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AN ADDITIONAL REMARK ON SELF-CONJUGATE FUNCTIONS

ON BOOLEAN ALGEBRAS

THOMAS A. SUDKAMP

In this note I add several remarks to my paper [1]. Let / be a
self-conjugate function on a Boolean algebra, in [l] it was shown that if
fn= id and f Φ id, then n is even and/ 2 = id. Necessary and sufficient
conditions for a self-conjugate function / to have the property/2 = /were
given. Here we extend results of this type. The references in the proofs
are from [1]. Let

% = <A,+, , - ,0, 1>

be a BA.

Lemma Iff: A —> A is self-conjugate, then

*^/2(*M/4(*H. . <fn(χ)<. . .

and

f(x) ^ f ( x ) « / 5 ( * ) « . . . « / 2 B + 1 ( * ) « . . .

for any xe A, and all n> 0.

Proof: By replacing x by/(I) and y by fn(x) in 1.2(iii) we obtain

/"w =/u) r ω ^/u r+lw) =r+2w
for any n > 0. Now if we show that x ^f2(x) we are done. Let c = x - /2(ΛΓ).

By 1.1, 1.3, and 1.5,

f(x) c = 0^>f(x) -f(c) = 0+->f(c) = 0^>c = 0.

Hence x ^f2(x) as desired.

Theorem If /: A —> A is self-conjugate, fn=fm,n<m and for i ^ n, j < m,
/ ' * / ' , then

(i) m = n + 2, z/w, m have the same parity,
(ii) m = n + I, if n, m have different parities.
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Proof: (i) By lemma

fn(x)^fn+2(x)<. . .*fm(x)

Hence, fn(x) =fn+2(x), for all xe A, and therefore m = n + 2.
(ϋ) Again by the lemma we get fn(x) ^f*"^). So fn+\x) ^fm(x) = fn(x).
Hence, by lΛJ\x) = fn+\x) a n d m = w + l.

We have now established some conditions for which occur when powers
of self-conjugate functions start repeating. We show that these results are
the best possible. Let

* = <A, u, n, -, o, l, cij)i>j<(ύti<j

where A is the power of ωU, where U is a countably infinite set, u, Π, and -
are the standard set-theoretic operations and, for each i < j , c^ is a unary
function on A defined as follows:

Cij (AT) = {3; e A: for some x e X we have X{ = yj, yi = Xj and xk = yu for k Φ i, j}

for any Xe A.

By 1.25, Cij is self-conjugate for each i, j . Let

/„ = id + Σ) C/y .

Λ has the property that fn Φ fn for i ^ nf j < n, and /* = /w

w+1.

For a self-conjugate function / such that /* Φ f\ for i^ n, j < n + 2, and
/ M = / n + 2 , the function/= </„, cOi> on 31 x«( suffices.
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