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SUMS OF AT LEAST 9 ORDINALS

MARTIN M. ZUCKERMAN

1 Intrvoduction* Ordinal addition is noncommutative. For each positive
integer n, let i, be the maximum number of distinct values that can be
assumed by a sum of »n nonzero ordinals in all #n! permutations of the
summands. Then for n = 3, m, < n!; furthermore,

Formulas for m, were given by Erdds, [1], and Wakulicz, [3] and [5]; from
these formulas it is readily established that for n = 10, n # 14,

M, = 34(k-(l:1))—3(141)111#1931:1
where n =5k + 1 for %k, I nonnegative integers with [ =4, and where for
nonnegative integers » ands,

v - sfor v = s,

res= 0 for r <s.

For positive integers »n and % let T, be the symmetric group on »n
letters and let E, be the set of all & for which there exist » (not necessarily

distinct) nonzero ordinals a;, @, . . . , @, such that
Z)in:l QAg(;)

takes on exactly 2 values as ¢ ranges over Z,. It is known that E, =
{1,2,...,m,} for n=1,2,3,4,6, 7, and 8 ([2], [4], and [6]), but that
E;=1{1,2, ..., my- {30} ([5]). In this paper we show that E, is properly
included in {1, 2, . .., m,} for all n = 9.

For every ordinal number a > 0, let
(1) a= w)‘lal+ wx2a2+ R w)"a,
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be the (Cantor) novmal form of a; here 7, ay, as, . . . , a, are positive
integers and A; > X, > ... > X = 0 are ordinals. In (1), A; is called
the degree of a (written, deg @) and a,, the leading coefficienl of a. If deg a =
i, we call @ a ),-ordinal. By the rvemainder of a we shall always mean
wa, + ... +whra, (or zero, if ¥ = 1).

Unless otherwise specified, variables will range over (nonnegative)

integers.

2 The Main Result Let n = 1. The positive integers k&, k,, ..., ks are
said to form an S,-system if

Z),‘S:1 ki =N,
t ;- ;-
and whenever X I; = n, then L1 Lios (1 4 7; 2477 = o, I 15, (1 4 oy 257Y).

In any S,-system for » = 3, %k, must be 1, and forn = 9and 2 =j = s, &;
is 4,5, or 6 ([3], pp. 256-260); thus for n = 9, s = 3.

Lemma 1. For n = 9, lelt 1, k,, . . . , ks form an S,-system and lel
Z};zl l; = n,where L, l,, ..., 1, ave positive inlegers thal do not form
an S,-system.

Then 1, LI, (1 +12; 257" = TTi-s (1 + ks 257Y) - 36.

We omit the routine proof of Lemma 1, which utilizes the calculations
of [3], pp. 256-260 and [5], p. 239. We now show that for » = 9, E, is
properly included in {1,2, ..., n,}. To this end we define s, = max(E, -
{m,}), n = 1. I suffices to show that s, < m, - 1 for n = 9.

Theorem 1. For all n =9, E, is properly included in{1,2, ..., m,}. In
fact,

(a) form=9, 10, 14, 15, and 20, s, = 101, - 4;
(b) for m=11,12, 16, 17, 18, and for all n = 21, s, = i1, - 8;
(¢) for n=13 and 19, s, = m, - 16.

Proof. For any n = 1, let a,, a,, . . . , @, be any ordinals of which

ki are of degree x;,i=1,2, ..., s,

2) where X\; > X, > . .. > X, and Z),il k; = n.

Erdds, [1] and Wakulicz, [3] showed that a,, a,, . . ., @, yield at most
BT, (14 R 287Y)

distinct sums in all #! permutations of these summands and that, in fact,
there exist ordinals a,, @,, ..., a,that yield m, sums; here 2, &,, . . . ,
kg, of (2), form an S,-system. Furthermore, for n = 9, it follows from
Lemma 1 that for the purpose of our theorem we need only consider
ordinals a;, @, ..., a,, subject to (2), for which k,, k,, . .., ks form an
S,-system.

Letn = 9. Let

_ A1 Ao A
a, =W @1’1 +a;) W @1,2+(11,z+.--+w5@1,5+(11,5
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A
as = w:@z’z +Ayp + . +w;@ s+ Qs s
a3 = w2@3’2+a3,2+...+w5@35+a35
Ay + ky = w Bl rkgy2 + Ahyikyy2 + « + o F

o Sy kytko,s T Qkytkgys

ak1+k2+...+k5_1+1 = w @kl“fkg‘* cthsaptlyS + ak1+k2+...+k5-1+1,5
Qv kot coitbgaqt2 = w @kl+k2+...+k5_l+2,s t Qpis kgt oot kg=1+2,S
a = M

n = w n,s + Ay,s,

where &, ; and &;; are positive integers for

-1 . i .

’_1 k# <1 SE#—_l ky, 2=sj= S,
and ¢;; are nonnegative integers otherwise; «;; is the sum of those terms
of o; which are of degree d, where ;,, <d<)xj, 1=i=nand ¢t =j s,

and a; ; is the sum of those terms of ¢; which are of degree <x;, 1 =i =n,
Consider all ordinals of the form

By=ay

Bzzw)‘zd/(z) + a; 2+w 3¢ ; 2,3+ i, 3+w @, at @i gt ... wsd/,z,s 238

Bs = “Z(s) + i s + WM, 4+a,34+ W Sd/,as+a,3,
_ As

Bs = W™ (s) + Aig,s »

where for each j, 2 =j = s, we have

i . i
(3) =1 k# < 1j = E,i:l ky
and

Ajy= i +Eﬂi,j(i € Jj), where J;; is some subset (possible empty)
of

(4) ‘
1+ Dpn b, 2 +Z}’_1‘ D D U1

Then for any ¢ € Z,,
T Ggpy is of the form 255, Byq
where y € Zs. It follows that either
2oia gy = By or else Xora @y is of the form
(5) B +Z>:l=1 B/# ,

where 2 = j, <j, <...<j, =s. Letf(u)=k,~#,#:2,3, . .., t; then there
are at most
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I1,.. fwa/w

possibilities corresponding to the index set

(6) {jl’j2""aj[}={1;j2)-~"jt})t22
(and exactly one possibility for the former case).

Suppose there were less than Ie,'z’“/"1 possibilities for some §8;,2 =j =
s. Then corresponding to each index set (6) containing j, at least kaki“
sums (5) would be eliminated. We shall show that s, > 2, - £;25™" = m,, -
32 for each j=2,3,...,s; thus we need only consider ordinals a,,
dy, . . . , Oy for which

there are precisely ;2% ™" distinct sums for

each of the corresponding Bj, 2 =j =s.

(7)

(7) implies that there are precisely 1 +%;2%"" distinct sums of the form
B. + B; for each j, 2 =j =s. Hence we need only be concerned with index
sets (6) in which { = 3. We note further that considerations along the lines
of [3], pp. 261-263, show that (7) implies that for each such j, if u, v(2%)
satisfy

. 4 - ‘
pm b <u = ke, Don ke <o =D Ry,

then a, and a, have distinct leading coefficients and distinct remainders.
Consider a sum of the form (5) in which ¢/ = 3, and let T' = {j,, 73, . . . , J,}
where {1} U I is the corresponding index set (6). For y(=j,) € T, let ' =
Ju-1 and let y* =j,,, in case k& <{. In the notation of (3) and (4) any sum of
the form (5) can be written as

A )
(8) w’\lﬂl,l +ey + 2w y(@,-y,,y +T&iy(i € dy) + @Ziyy) + eiy,y) (ye D),

in which 7, = 1 and for each y € T, €,y consists of all terms of a;,, that
are of degree less than )y and (in case y = j, with & <?) greater than »,,.
There is one possibility for (ﬂl,l, e, dxl,jz), and by (7), there are Ieyz"y'1
possibilities for

(9 <Ed/1‘,y(i S Jy) + d/iy,y, ) @i},,)m)

for each y € T - {j,} as well as for

(10) (Eiy(i € J) + @iyy, €iy)

for y =j,. Consider all ordered (¢ - 1)-tuples whose th coordinate is an
ordered triple of the form (9) corresponding to ¥ =j;,,,i =1,2, ... ,¢ -2,
and whose (¢ - 1)st coordinate is an ordered pair of the form (10). Two
such distinct ordered (¢ - 1)-tuples can yield the same sum (8) if and only if
for some y € T' - {j,}, for u, »(##) such that

-1 -1 to +
qu ky <u = E‘Ll Ry, E:::l Ry <v= ;)::1 Ry s EZ:I Ry <z = ;}1/:1 ky
and for distinct subsets J and K of

DB h 2 TR B
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(11) Cuy= @y, Luy* #* (,y+,as well as
(12) @yt + D@5y (i €J) = yr +SZiy+li € K).

If these conditions are met, then corresponding to each subset L of
-1 -1
31+EZ=1 ku,2+EZ=1 Ruy o oty ;/:1 k,l -{ZI,U},

as well as to each 7 such that

r=1ify'=1,
(13) {2::1 k# <y SZZLI k}i if ‘y' >1,

we have

w’\y(@,,y +Z@iy(i € LU} +@uy) +euy
+ W (@uyr + TRy (G €T) + @yyyt) + oyt
= w)‘y(d/r’y +Z&; G e LU{u) + @uy) +euy
+ w’\W(@U,w +Z@ iy (i €K) + Wyyt) + €55+,

Consequently, at least kyIZ""V'2 of the sums (8) are repeated.

Moreover, if 8, £, { are such that 1 =6 < g < { ==, then for any index
set (6) containing & =j;, € =j;4,,and { =j;,,, 1 =i ={ - 2, the above argu-
ment applies with 8, ¢, { replacing ', y, y*, respectively. Thus for §, ¢,
as indicated, as many as

kszmux{0,8-2}+ke-z+ s-C

of the sums (8) might be eliminated.

We now show that for 6 =1, € =2, and ¢ = s, there are, in fact, ordi-
nals, a;, a5, . . . , &y, subject to (2), for which %4,(=1), k,, . . . , s form an
S,-system, and which yield precisely ., - 2272 sums. Let

011 - wzg-z
o w7 4 > + w100
as = w732 p ¥t + w(2Fs + 99)
oy w73 4 w12
s w> 78 + w73
akl+k2 - w25-32k2-1 + wzs-4(k2 - 1)
2s5=5 25—6
Oy +kg +1 = w*® 7 4 w*
25-5 256
ak1+k2+2 = w 2 +w 2
— 25-5 25-6
O, +ky+3 = W 4 +w 3
— 25 ~59k3~1 256
Op ko vks = w772 + wT T Ry
— 3 2
ak1+k2+ ceithgogtl T w 4+ w
_ 3 2
Qpyrkas .ot ks—at2 = w2+ w2

— 3 2
kg +kgt o .oiks—g+3 = w4+ w3
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Chyrkgt..thsy = oF 251y P e

Qhyskpt .ot kgoytl = w+1

Qv kot ouikgart2 = w2 +2

Qpyikgt .. tks—1+3 = w4 +3

ay = w25 4 ks
Let B, B, - - . , Bxbe as above. There are k;2% ™" distinct possibilities

for each such B;. The only index set that we need consider with respect

to repetition of sums is {1, 2, s}; for any other index set, {1,j,, . . . ,j.},

the corresponding sum (5) has exactly
t R
I1,-2 2, 2%

possibilities. Let y = 2;theny'=1land y* =s. Let u=2, v=3,

z=1 +Z>;:llk,1, J=12 +Z}Z::k,4, 3 +Z);::k,1, R R
K=¢. Then (11) and (12) hold for these values of u, v, 2, J, K, and for no
others. There are 2272 subsets of {2, 3, ..., 1 +k, - {u, v} as well as

exactly one value of » satisfying (13); thus exactly 2°272 of the sums (8) are
eliminated. It follows that s, = m, - 25272 for n = 9.

For an S,-system, we reindex if necessary so that 2, = min{kz, ks,
..., ksh. By [3], p. 260, we have k, = 4 for n=9, 10, 14, 15, and 20; k., = 5
for n =11, 12, 16, 17, 18, and for » = 21; k2, = 6 for » = 13 and 19.
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