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THE AXIOMS FOR LATTICOIDS AND THEIR
ASSOCIATIVE EXTENSIONS

BOLE SLAW SOBOCINSKI

By definition, c/., e.g., [ l], p. 23, a latticoid is an algebraic system
satisfying the following formulas:1

Al [ab] :a,beA.^.anb=bf)a
A2 [ab] :a,beA.^.al)b=b{ja
A3 [ab]:a, beA . D . a = a n {a u b)
A4 [ab]:a, beA .=>. a = a U (a Π b)

The addition of each (but, obviously, not both) of the following two formulas:

Nl [abc]:a, b,c eA . 3 . a Π (b n c) = (a Π b) Π c
N2 [abc]:a, b,c eA . 3 . a U (6 U c) = (a U b) U c

as a new axiom to {Al; A2; A3; A4} generates two different systems which
can be called latticoid with meet-associative law and latticoid with join-
associative law, respectively.

In this note it will be shown that, although these three systems are
rather weak, their respective axiom-systems can be shortened con-
siderably. Namely, I shall prove that:

Any algebraic system

% = (A, u, n)

where U and Π are two binary operations defined on the carrier set A, is
either a latticoid or a latticoid with meet-as so dative law or a latticoid with
join-associative law, if it satisfies respectively one of the groups of
postulates (A), (B), and (C) which are given below:

(A) For latticoids:

Bl [abcdf]: a, b, c, dje A . 3 . c (Ί ((a U b) n d) = {(b U a) Π ((/ Πd)\jd))Πc
B2 [ab] :a,beA.^.a = (aUb)Oa

1. Throughout this paper A indicates an arbitrary but fixed carrier set. The so-
called closure axioms are assumed tacitly.
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(B) For latticoids with meet-associative law:

El [abcdef]: a, b, c, d, e,fe A P . e U {{(a Π b) Π c) U d)
= {{(b Πc)Πfl)U ((/ Όd)Πd))Ue

E2 [abc]: a, b, c e A . 3 . a = ((a Π 6) Π c) U α

(C) For latticoids with join-associative law:

Fl [abcdef]: α, δ, c, d, eje A .=>. e Π (((« Uδ)Uc)Πrf)
= (((6 u c ) u α ) n ((/n d) u d)) n e

F£ [αδc]: a, δ, c e A .3. a = {{a u δ) U c) Π a

Remark I: It should be noted that the forms of postulates given in (A), (B),
and (C) are suggested by Kalman's postulate system for lattices, cf. [2],
But, obviously, the deductions presented below differ in several points from
Kalman's.

1 Proof of (A): Since it is self-evident that axioms Al, A2, A3, and A4
imply Bl and B2, it remains only to prove that the former formulas are the
consequences of the latter. Hence, let us assume Bl and B2. Then:

B3 [ac] :a,ceA . 3 . c Π a = (a U a) Π c
PR M : H p ( l ) .z>.

c Πa = c Π ((aΌ (a Ua)) Γ\a) = {((a U a) U a) Π (((α U α) Π α) U a)) Π c
[1, B2, b/a U tf £ i , b/a U α, d/α, //α U a]

= (((α U β ) U f l ) n ( β U β ) ) Π c = ( β U α ) n c

[B2, b/a; B2, a/a U a, b/a]
B4 [a]:aeA.^>.a = aΠa [B2, b/a; B3, c/a]
B5 [a]:aeA.^.a = aua [B2, b/a; B3, c/a u a; B4, a/a U a]
Al [ab] :a,beA.^>.af)b = bna
PR [ab]: Hp(l) .3.

a Γ ) b = a O ( b n b ) = a n ( ( b U b ) n b ) [1; £4, α/δ; J55, a/δ]
= ((b Ub)n ({(b Ub)Πb)Ub))Πa [Bl, a/b, c/a, d/b, f/b \jb]
= (bΠ(bUb))na= (b Π b) Π a = bΠa

[B5, a/b; B2y a/b; B5, a/b; B4, a/b]
B6 [abdf]: a, bf d,fe A .=>. (a U b) Π d = (b U a) Π ((/ Π ^) U d)
PR [«M/]:Hp(l) .=).

(flUδ)nί?=((flU5)Πί/)Π ((« Ub) Πd) [I; 54, «/(« Uδ)Πrf]
= {{b Uβ)ίl ((/ Π d) U d)) Π ((α Ub) Πd) [Bl, c/{a Όb) Πd]
= ({b Uβ)n ((/n d) u d)) n ((6 u α) n ( (/n d) u ί/))

[Bl, c/(bUa)Π {(fnd)Όd)]
= (δUfl)Π ((/ Πd)Όd) [B4, a/(b U a) Π ((/ Π d) V d)]

B7 [abc] :a,b,ceA .D. c Πfl = c Π ((« Π δ) U a)
PR [αδc]:Hp(l) . D .

c Π a = (c U c) Π α = (c U c) Π ((6 Π α) U α) = c Π ((α Π δ) U a)
[1; 55, fl/c; 5(5, a/c, b/c, d/aff/b; B5, a/c; Al]

B8 [abd] :a,b,deA.^>. {au b) Π d = (b u a) Π d
PR [abd]:Ep(l) .^.

(α U 6) Π ί/ = (6 U a) Π (((d U δ) Π d) U ^) [I; B6y f/d U δ]
= (δ U a) Π (d U d) = (δ U a) Π «f [52, fl/ώ; 55, e/d]
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A 2 [ab] : a , b e A . ^ . a U b = b \ J a
PR [αδ]:Hp(l) .=>.

au b = (aΌ b) Π (au b) = {b Ό a) Π (au b) = (aU b) Π (b U a)

[ 1 ; B4, a/a U b; B8, d/a U b; Al, a/b U α, b/a U 6]

= (6 U a) Π (6 U a) = 6 U α [58, d/δ U «; 54, a/b U α]
A 3 [αδ] :a,beA.^.a = aΓ)(aUb) [B2; Al, a/a U b, b/a]

A4 [ab] :a,beA.^.a = aU(aDb)

PR |>δ]:Hp(l) .=>.
fl = βnfl = βn((ίiπδ)ufl) = ((flΠδ)Ufl)Πβ

[1; B4; B7, c/a; Al, b/(a Π b) U a]
= ((a Π b) U a) Π ((α Π b) U α) = (β Π b) U α = a U (fl Π δ)

[57, c/(α Π δ) U a; B4, a/(a Π δ) U α; A2, α/α Π δ, δ/β]

Since it is shown above that Al, A2, A3, and A4 are the consequences
of Bl and 5£, the proof is complete.

Remark II: We have to note that axioms Bl and B2 are inferentially
equivalent to the following two formulas:

Cl [abcdf]: a, b, c, dJeA . 3 . c U ((a Π b) Ό d) = ((δ Π a) U ((/ U d) Π d)) U c
C£ [αδ]: α, δ e A .=>. β = (a Π δ) U a

We omit here a proof of this fact, since it is completely banal.

2 Proof of (B): Since it is obvious that formulas El and E2 are the con-
sequences of axioms Al, A2, A3, A4, and Nl, we have only to prove that the
former formulas imply the latter. Therefore, let us assume El and E2.
Then:

E3 [ae] :a,eeA . 3 . e U a = (flilfl)U^

PR [αe]:Hp(l) .=>.
βUβ = gU((fln(βnfl))Πfl)Ufl) [ I ; £2, δ/« Π α, c/α]

= ((((« ί iβ)nα)Πβ)u ((((« n«)na)Ufl)na))ue
[Ei, δ/α Π β, c/α, rf/α, //(α ίlfl) Πfl]

= ((((α Πβ)nβ)Πβ)U(βΠfl))Uβ [E2, b/a, c/a]
= (β(Ίβ)Ug [-β1 ,̂ a/a Π «, δ/α, c/α]

A4 [ab] : f l,δeA.^.α = αU(flΠδ)
PR [βδ]:Hp(l) .3.

β = ( ( β Π δ ) n ( β Π δ ) ) U β = β U ( β n δ ) [ i ; ^ c/« n δ; ^ 3 , «/« n δ, e/a]

E 4 [ a ] : a e A . ^ > . a = a n a

PR [α]:Hp(l).3.
β = ( ( β Π β ) Π ( β Π f l ) ) U f l = ( « Π β ) U ((a f]a) Γ) {a Πa)) = a Da

[1; £2, δ/«, c/α Π α; £3, e/(a Πa) Π (a Π a); A4, a/a Π a, b/a Π «]
A2 [ab] :a,beA.^>.aUb=bUa [E3, a/b, e/a; E4, a/b]
E5 [a]:aeA .^.a =aΌa [A4, b/a; E4]
E6 [abcdf]:a,b,c,d,feA . 3 . ((a Γ)b) Π c) U d = ((δ Π c) Π a) 0 ((/ U d) Π d)
PR [αδc#]:Hp(l) .3.

((α n δ ) ί l c ) U ί f = (((α Π δ) Π c) U d) U {((a Π b) Π c) U d)
[1; £5, α/((α Π δ) Π c) U d]
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= (((δ nc) π α ) u ( ( / u d) n d)) u (((« n δ ) n c ) u ή
[ E I , e/((a nb)Πc)υd]

= (((b nc)Πfl)u ((/ u d) n <0) u (((δ n c) n a) u
((/ud)nd))

[£i, e/((δ nc)ίlf l)U ((/ U d) Π rf)]
= ((6 nc)n«)u ((/ud) nd)

[E5, a/((b Π c) (Ί a) U ((/ U d) Π d)]
£ 7 [#δc] :a,b,c eA .^. c U a = c U ((b U a) n a)
PR jαδc]:Hp(l) . 3 .

c U a = (c Γ) c) Ό a = ((c Γic) Dc) l)a = ((c Γ) c) Π c) U ((b U a) Da)
[1; £4, β/c; £4, a/c; E6, a/c, b/c, d/a, f/b]

= (c Πc) U ((δU a) Πa) = c U ((δ Ufl)Πfl) [£4, α/c; E4, a/c]
E8 [ab]: a, b e A .^>. a = (b u a) n a
PR [βδ]:Hp(l) .=>.

α = flUfl = flU((δUfl)Πfl) = ((δUfl)Πα)Ufl

[1; E5; E7, c/a; A2, b/(b U a) Π a]
= ((b u a) Π a) U ((δ U α) Π Λ) = (δ U a) Π α

[£7, c/(δ Ufl)Πfl; £5, α/(δ Ufljflfl]

E9 [abed] :a,b,c,deA . 3 . ((« Π δ) Π c) U d = ((b Π c) Π a) U d
PR [βδcrf]:Hp(l) . 3 .

((a n δ) Π c) U d = ((δ n c ) n o ) u ((d U d) Π d) [I; £ff, //rf]
= ( ( δ ί l c ) Π α ) U ί ί [E5, a/d, b/d]

E1O [abc]:a,b,c eA .=>. (α n δ) Π c = (δ Π c) Π«
PR [αδc]:Hp(l) . 3 .

(α Π δ) Π c = ((a Π δ) (Ί c) U ((α Πb) Πc) [I; E5, Λ/(α Π b) Π c]
= ((δ Π c) Π «) U ((α ί l 5 ) n c ) [E9, rf/(α Π b) Π c]
= ((α n δ ) n c ) u ((δ n c ) ί i f l )

[A2, a/(b nc) Γ\a, b/(a nb) nc]
= ((δ n c ) Π α ) u ((δ nc) na) [E9, d/(b nc) na]
= (b n c) n a [E5, a/(b nc) na]

Al [ab]:a,b eA^.anb^bna
PR [αδ]:Hp(l) .=>.

a nb = (a na) nb = (b na) na = ({b nb) na) na
[1; E4; E1O, a/b, b/a, c/a; E4, a/b]

= ({b n a) n b) n a = (b Π a) Π (δ Π a) = b n a
[E1O, a/b, c/a; E10, a/b Π a, c/a; E4, a/b Π a]

A3 [ab] :a,beA . 3 . a = a Π (a U δ)
PR [αδ]:Hp(l) . 3 .

a = (δ U a) n a = o Π (δ U α) = a Π (Λ U δ) [1; ES; Ai, α/δ U a, b/a; E5]
Nl [abc]: a, b, c e A .^. a n (b n c) = (a n b) n c
PR [αδc]:Hp(l) .=>.

α Π (6 Π c) = (δ Π c) n a = (a n b) n c [1; AI, δ/δ Π c; E10]

Since it is shown above that El and £ 2 imply Al, A2, A3, A4, and Nl, the
proof is complete.

Remark III: It should be noted that the proof of Al given above, i.e., that
E4 and E10 hold Al, is due to Padmanabhan, cf. [4], but the deductions
presented here differ from his.



THE AXIOMS FOR LATTICOIDS 629

3 Proof of (C): Since it is obvious that axioms Al, A2, A3, A4, and N2
imply Fl and F2, it remains only to prove that the latter formulas hold the
former. But, since Fl and F2 are duals of El and E2 respectively, it is
self-evident that the deductions, which are exactly analogous and dual to the
proofs presented in section 2, will show at once that Al, A2, A3, A4, and N2
are the consequences of Fl and F2. Thus, we have

{Al; A2; A3; A4; N2} ^ {Fl; F2}

4 The mutual independence of axioms contained in each of the sets
{El; B2], {Cl; C2}, {El; E2}, and {Fl; F2\ is established by using the
following algebraic table:2

U a β Π a β

mi a a a a a β

β a a β a β

U a β Π a β

9W2 a a β a a a

β a β β a a

u a β Π a β

SPϊ3 a a a a a a

β a a β a β

U a β γ δ η Π a β γ δ η

a a β γ δ η a a a a a a

m 4 β β β η δ η β a β a β β

γ γ η γ δ η y a a y y y

δ δ δ δ δ η δ a β y δ δ

η η η η η η η a β γ δ η

U a β γ δ η Π a β γ δ η

a a a a a a a a β γ δ η

m s β a β a β β β β β η δ η

y & 01 y y y y y 7] y δ Ί]

δ a β y δ δ δ δ δ δ δ η

η a β y δ η η η η η η η

Namely:

(a) Bl and B2 are mutually independent, since:

2. Concerning 9JU and W3, cf. [3], pp. 385-386. It is self-evident that the tables 9W5
and WH are isomorphic with the diagram given in [1], p. 22, figure 5, and its dual
respectively.
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(a) mi verifies B2, but falsifies Bl for a/a, b/a, c/a, d/β, and f/β:
(i) a Π ((a u a) Π β) = a Π (a Π β) = a Π β = β, (ii) ((a U a) Π (()3 n β) U ]3)) n a =
(a n (β U β)) Π a = (a Π a) D a = a Π a = a.
(β) 9W3 verifies Bl, but falsifies £ £ for a/β and δ/β: (i) β = β, (ϋ) (/3 U /3) Π
)3 = α Π /3 = α.

(b) Cl and C2 are mutually independent, since:

(a) W12 verifies C2, but falsifies Cl for a/a, b/a, c/a, d/β, and f/β:
(i) α U ((a Π α) U β) = a U (or U β) = a U β = β, (ii) ((cr Π a) u ((β U β) Π β)) U α =

(a u (β O β)) U a = (a U a) u a = a u a = a.
(β) 9W3 verifies Ci, but falsifies C2 for α/β and b/β: (i) β = β, (ii) (β Π β) u
β = β u β = a.

(c) El and £2 are mutually independent, since:

(a) mS verifies E2, but falsifies El for a/β, b/γ, c/δ, rf/η, e/η, and//η:
(i)ry U (((/3Πy) Π δ) U η) = η U ((77 Π δ) U 77) = η U (η U 77) = 77 U η = 77, (ii) (((yίl
δ) Π β) U ((77 U 77) Π 77)) U 77 = ((δ Π β) U (77 Π 77)) U 77 = (δ U 77) U 77 = δ U 77 = δ.
(β) 5W3 verifies £ i , but falsifies £2 for a/β and δ/β: (i) β = β, (ii) ((β Π β) Π
/ 3 ) U β = ( β Π β ) u β = β U β = ύ:.

(d) F i and F2 are mutually independent, since:

(a) 9W4 verifies F2, but falsifies Fl for α/β, 6/y, c/δ, d/η, e/η, and / / η :
(i) 77 n (((β u y ) u δ) n 77) = 77 n ((77 u δ) n 77) = 77 n (77 n 77) = 77 n 77 = 77, (ii) (((y u
δ) u β) n ((77 n 77) u 77)) n 77 = ((δ u β) n (77 u 77)) n 77 = (δ n 77) n 77 = δ n 77 = δ.

(β) S!W3 verifies Fl, but falsifies F2 for a/β and δ/β: (0 β = β, (ϋ) ((β U β)
u β ) n β = ( α u / 3 ) n β = α!nβ = α!.

5 It is well known3 that a latticoid with meet-associative law and a latticoid
with join-associative law are two different systems. We can prove it easily
using tables W14 and 9W5. Namely:

(1) TO4 verifies Al, A2, A3, A4, and Nl, but falsifies N2 for a/β, b/γ, and
c/δ: (i) β U (y U δ) = β U δ = δ, (ii) (βUy)Uδ=T7Uδ=77.

(2) SW'5 verifies Al, A2, A3, A4, and N2, but falsifies Nl for a/β, b/γ, and
c/δ: (i) β Π (y Π δ) = β Π δ = δ, (ii) (β Π y) Π δ = 77 Π δ = 77.

Thus, the systems {Ai; A2\ A3; A4; Nl} and {Al; A2; A3; A4; N2}, although
they are duals, are different.
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