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AN EQUATIONAL AXIOMATIZATION AND A SEMI-LATTICE
THEORETICAL CHARACTERIZATION OF MIXED
ASSOCIATIVE NEWMAN ALGEBRAS

BOLESLAW SOBOCINSKI

In [2]* and [3] M. H. A. Newman constructed and investigated two
algebraic systems which he calls the fully complemented non-associative
mixed algebra and the fully complemented associative mixed algebra
respectively. In [6], [7], [8] and in this paper these systems are called
simply: Newman algebras and associative Newman algebras. In [4]
Newman constructed and investigated two relatively complemented alge-
braic systems which in some respect correspond respectively to the
systems mentioned above. He calls, cf. [4], p. 38, these systems ‘‘mixed
non-associative algebra’’ and ‘‘mixed (associative) algebra.’”” In this
paper only the latter system will be investigated and it will be called
‘““mixed associative Newman algebra.”’

In [4], p. 40, the following characterization (the meaning of which will
be explained in section 1 below)

Theorem 3 (Newman). In ovder that a double algebva may be a mixed
algebra it is necessary and sufficient that it be distributive and idempo-
tent, that a(bb) = (ab)b, and that theve exist a vight w and a left w.

of mixed associative Newman algebra has been established. Moreover, in
[4], it has been proved that this algebraic system whose two basic binary
operations are + and X is the direct join of an associative Boolean ring
(without unity element) and a generalized Boolean algebra in the sense of
Stone, cf. [9], p. 721, section 3.

In this paper it will be shown that, as in the case of the fully

'An acquaintance with the papers [2], [3], [4], [6], [7] and [8] is presupposed. In
[2], [3] and [4] ‘“ad’’ is used instead of ‘““a X ’’. An enumeration of the algebraic
tables, cf. section 5 below, is a continuation of the enumeration of such tables given
in (6] and [8].
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complemented associative Newman algebras, cf. [7] and [8], there exists
such a formalization of the relatively complemented associative Newman
algebras that

(i) These algebras can be axiomatized equationally,
and, moreover, that

(ii) These algebras can be considered as semi-lattices with respect to the
primitive binary operation X to which the additional postulates are added
concerning the properties of the other operations which are accepted as
primitive in the formalization mentioned above.

It should be remarked that throughout this paper the theoretical
foundations of the discussed algebraic systems and the properties of ‘‘even’’
and ‘‘odd’’ elements belonging to the carrier set of the given mixed
associative Newman algebra will not be discussed, and that the axioms
Al1-A9, B1, BI*¥, A10 and Al1, given below, will be used mostly tacitly in
the proofs presented in this paper. Also, it should be noticed that several
formulas which are valid in the field of the investigated system and which
will be needed for our end are already proven by Newman in [4]. But,
unfortunately, in [4] the proofs of these formulas are often given either with
the analysis of the mixed non-associative Newman algebras, or verbally,
or by a simple remark that a proof is analogous to certain deductions in the
field of the fully complemented Newman algebras which are presented in
[2]. For this reason and in order to separate completely the mixed
associative Newman algebras from the other Newman algebraic systems
several proofs presented in [4] will be repeated in this paper, obviously,
with the indications that they are due to Newman. Although it will increase
the length of this paper considerably, it will allow the reader to understand
the deductions without a penetrating study of [2], [3] and [4].

1 Newman’s Theorem 3 given above can be expressed in a fully formalized
way, as follows:

(A) Any algebraic system
= <A’ =, +, %X, 0, O>

with one binary relation =, two binary opevations +and X, and lwo constant
elements 0 and O, is a relatively complemented mixed associative Newman
algebra if and only if it satisfies the following postulates:

Al [al:eaeA.D.a=a

A2 bl:a,beA.a=b.D.b=a
A3 [abcl:a,b,ceA.a=b.b=c.D.a=c
A4 [abl:a,beA.D.a+beA

A6 [abcl:a,b,ceA.a=c.D.a+b=c+bd
A7 [abcl:a,b,ceA.b=c.D.a+b=a+c
A8 [abcl:a,b,ceA.a=c.D.axb=cXb

la
(
(
A5 [abl:a,beA.D.aXbeA
[
[
[
A9 [abcl:a,b,ceA.b=c.D.axb=axc
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Bl 0OeA
B2 [abl:a,beA.axb=a.D.[3c]l.ceA.c+a=b.cxa=0

BI* QOe€eA
B2* [abl:a,beA.bxa=a.D.[3c].ceA.c+a=b.axc=0

Cl1 [abc]:a,b,ceA.D.ax(b+c)=(aX b) +(axc)
c2 labcl:a,b,ceA.D.(a+b)Xc=(aXc)+(bxXc)

El [adl:aeA.D.a=aXa
E2 [abl:a,beA.D.ax (bxb)=(axb)xb

The axioms A 1-A9 are the customary closure algebraic postulates with
respect to the operations + and X, and the assumptions concerning the
logical properties of the relation =. The right w and the left w of Newman’s
Theorem 3 are the postulates BI1 and B2, and the postulates BI* and B2*
respectively, cf. in [4], p. 34 and p. 40. Obviously, the axioms CI and C2
are the laws of distribution, and EI is the law of indempotency with regard
to the operation X. Finally, E2 is a special case of the law of association
with respect to the operation X.

As in the case of the fully complemented Newman algebras, cf. [2] and
[6], it should be noticed that for all elements of the carrier set of any
relatively complemented Newman algebra the additive operation + is
commutative and associative, but not necessarily idempotent of nilpotent,
and that the multiplicative operation X is idempotent and commutative, but
not necessarily associative.

2 It follows implicitly from the considerations given in [4] that the axiom-
system of Y given above in section 1 can be simplified. Namely:

2.1 Let us assume the discussed axiomatization of Y. Then:

F1 [abl:a,beA.D.(@xb)Xb=axb [E2; E1]

F2 |a):aeA.D.a=a+0
PR [a]:Hp(1).D.
[3c].
2. ceA.
3. cxa=0. [1; BI; £1]
4. Oxa=(cxa)Xa=cxa=0. [1; 2; 8; F1]
5. O0xa=0. [4]
[34].
6. deA.
7. d+0=a. [1; B1; B2; 5]
8. dx0=0,
9. dxa=dx@+0)=(@dxd) +dx0)=d+0=a.
[1; 6;7; CI; EL; 8;17]
10. a=axa=@d+0)xa=@dxa)+(0%Xa)=a+0.
[1; E1;6; 7; C2; 9; 5]
a=a+0 [10]

Z1 la]:aeA.D.a=0 +a
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PR [a]:Hp(1).D.

[ac].
2. ceA.
3. c+a=a. [1; B2*; E1]
4, axc=0.
5. a=axa=ax(c+a)=(axc)+(@xa)=0 +a.

[1; EI; 2; 3; CI; 4; EI]

a=0+a (5]

z2 0=0 (BI; B1*x; F2; Z1]

B3 [abl:a,beA.bXa=a.D.[3c].ceA.c+a=b.axc=0 [B2¥ Z2]

2.2 Since, obviously, in the field of the axioms AI-A9 {BI; B2; B3} —
{B1*; B2%} and {EI; F1} — {E2}, the proof given above in section 2.1 allows
us to reformulate definition (A) of the system ¥, as follows:

(B) Any algebraic system
"=(4 = +X%,0)

with one binavy rvelation =, two binary operations + and X, and one constant
element 0, is a velatively complemented mixed associative Newman algebra
if and only if it satisfies the postulates A1-A9, B1, B2, B3, C1, C2, E1 and
F1.

Since the definitions (A) and (B) of the system ¥ are inferentially
equivalent and the set of postulates given in (B) is much simpler than the
set accepted in (A), our further investigations will be based on formulation
(B) of the system 4.

3 For our end we need to show that several formulas are valid in the field
of the axiom-system given in (B). Hence, if we assume the mentioned set
of postulates, then we have F2, cf., its proof in section 2.1, and, moreover:

F3 [al:aed.D.a=0+a [E1; B2; C2; cf. proof of Q1 in [4], p. 35]
F4 [abcl:a,b,ceA.c +a=b.cXxa=0.D.bxa=a
[c2; F3; E1; c¢f. proof of Q2 in [4], p. 35]
F5 [abcl:a,b,ceA.c +a=b.aXc=0.D2.aXb=a [Cc1; F3; EI]
F6 [abl~a,beA . D:axb=a.=.bXa=a
[B2; F4; B3; F5; cf. Q17 in [4], p. 40]
F7 [abl:a,bed.D.bXx(@xb)=axb [F1; F6; cf. Q17 in [4], p. 40]
F8 [abcd):a,b,c,deA.a+b=d.axb=0.a+c=d.axXxc=0.D.b=c¢
PR [abcd]:Hp(5).D.
6. b=@xb)+(Oxby=(@+b)xb=(@+c)Xxb=(@x%xDb)+(cxdb)=cxb.
[1; F3; 3; E1; C2; 2; 4; C2; 3; F3]
b=bxc=(@axc)+(bXc)=@+db)xc=@xc)xXc=c
[1; 6; F6; F3; 5; C2; 2; 4; C2; 5; E1; F3]
F9 [abl:a,beA.a+a=a.D.(axb)+@xd)=axb [c2]
F10 labcl:a,b,ceA.c+a=b.axc=0.D.bxc=¢
[c2; E1; F2; cf. Q2 in [4], p. 35]
F11 [abcl:a,b,ceA.c +a=b.cxa=0.D.cxb=c [c1; E1; F2]
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F12 [abcl:a,b,ceA.c +a=b.cxa=0.D.axc=0
PR [abc]:Hp(3).D.

4. c=cxb. [1;2; 3; F11]
5. bXa=a. [1; 2; 3; F4]
[3d].
6. deA .
1. d+a=b. [1; B3; 5]
8. axXd=0.
9. bxd=d. (1; 6; F10; 7; 8]
10. c=cXb=cX(d+a)=(xd)+(xa)=(xd)+0
(1; 4; 6; 7; C1; 8]
=(cxd) +@xd =(+a)Xd=bxd=d. [8; C2; 2; 9]
axc=0 [8; 10]

F13 J[abcl:a,b,ce A.c+a=b.axc=0.2.cxa=0

[Similar proof: F10; F5; B2; F11;C2; C1]
F14 l(abcdl:a,b,c,deA .c +a=b.cXa=0.d+a=b.dXa=0.2.c=d
PR [abcd]:Hp(5).D.

6. c=cxb. [1; F11; 2; 3]
7. d=dxb. [1; F11; 4; 5]
8. d=bxd. (1; F6 7]
9. axd=0. [1; F124 5]

=cxb=cx(d+a)=(cxXd) +(cxa)=(cxd) +0 [1;86;4;CI; 3]

=cXxd+@xd)=(c+a)xd=bxd=d [9; Cc2; 2; 8]
F15 [abl:a,beA.D.[3c].ceA.c+@xb)=b.cX(@xb)=0 [B2; FZ]

Since we have F14 and F15, we can introduce into the system the fol-
lowing definition:

DI [abx]~a,b,xeA.D:b+a=x.=.x+@Xb)=b.xX(@xb)=0

[F14; F15)
F16 [abl:a,beA.D.b+acA [F1; B2; DI}
F17 [abl:a,beA .D.(b+a)+(@xbd)=b [F16; DI
F18 [abl:a,beA.D.(b+a)X(@axb)=0 [F16; DI
FI19 []aeA 5.0=(a+a)
PR [a]:Hp(1).>.
0=(a —a)><a—(a—a)><((a—a)+a) [1; F18; E1; F17; E1]
=(@a+a)x (@+a))+(@+a)Xa) (c1]
=@+a)+0=a+a [F18; F16; E1; F2]
F20 [abcl:a,b,ceA.D.(b+a)X (@xb)=(c+c) [F18; F19]
F21 [abc):a,b,ceA.b=c.D.bta=c+a [1; F17; F18; A9; F16; F14]
F22 |abcl:a,b,ceA.a=c.D.bra=b+c [1;F17,F18;A8; F16; F14]
F23 [abl:a,beA.D.(axb)x(b+a)=0 [F16; F17; F18; F12]
F24 [abl:a,beA.D.(b:a)xb=bza
PR [ab]:Hp(1).D.
(®d —a)xb—(b—a)x((b+a)+(a><b)) [1; F16; F17]
=((d+a)x (b+a))+(d+a)x(@xbd)) [c1]

=(b+a)+0=0+a [E1; F18; F2]
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F25 [abl:a,beA.D.bX(b+a)=b+*a
PR [ab]:Hp(1).D.

bx(b:a)=((b+a)+(@xb)x (@ a) [1; F16; F17]
=((b+a)x(d+a)+{axd)x (b= a)) [c2]
=(b+a)+0=b+a [El; F23; F2]

F26 [abl:a,beA.axb=a.D.b+(b+a)=a

PR [ab]:Hp(2).D.

3. bxa=a. [1; 2; Fé]
b+b+a)=0+bd+a)xb=@0+d+a)x(b+a)+a)

[1; F16; F24; F17; 2]
=((b+(d+a)x((b+a)xbd)+((b+ (b=+a))xa) [C1; F24]
=0+ ((0b+(B+a))xa)=((db+(B+a)xa)+0

[F18; F3; F2]

=((b+(b+a))xa)+(((b+a)xb)xa) [F18; F24; 2]

=0 @ra)+((b+a)xb)xa=bxa=a [C2 F17;3]
F27 [abl:a,beA.b+b=b.D.(bia)+(b+a)=b=+a [F16; F24; C1]
F28 [3a].aeA [BI]
F29 [a]l:aeA.D2.0xa=0 [F19; E1; F18; cf. Q10 in [4], p. 36]
F30 [a]:aeAd.D.ax0=0 [BI; F29; F6; cf. Q10 in [4], p. 36]
F31 [a]:aeA.D.(@a+a)xXa=a+a [c2; EI]
F32 lal:aeA.D.@+a)+@+a)=a+a

[E1; CI; C2; EI; cf. proof of F27 in [6], p. 261]
F33 [al:aeA.D.(@a+(@+a)xa)+((a(@+a)xa)=0
[A4; F16; CI; F31; F18]
F34 [al:aeA.D.[3bc].b,ceA.b+b=0.c+c=c.a=b+c
PR [a]:Hp(1).D.

2. a+acA. [1; A4]
3. (@a+(a+a)eA. [1; 2; F16]
4. a=axa=(a+(@+a))+(@+a))Xa [1; 2; 3; EI; F17; F31]
=((a+(a+a)Xa)+(a+a). [cz; F31]
[36c].b,ceA.b+b=0.c+c=c.a=b+c [3; 2; F33; F32;4]

F35 labcd]:a,b,c,deA.a+a=0.b+b=b.c+c=0.d+d=d.D.
(a+bd)X(c+d) =(axc)+(bxd)
[c1; C2; F30; F29; F2; F3; cf. proof of F32in [6], p. 261]

Concerning F34 and F35 see a remark of Newman in [4], p. 37.

F36 |abl:a,beA.a+b=0.D.a=0
PR [ab]:Hp(2).D.

3. O0=a+(bxa). [1; F29; Cc2; ET]
4. O0=(axb)+b. [1; F29; c2; E1]
5. az=aXa=aX((a@a+ (bxa))+(bxXa)) [1; A5; E1; F16; F17, FI]
=((ax (@+ (bxa)) +0)+ (bxa) [c1; F2; F7]
=((ax(a+ (b%xa))+((bxa)X(a* (bXa)) +(bXa) [F23; F1]
=((@a+(dbxa)X(as (bxa))+(bXa) [c2]
=0+(bXxa)=bxa. [3; F29; F3]
a=axb=0+(axb) [1; As; F16; Fé6; 5; F3]

= (((@x b) + b) X (b + (aX b)) + (ax b) [4; F29]
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0+ (BX(@®=*(@xb))) + (% (@xb)) [cz; F23; F1; F7)
bx(b:@xb)+@xb)=bxb=b
[F3; C1, F17; F1; E1; cf. Q18 in [4], p. 41]
F37 [abl:a,beA.axb=a.D.a+b=b+a
PR [ab]:Hp(2).D.
3. bxa=a. [1; Fé6; 2]
a+b=(@+b)xb=(a+b)X ((b+a)+a) [1;F16;2;EI;C2; F17;2]
= (0% (b+a))+@x(+a))+(bxa)+(axa))
[C1; C2; F23; 2; F3; F2; F23; 2; EI; 3; EI]
=(b+a)x(b+a)+a)=0+a)xb=b+a
(C2; C1;F17;2; C2; EI; 2]
F38 [abcl:a,b,ceA.aXc=a.bXc=b.D.a+b=b+a
PR [abc]:Hp(3).2.

4. cxa=a. [1; 2; F6]
5. ¢xb=b. [1; 3; F6]
6. a+b=(a+d)x(a+b) [1; E1]
= ((c X a) + (b xXa)) + ((@axb)+(cxbd)) [C1;C2;EL; 4; 5]
= ((c +b) X a) + (@ +¢c) X b) [c2]
=((b +c)Xa)+ ((c +a)xb) [F37; 3; 2]

=((b+a)Xa)+(b+a)xd)=(b+a)X(@+D).
[c2; 4; 5; E1; C1]
7. b+a=(@+d)xX((® +a).
[Similar proof: 1;2; 3; 4; 5; E1; CI1; C2; F37]
8. b+a=0+a)X(a+D). [1;A4; 7, Fé6)
a+b=b+a [1; 6; 8]
F39 [abcd]:a,b,c,deA.axd=a.bxd=b.cXd=c.D.
a+@®+c)=(@+b)+c

PR [abcd]:Hp(d).D.
5. dxa=a. [1; 2; F6]
6. dxb=0. (1; 3; Fé6]
7. dXc=c. [1; 4; Fé6)
8. d+{d+c)=@+d+c))x(d=+c)+c) [1; F16; E1;4;C2; F17; 4]
=((d+d)yxX(d=+c))+((c+(d+d)xc)
[C1;C2; F23;4;F2; C2;1; E1; C2]
=((@+d)x(@d=+c))+(x(d+c))+
(((d +d) +¢c) xc) [F2; F23; 4;A4; F31; 4; F38]
=(d+d)+c)x(d+c)+c)=(d+d) +c.
[c2; C1;F17; 4; C2; E1; 4]
9. d+®+c)=@@d+ (b +c)x(d=+b)+b) [1;F16;EI; 3;4;C2;F17; 3]

= (@x @+0)+(cx @+ D)+

(d + (d +c)) xb) [C1;C2;F23; 3; F3; E1; 6; C2]
=((dxd=+Db))+@Ox(d=+0))+(cx(d=+d))+
(((d +d) +c)xb) [F2; F23; 3; 8]

=((d+b)+c)X((d+b)+b)=(d+b) +c.
[c2; 6; E1;C2; CI;F17; 3; C2; 2; 3]
a+@+c)=@+@®+c))x(d=+a)+a) [1;F16;2;3;4;C2;F17;2]



414 BOLESEAW SOBOCINSKI

=(bx@d=+a))+(cx(d=+a)))+

((d + (b +¢)) X a) [C1; c2; F23; 2; F3; E1; 5; C2]
(((a x(@+a)+(O%xd+a))+(cx(d=+a))+
(
= (

(d +b) +¢) X a) [F3; F23; 2; 9]
@+b)+c)x(d+a)+a)=(a+b)+c
[c2; 2; E1;C2; C1; F17; 2; 3; 4; C2]
Concerning the proofs of F38 and F39 cf. Q19 in [4], p. 41 and the
proofs of P17 and P18 in [2], p. 260.

F40 [abl:abeA.a+a=0.D.(axb)+(@xb)=0 [c2;F29]
F41 [abcl:a,b,ce A.b+b=0.a+(bXc)=c+(bXc).D.a=c
PR [abc]:Hp(3).D

4. ((Bxc)xa)+(bXc)=(bxc)X (c+(bXc)) [1; E1; C1; 3]
=(bxec)+(bXxc)=0. [c1; F1; E1; F40; 2]
5. (bxc)xa=(bxc). [1; 4; F36]

a=a+((bxc)+(bxc))=(@+(bxc))+(bxc)
[1; F2; F40; 2; F39; EI; 5]
=(c+(dxe)+(xc)=c+((bXc)+(bxc)=c
[3; F39; EI; F1; F40; 2; F2]
F42 [abcd]:a,b,c,de A.b+b=0.c+c=0.d+d=0.cxa=c.
dxb=d.(a+c)+(d+b)=a+b.D.c=d
PR [abcd]:Hp(7).D.

8. axc=c. [1; 5; Fé]
9. (axc)+c=0. [1; 8; 3]
10, c+(bXc)=@xc)+(bdXc)=(a+b)Xc [1; 8; c2]
=((a+c)+(d+b)Xc [7]
=0+ ((dxc)+(bxc)=(dxc)+(bxc). [CzEI;9;F3]
11. c¢=dxec. [1; F41; 2; 10]
12, @xd)+@dxb)=0. [1; 4; E1; 6]
13. (@xa)+c=(dxa)+(dxc))+(dxd)+(dxDb)) [1; 11; F2; 12]
=dx((a+c)+ @ +b)=dX (@ +Db) [cr 7]
=dxa)+d. [cr 6]

14, @xa)+c=(dxa)+c)Xa=(dxXa)+d)Xa=0.
[1; F1;5;C2; 13; C2; F1; F40; 4]

15, dxa=c. [1; F36; 14]
c=d [1; 13; 15; 3; F36]
F43 [abl:a,be A.b+b=0.D.(axb)+(aXb)=0 [c1; F30]

F44 [abl:a,be A.b+b=0.D.aXb=bXa

PR [ab]:Hp(2).D

3. a+b=(@a+b)x(@+bd)=(@+(bxa)+{(axd+d. [1;EILCICZ
axb=bxa [1; F42; 2; F40; F43; F1; 3]

F45 labcl:a,b,ceA.b+b=0.D.aX(bXc)=(axb)Xc

PR [abc]:Hp(2).D.

3. axb=bxa. [1; 2; F44]
4. (bxa)+(bxa)=0. [1; 2; F40]
5. (bXc)+(bxc)=0. [1; 2; F40]
6. (bxc)xa=ax (bXc). [1; 5; F44]
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7. (Bxa)xc)+((dbxa)xc)=0. [1; 4; F40]

8. (bXc)xa)+((bxc)xa)=0. [1; 5; F40]

9. (dxa)Xc)X (Bxa)=(cX(bXa))x(dXa) [1; 4; F44)

=(xa)Xc. [F1;4; F44]

10, (Bxec)xa)x (pxc)=(@x (b xc))x (bxc) [1; 6]

=(bxc)xa. [FI1;4; F44]

11. (®pXa)+(dXc)=bx@+c)=(0BX@+c))X(a+c) [1; c1; F1]
= (G xa)+((bXc)%Xa)) +

(B xa)xc)+(dxc)). [c1; cz2; F1]

12. (xc)xa=(0xa)xc. [1; F42; 5 7; 8; 9; 10; 11]

ax{Bxc)=@xb)xc [1; 12; 6; 3]

The theses F41, F42, F44 and F45 are stronger than the corresponding
formulas Q20, Q21, @22 and Q23 proven in [4], pp. 41-42.

F46 [abl:a,beA.b +b=b.D.a +(bXa)=a
PR [ab]:Hp(2).D.
a+Oxa)=@+0Gxa)xXa=@+@®xa)Xx
(@ + b) + (bxa)) [1; F16; E1; F1;C2; F17]
=(@+b)+(l@ax (dxa))+(xa))
[Cc1; c2; F2s5; F23; F2; E1]
=@+b)+(dXa)=a [F7; C2; 2; F17]
F47 [abl:a,beA.b+b=b.D.(bXa)+a=a
[Similar proof: F7; EI; Cl; F16; F17;, C2; C1; F18; F3; F24; EI,
F1; C2; F17]

Concerning F46 and F47 cf. Q26 in [4], p. 42.

F48 [abl:a,beA .a+a=a.b+b=b.D.(@+b)+@+b)=a+b
PR [ab]:Hp(3).D.
[gcd].
c,deA.
c+c=0.
d+d=d.
a+b=c+d.
a+b=(@+b)X(c+d)=(@+b)xc)+((c +d)xd)
[1;4; E1;7;C1; 7]

[1; A4; F34]

o I O U

=((@ax0)+(®dx%x0)+((0xd)+d)=4d.
[2; 3; 5; 6; C2; C1; EI; F30; F29; F3]
(@+d)+(@+b)=a+b [1; 4; 8; 6; 8; cf. Q13 in [4], p. 37]
F49 |abcdefg):a,b,c,d,e,f,geA.a+a=a.b+b=b.c+c=c.d+d=d.
e+e=e.f+f=f.g+g=g.0.[am].meA . m+m=m.axm=a.
bXxm=b.cXm=c.dXm=d.exXm=e.fXm=f.gxXm=g
PR [abcdefg]:Hp(8).D.

9. U=a+0G+c+d+ +F+2)). [Abbreviation]
10. 9%eA. [9;1; A4
11, g+u=49. [9; 1-8; F48]

12. Axa=a+((0+{c+d+e+(f+g))))%Xa)=a.
[9; 1; 10; C2; E1; 3-8; A4; F48; F46]
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13.

14.

15.

16.

17.

18.

19.

F50

10.
11.

12.
13.

14.

15.

16.

17.
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ax¥=a. [9; 1; 10; 12; Fé]
bx¥A=0b,
[Similar proof: 9; 1; 10; C2; E1; 4-8; A4; F48; F46; F47; 2; F6)
cXx«A=c.
[Similar proof: 9; 1; 10; C2; E1; 5-8; A4; F48; F46; F47; 3; 2; F6)
adx¥% =d.

[Similar proof: 9; 1; 10; C2; E1; 6-8; A4; F48; F46; F47; 4; 3; 2; F6]
exX¥U=e,.

[Similar proof: 9; 1; 10; C2; E1; T; 8; A4; F48; F46; F47; 5; 4; 3; 2; F6]

fXA=f.

[Similar proof: 9; 1; 10; C2; E1; 8; F46; F47; 6; 5; 4; 3; 2; F6]
gx % =g. [Similar proof: 9; 1; 10; C2; E1; F47; 7; 6; 5; 4; 3; 2; E6]
[3m].meA.m+m=m.axm=a.bXm=b.cxm=c.dxm=d.
exm=e.fXm=f.gXm=g

[9; 10; 11; 13; 14; 15; 16; 17; 18; 19; cf. Q29 in [4], p. 43]
labcl:a,b,ceA.b+b=b.aXxc=a.bXc=b.D.
c+(c+a)yx(c+d)=a+bd
[abc]:Hp@A).D.
0=(0bxc)x(c+d)=0X(c+a)+a))x(c+d) [1;FI6; F23; F17; 3]
(0% (c+a)x(c=*b)+((bxa)x(c+Dd)).

[CI;CZ]
Bbx(c+a)x(c+b)=@Bxa)X (c+Db). [1; F16; F36; 5]
0=(bx(c*+a)x(c*b)+(x(c*a)x(c+b)) [1; F16; 5; 6]
=(bx(c+a)x(c=*b). [cz; 2]
(@+b)xc=a+b. [1; cz; 3; 4]
O=(c+@+d)x@+b)=(c+(@+d)xa)+
((c + (@ +b))x b). [1;A4; F16; F18;8; C1]
(cs@+b)Xa=(c=+(@+db)xb. [1; A¢; F16; F36; 9]
0=(c=*(@+d)xbd)+((c+(a+d)XDd) [1; A¢; F16; 9; 10]
=(ct@+d)XB+b)=(c+(@a+b)xb. [c1; 2]
O=(c+@+d)xa. [1; A4; F16; 11; 10]
(cs@+b)x(c+d)=(c+(@+d)x(c+D))+
(lc + (@ + b)) X d) [1; A4; F16; F2; 11]
=(c+ (a+b)x ((c +b)+D) [c1]
=(c+(@+b)Xc=c+*(a+b). [F17; 4; F24]
(cx@+d)x(c+a)=(c+ @+d)x(+a))+
(¢ + (@ +b)) X a) [1; A4; F16; F2; 12]
=(c+@+b)X(c +a)+a) [c1]
=(ct@+bd))Xc=c*(@+b). [F17; 3; F24]
bx(c+a)=(aX(c+a))+(dX(c*a)) [1; F16; F3; F23; 3]
=@+b)X(c+a). [c2]
(c+(@a+d)+(Ox(c+a))=(c+@+b)x(c=*a))+
(@ +b) X (c + a) [1; A4; F16; 14; 15]
=(c+@+b)+@+b)%x(c+a) [c2]
=cx(c+ta)=c+a. [F17; 8; F25]

(c+a)x(+b)=(c+@+b)+((®dX(c+a))X(c+Db)
[1;A4; F16; 16]
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=((c+(@a+b)%x(c+0d)+(dx(c+a)X
(c+0) (c2]
=(c+(@+b))+0=c+ (a+d). [13; 7; F2]
ctr((cra)yx(c+b)=c+(cx(@+b)=a+b
[1; A4; F16; F26; 11T; 8]
F51 [abcl:a,b,ceA.axc=a.bxc=b.l@axb)xc=axb.
(bxa)yxc=bxa.c+c=c.D.aXb=bXa
PR [abc]:Hp(6).D.
7. c+@xb)y=c+(ct(c+a))X(c=*(c+d)) [1;A4;F16;F26;2; 3]
(c+a)+(c+b)=(c+b)+(c*a)|F50; F27; 6; F24; F38)

n

=c+(lc+(cxd)x(c* (c*a)) [F50; F27; 6; F24]

=c+(bXa). [F26; 3; 2; 1]

axb=bxXa [1;A4; F16;, F8; F17; 4; F18; 4; F17; 5; F18; 5; 7]

F52 |ablia,beA.a+a=a.b+b=b.D.axb=bXa [F9; F49; F51]

F53 [abl:a,beA.D.axb=bxa
[F44; F52; F34; F35; cf. proof of F33 in [6], p. 261]
F54 [abed):a,b,c,deA.d+d=d.axd=a.bxd=b.cxd=c.
(ax hxd=axb.bxec)xd=bxc.lax(dxc))xd=ax(bxc).
(@xb)xc)xd=@xb)yxc.D.ax (bxc)=@xdb)xc
PR [abcd]:Hp(9).D.
10. dr@x(®xc)=d=+(d=+(@d+a))X

(d=+ @+ (dxc)))) [1;A5; F16; F26; 3; F26; 7]
=(d+a)+(d+ (xc)) [F50; F27; 2]
=d+a)+(d=+((d+(d+b)x

d=+(d=+ ) [Fz26; 4; F26; 5]
=(dza)+(d=*Dd)+@d+c) [F50; Fz27; 2]
=(d+a)+d+b)+d+c) [F39; F27; 2]
=ds(ds@ra))xd+ @+ +

d=+c) [F50; F27; 2]
=(d+@xb)+{d=+c) [F26; 3; F26; 4]
=d+(d+d+@xb))x@d=+d=c))) [Fs0;F27;2]
=d+ (@xb)xc). [F26; 6; F26; 5]

ax{dxc)=@xb)xc
[1;A5;F16,F8; F17; 8; F18; 8; F17; 9; F18; 9; 10]
F55 labcl:a,b,ceA.a +a=a.b+b=b.c +c=c.D.ax(dxc)
= (ax ) xc¢ [A5; F9; F49; F54]
F56 [abcl:a,b,ceA.D.ax (bX )= (ax b)x ¢
[F45; F55; F34; F35; cf. proof of LI in [7], p. 267]

Since system U contains EI as one of its postulates, and in its field the
formulas F53 and F56 are provable, we know that the multiplicative opera-
tion X of the mixed associative Newman algebras is idempotent, commuta-
tive and associative. Concerning the proofs of F53 and F56 it should be
noticed that:

(a) Entirely the same modes of reasoning which were used above in orde_r
to obtain F53 and F56 allow us to prove these formulas in the field of Y
without the applications of the defined operation +. However, in such cases
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the proofs would be longer and less transparent due to the necessity of the
constant use of particular quantifiers;

and that:

(b) In order to .show that F53 and F56 are valid in 9§ we have to prove
before hand that the formulas F44, F45, F52and F55 are the consequences
of the axiom-system of ¥. Although, as it is mentioned above, F¢4 and F45
are stronger than the corresponding formulas Q22 and Q23, cf. [4], p. 42,
their proofs are essentially the same as Newman’s proofs of Q22 and Q23.
On the other hand, in this paper F52and F55 are obtained in a completely
different way than the corresponding formulas established by Newman in
[4], pp. 42-43. The proofs presented here of F52 and F55 are rather simi-
lar, in some respects, to the deductions which allowed Newman to prove the
formulas P31 and P32 in [2], p. 263.

4 In this section we shall prove the validity of the following formalization
of mixed associative Newman algebras:

(C) Any algebraic system
$=<B’ =7 +’><’ +>

with one binavy velation = and thvee binary opevations +, X and +,is a
rvelatively complemented associalive Newman algebra if and only if it
satisfies the postulates A1-A9 given in (A), adjusted to the carrier set B of
8, and, additionally, the following axioms:

A10 [abl:a,beB.D.b+aeB
All [3a)].aeB

G1 [abcl:a,b,ceB.D.ax(b+c)=(axXb)+(@Xc)
G2 [abl:a,beB.D.axb=bxa

G3 [abl:a,beB.D.(b+a)+(@axb)=b

G4 [abcl:a,b,ceB.D.(b+a)X(@aXb)=c+c

The proof presented below that system 8 is a correct formalization of
the algebras under consideration will imply at once the desired theorems.
Namely:

Theorem 1. The mixed associative Newman algebras can be axiomatized
equationally,

and

Theorem 2. The mixed associative Newman algebvas can be consideved as
semi-lattices with vespect to the primitive binary opevation X to which the
additional postulates ave added concerning the properties of the primitive
operations + and +.

4.1 Concerning the primitive binary operation + of the system 8B it should
be remarked that this operation is not a pseudo-difference (such termi-
nology is used, e.g., in [5], p. 57) which is a familiar primitive operation in
Brouwerian algebras. The following algebraic table, cf. [7], p. 266:
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+ |0 « X |0 a T 0O «a
O O «a O]10 O oO|l0O0 O
a la O a0 «a a|la O

verifies all postulates of system 8, but falsifies a formula
(@) [abc)l:a,b,ceB.D.(@a+c)X ((@a+b)+c)=a+c

which corresponds to one of the proper axioms of Brouwerian algebra, cf.
[1], p. 125:

a~c=(@+b)*c

Namely, formula (a) fails for a/a, b/a and ¢/O: (i) (@ + O) X ((a@ + @) + 0) =

aXx(0+0)=ax0=0,and (ii)a+ 0 =a.

4.2 Now, let us assume the axioms of system 8. Then:

G5 [abcl:a,b,ceB.D.(a+b)Xc=(@xc)+(bXc) [G1; G2]
G6 [al:aeB.D.aXxa=aX (@Xa)
PR [a]:Hp(1).D.
axa=({(axa)+ (@xa))+(@xa)X (axa)) [1; A5; G3]
=((a+ a)X (@axa)+ ((a%a)X (axa)) [G4]
=((a+a)+@xa)X(@xa)=aX (@xa) [G5; G4]
G7 lal:aeB.D.aXa=(axa)+a)+(@Xa)
PR [a]:Hp(1).D.
axa=(@aXa)*a)+@x(@xa) [1; A5 G3]
=((aX a)+ a) + (@aX a) (6]
G8 [al:aeB.D.aXa=(aXa)X (aXa)
PR [a]:Hp(1).D.
axa=(axXa)* (axa)+((@axa)X(axa)) [1; A5; G3]
=(((ax a)+ a)X (a% (@aX a)) + ((@ax a)X (ax a)) [G4]
=(((aXa)+ a) % (@xa) +(axa)X (ax a)) [A9; G6]
=(((@xa)+ a)+(aXa)) x(@xa) [G5]
=(ax a)X (ax a) [G7]
G9 [a]:aeB.D.a=axa
PR [a]:Hp(1).D.
a=(a+a)+(aXa) [1; G3]
=((a+ a)X (axa)+((axa)X (aX a)) (G4 G8]
=((@+a)+@xa)X(@xa)=aX(@Xa)=axa [G5; G3; G6]
G10 [al:aeB.D.(a*a)+a=a [G3; G9]
G11 [abl:a,beB.D.(axb)Xxb=axXb
PR [ab]:Hp(1).D.
(axbd)Xb=bX(axb)=({(b+a)+ (axXb)) X (ax b) [1; 62 G3]
= ((0+ a) X (@X b)) + ((ax b) x (ax b)) [Gs]

=((ax b))+ (axb)+(axb)=axb

G12 [abl:a,be B.D.a*a=b+b

definition:

D1

lal:ae B.D.0=a=a

[G4 G9; G10]

(G4

Therefore, having GI2 we can introduce into the system the following

[c12]
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G13
G14

G15
G16
G17
G18
PR

G19
G20
PR

Gal

Ga2

G24
PR
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0eB [A11; A10; DI]
[abl:a,beB.axb=a.D.[3c].ceB.c+a=b.cXa=0

[A10; G3; G4; DI]
labl:a,beB.bxa=a.D.[3c].ceB.c+a=b.axc=0 [Gl4;G2]
[@¢]:aeB.D.a=0+a [G10; D1]
labc]l:a,b,ceB.D.(b+b)Xa=c=*c [G12; G9; G4]
[a):aeB.D.a=a+0
[a]:Hp(1).D.

@r@+a)+@+a)=a. [1; G3; G17]
@s@+a)xX@+a)=a+a. [1; G4; G17]
@+@+a)xa=@=+@+a)x(@+(a=+a)+@=a)) [1; 2]
=(@+@+a))Xx(@+(a+a))+
(@+ (@+a)x(@=+a) [G1]
=@+@+a)+@+a)=a. [G9; 3; 2]
a=aXa=(a+@+a)+@+a))xa [1; G9; 2]
=((@ax@+a)xXa)+((@+a)xa)=a+0 [1; G5; 4; G17; D1]
labl:a,beB.D.(b+a)xb=b+a [G3; G1; G9; G4; D1; G18)]
[abx]:a,b,xeB.x + (axbd)=b.xx@Xb)=0.D.b+a=x

[abc]:Hp(3).D.
bra=0B:a)xb=bx(b+a)=x+(@xdb)x((®+a) [1;G19;G2;2]

=(x%x (b +a))+((@xb)x (b +a)) (G5]
s(xx®dra)+0=(xx(d+a)+@xx@xb) [G2; G4; D1; 3]
=xX(bra)+@xb)=xxb=xX(x+ (@axDb)) [61; G3; 2]
=xXx)+(xX@xb)=x+0=x [G1; G9; 3; G18]

labx]na,b,xeB.D:bra=x.=.x+(@xb)=b.xx (@xb)=0

[G3; G¢; DI; G20]
[abcl:a,b,ceB.b=c.D.bra=c*a
labc]:Hp(2) .D.

bra)+@xc)=(@+a)+@xdb)=b=c. [1;2;A9; G3; 2]
brayx@xc)=(d+a)X(@axb)=0. [1; 2; A9; G4¢; DI]
bra=cta [1; A10; G20, 3; 4]

[abed]:a,b,c,de B.c +a=b.cXa=0.d+a=5b.
dxa=0.D.c=d
[abed] :Hp(5).D.

axb=ax(c+a)=(@axc)+(axa) [1; 2; GI]
=(cxa)+a=0+a=a, [G2; G9; 3; G16]

c=d [1; 2; 3; 4; 5; 6; G20]

labcl:a,b,ceB.a=c.D.b+a=b+c

[abc]:Hp(2).D.

Bd+c)+@axb)y=0B+c)+(cxb)=b. [1; 2;48; G3]

(brc)x(axb)=(b+c)X(cxb)=0. [1; 2; A8; G4; DI]

bra=btc [1; G3; G4; 3; 4; G23]

4.3 An inspection of the deductions presented above in 3 and 4.2 shows that:

(i) The theses AI-A9, B1, B2, B3,C1,C2, E1,F1, F16, F28, F17, F20 and
F53 of ¥ correspond synonymously and respectively to the theses AI-A9,
G13, G14, G15,G1, G5, G9, G11,A10, A11, G3, G4 and G2 of B;

and, moreover, that:
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(ii) The theses DI and F19 of % correspond in the same manner to the
theses G21 and DI of 8.

Therefore, due to (ii) it follows immediately from (i) that the system 8
is a relatively complemented associative Newman algebra. Thus, Theorem
1 is proved. Furthermore, it should be noticed that:

(iii) Since (i) and (ii) establish that the systems % and 8 are inferentially
equivalent, if their respective carrier sets are equal, or they are infer-
entially equivalent up to isomorphism, if their carrier sets have only the
same cardinality, any theorem provable in the field of one of these
systems, is also provable in the field of the other;

and that:

(iv) Since the theses F2I and F22 are provable in %, and the theses G22 and
G24 are the consequences of 8B, the acceptance of the binary operation +, as
a primitive notion in mixed associative Newman algebra, does not
necessarily require any assumption of special postulates concerning the
extensionality of the relation = with respect to this binary operation.

4.4 Tt is shown in 4.2 that G9 holds in 8. Moreover, since F56 is provable
in ¥, cf. section 3, it follows from point (iii) of 4.3 that F56 is also a
consequence of the axiom-system of 8. Therefore, Theorem 2 is proved.
However, if in order to obtain a set of postulates of 8 which could be
considered as a semi-lattice system with respect to the operation X we
shall accept the following set of formulas: AI-AI11, G9, G2, F56, G1, G3
and G4, as an axiom-system of 8, then, obviously, such set of postulates
will not be mutually independent. If for some reason it would be desired
to have an axiom-system of 8 such that its axioms would be mutually
independent and that it would contain G9, G2 and F56, then such axiomatiza-
tion of B can be easily obtained by reconstructing the set of axioms given
above in a way analogous to that which was used in [8], p. 285.

5 The mutual independence of the axioms G1, G2, G3 and G4 is established
by using the following algebraic tables (matrices):

M9
+|0 a B y b X110 a B y O
O|0 a B y o o|lo0 O O O O
a|la a b6 o6 O alO0O a O O «a
B|B 6 B o6 O BlO O B O 8
y|ly 6 & y 0 y O O O y vy
6|6 6 o6 6 6 510 a B vy B
+lO0 a B y O
o|lo O O O O
ala O a a O
B|1B B O B O
y|ly ¥ v O O
516 B y a O
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#00
+ a
M1 0|0 a
ala O
+|0a3y><oaﬁy+0037
o|l0 a B y oO0|lO0 O 0 O o0l0 0o 0 o
g2 afa O y B alO @ y B alae 0 B vy
B| B v O a B|O » B a BB a O vy
y{y B a O y|O B a y yl|ly a B O

(6],

()
()
(b)
@)
(c)
@)
@)
@)

Concerning the matrices M9-#12 cf. M7 in [8], p. 284, M5 and M4 in
p. 263, and Newman’s example E15 in [4], p. 46, respectively. Since:

matrix M3 verifies G2, G3 and G4, but falsifies G1I for a/a, b/B and c/y:
axXx (B+y)=axd=a,and (ii) (@x B) +(@Xy) =0 + 0= O,

matrix M10 verifies GI, G3 and G4, but falsifies G2 for a/a and b/I:
ax I=Land (ii)IXa=a,

matrix #11 verifies GI, G2, and G4, but falsifies G3 for a/a and b/a:
(@+a)+(@%xa)=0+0=0,and (ii) a = a,

matrix M12 verifies GI, G2, G3, but falsifies G4 for a/B, b/a and c/a:
(@+B)xBxa)=BXy=a,and (ii)a+a=0,

we know that the axioms G1, G2, G3 and G4 are mutually independent.

(1]

(2]

(3l

(4]

[5]

(6]
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