. spprqqr
704. sprprqq
705. sprpqrq
706. sprpqqr
707. sprrpqq
708. sprrqpq
709. sprrqqp
710. sprqprq
711. sprqpqr
712. sprqrpq
713. sprqrqp
714. sprqqpr
715. sprqqrp
716. ppprqst
717. pprpqst
718. pprqpst
719. pprqspt
720. pprqstp
721. prppqst
722. prpqpst
723. prpqspt
724. prpqstp
725. prqppst
726. prqpspt
727. prqpstp
728. prqsppt
729. prqsptp
730. prqstpp
731. rpppqst
732. rppqpst
733. rppqspt
734. rppqstp
735. rpqppst
736. rpqpspt
737. rpqpstp
738. rpqsppt
739. rpqsptp
740. rpqstpp
741. rqpppst
742. rqppspt
743. rqppstp

744. rqpsppt
745. rqpsptp
746. rqpstpp
747. rqspppt
748. rqspptp
749. rqsptpp
750. rqstppp
751. pprrqst
752. pprqrst
753. pprqsrt
754. pprqstr
755. ppqrrst
756. ppqrsrt
757. ppqrstr
758. ppqsrrt
759. ppqsrtr
760. ppqstrr
761. prprqst
762. prpqrst
763. prpqsrt
764. prpqstr
765. prrpqst
766. prrqpst
767. prrqspt
768. prrqstp
769. prqprst
770. prqpsrt
771. prqpstr
772. prqrpst
773. prqrspt
114:. prqrstp
775. prqsprt
776. prqsptr
111. prqsrpt
778. prqsrtp
779. prqstpr
780. prqstrp
781. pqprrst
782. pqprsrt
783. pqprstr
784. pqpsrrt
785. pqpsrtr
786. pqpstrr
787. pqrprst
788. pqrpsrt
789. pqrpstr
790. pqrrpst
791. pqrrspt
792. pqrrstp
793. pqrsprt
794. pqrsptr
795. pqrsrpt
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796. pqrsrtp
797. pqrstpr
798. pqrstrp
799. pqsprrt
800. pqsprtr
801. pqsptrr
802. pqsrprt
803. pqsrptr
804. pqsrrpt
805. pqsrrtp
806. pqsrtpr
807. pqsrtrp
808. pqstprr
809. pqstrpr
810. pqstrrp
811. qpprrst

812. qpprsrt
813. qpprstr
814. qppsrrt
815. qppsrtr
816. qppstrr
817. qprprst
818. qprpsrt
819. qprpstr
820. qprrpst
821. qprrspt
822. qprrstp
823. qprsprt
824. qprsptr
825. qprsrpt
826. qprsrtp
827. qprstpr

828. qprstrp
829. qpsprrt
830. qpsprtr
831. qpsptrr
832. qpsrprt
833. qpsrptr
834. qpsrrpt
835. qpsrrtp
836. qpsrtpr
837. qpsrtrp
838. qpstprr
839. qpstrpr
840. qpstrrp
841. qspprrt
842. qspprtr
843. qspptrr

844. qsprprt
845. qsprptr
846. qsprrpt
847. qsprrtp
848. qsprtpr
849. qsprtrp
850. qsptprr
851. qsptrpr
852. qsptrrp
853. qstpprr
854. qstprpr
855. qstprrp
856. pprqstu
857. prpqstu
858. prqpstu
859. prqsptu
860. prqstpu

861. prqstup
862. rppqstu
863. rpqpstu
864. rpqsptu
865. rpqstpu
866. rpqstup
867. rqppstu
868. rqpsptu
869. rqpstpu
870. rqpstup
871. rqspptu
872. rqsptpu
873. rqsptup
874. rqstppu
875. rqstpup
876. rqstupp
877. prqstuv

Couplet number 2
1. 1111112

2222221

35. 2111212
1222121

CHART III

2, 65, 66, 68, 71, 75, 80, 86, 89,
122, 128, 146, 148, 152, 158, 166,
214, 216, 223, 225, 229, 366, 367,
377, 379, 382, 386, 387, 389, 392,
408, 410, 411, 413, 415, 419, 422,
437, 439, 443, 444, 446, 449, 451,
475, 479, 491, 492, 494, 495, 497,
511, 515, 521, 522, 524, 527, 531,
556, 563, 565, 569, 581, 583, 587,
629, 631, 638, 641, 643, 650, 652,
717, 718, 719, 721, 722, 723, 725,
735, 736, 738, 741, 742, 744, 747,
758, 761, 762, 763, 765, 766, 767,
777, 781, 782, 784, 787, 788, 790,
804, 811, 812, 814, 817, 818, 820,
834, 841, 844, 846, 856, 857, 858,
865, 867, 868, 869, 871, 872, 874,

91, 98, 100, 104, 116, 118,
191, 195, 198, 200, 211,
368, 370, 371, 373, 376,
396, 401, 402, 404, 407,
424, 431, 432, 434, 435,
455, 461, 464, 466, 473,
499, 503, 504, 506, 509,
533, 537, 543, 551, 554,
593, 611, 614, 616, 626,
656, 658, 662, 664, 716,
726, 728, 731, 732, 733,
751, 752, 753, 755, 756,
769, 770, 772, 773, 775,
791, 793, 795, 799, 802,
821, 823, 825, 829, 832,
859, 860, 862, 863, 864,
877.

64. 2222222
1111111

51, 148, 150, 177, 230, 233, 239, 249, 292, 301, 304, 387,
447, 456, 459, 480, 483, 489, 491, 493, 499, 501, 511, 513,
533, 535, 552, 561, 576, 602, 641, 646, 656, 661, 662, 667,
702, 705, 708, 729, 731, 733, 736, 742, 766, 768, 772, 774,
775, 780, 790, 792, 793, 798, 802, 807, 812, 815, 818, 821,
830, 839, 842, 851, 854, 859, 861, 862, 863, 865, 867, 869,
872, 875, 877.

1-877.
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The process of isolating the analytic wff's is this: making every
variable unique, a single 128 row two-valued tt is constructed for each
punctuation (using 'Γ as analytic, '2' as non-analytic, the standard initial
assignment of values to variables, and the standard definition of the
implication operator). Wherever a '2' occurs in a final column, noting the
couplet number of the corresponding initial assignment of Γs and 2's gives
by means of CHART III, the non-analytic wff's.

To illustrate this process, consider the very first punctuation. Where
every variable is made unique, a tt is constructed for CpCzCqCsCtCuv. If
p is assigned 64 Γs followed by 64 2's, r assigned 32 Γs followed by
32 2's, etc., the result is that this wff (call it 1.877) is non-analytic under
and only under the assignment 1111112. It follows, obviously, that 1.2, 1.65,
1.66, . . . 1.587, . . . etc., (see CHART III, Couplet Number 1.) are all non-
analytic.

The total number of 13 letter analytic wff's turns out to be 28,495. By
identifying variables, the number of single axiom candidates reduces to
741. Of course, in any case where one of these 741 cannot be eliminated
later, wff's, originally cancelled through it by identifying variables, must
be re-instated as single axiom candidates. Fortunately, as it turns out,
there are only two of these (see below, numbers 51.224 and 64.230).

In order to eliminate as many of the 741 single axiom candidates as
possible, matrices must be found under which the candidate is analytic and
the known single axiom non-analytic. Since Lukasiewicz's axiom is
complete, a matrix showing its independence from a wff eliminates that wff
as a candidate for single axiom status. The necessary matrices are as
follows: (an asterisk denotes selected, analytic, values; and to the right of
each matrix are given the values under which Lukasiewicz's single axiom
is non-analytic)

I II

C I 1 2 3 C 1 2 3 4

*1 1 2 3 *1 1 2 3 3
2 1 1 3

 P
~_ί 2 1 1 3 3

 P
 _

A

3 1 1 1
 r

" ; 3 1 2 1 1
 r

-\
q=
\ 4 1 1 1 1

 q
= l

s = 1 s = 3

IΠ IV

C I 1 2 3 4 C I 1 2 3 4 5

*1 1 2 3 3 *1 1 2 4 4 4
2 1 1 3 3

 P
 _ *2 1 1 4 4 4

 P
'J

3 1 2 1 1
 Ύ

 ~_ 3 1 2 1 2 2
 Y

4 1 2 2 1
 Q

 _ 4 1 1 1 1 1
 Q

 _.
S
"

4
 5 1 2 3 3 3

 S
 ~*



358 RICHARD TURSMAN

V VI

C I 1 2 3 4 5 C I 1 2 3

• 1 1 1 1 4 4 *1 1 2 3

• 2 1 1 4 4 4 p-J 2 1 1 2 p_
•3 1 1 1 4 4 r ] 3 1 1 1 r Z
4 1 1 1 1 1 q=\ «=
5 1 1 1 1 1 S = 2 S = 1

When matrices I, II, and III (those used by Lukasiewicz in his original
paper) are applied to our 741 candidates, the three matrices eliminate all
except these:

(1) 47.453 CCprCqCCCpspr
(2) 47.514 CCrpCqCCCpsrp

(3) 51.438 CCprCCCpqpCsr
(4) 51.500 CCrpCCCpqrCsp
(5) 55.453 CCprCCCqCpspr
(6) 55.514 CCrpCCCqCpsrp
(7) 63.484 CCCpqrCsCCrpp
(8) 64.462 CCCpqpCCprCsr
(9) 64.480 CCCpqrCCrpCsp

(10) 74.575 CCCqCpspCCprr
(11) 74.580 CCCqCpsrCCrpp

Matrix IV eliminates 47.453, 51.438, 55.453, 64.462, and 74.575. Matrix V
eliminates 47.514, 55.514, 63.483, and 74.580. Of the 741, the only two
wff's remaining are 51.500 and 64.480, the latter being the known single
axiom. When variables were identified, 51.224, CCprCCCrppCqr, was set
aside by 51.500 and 64.230, CCCprrCCrpCqp, was set aside by 64.480. But
these two candidates are re-instated only temporarily and readily, then,
eliminated by Matrix VI.

Thus the only possible single axiom other than

(I) 64.480 CCCpqrCCrpCsp is (II) 51.500 CCrpCCCpqrCsp.

NOTES

1. Lukasiewicz, Jan, "The Shortest Axiom of the Implicational Calculus of Proposi-
tions," Proceedings of the Royal Irish Academy, vol. 52, sect. A ((I) was
originally discovered by Lukasiewicz in 1936.)

2. Ibid., p. 33.
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