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TWO NOTES ON ACKERMANN’S SET THEORY

JOHN LAKE

We give solutions to two problems which concern Ackermann’s set
theory, A.* This theory was introduced in [1] and it is now formulated in
the first-order predicate calculus with identity, using ¢ for membership and
an individual constant, V, for the class of all sets. We use the letters ¢, ¥,
6, and X to stand for formulae which do not contain V and capital Greek
letters to stand for any formulae. Then the axioms of A are the universal
closures of

Al Vi(tex<>tey)—x=y,

A2 JzVi(tez<>teVaO),

A3 xeValtexvVu(uet »uex)) — teV,

A4 %, yeV aAVE(E(x, y,t) > teV) — Tz e VVE(tez <> U(x, y, 1)),

where all free variables are shown in A4 and 2z does not occur in the © of
A2. A* is A augmented by the axiom

A5 xeVaJuuex — Juex Vieu tgx.

Firstly, we shall solve a problem from [3], by extending some of the
work on permutation models (see [2], for instance) to models of A.

Definition 1 A functional formula y = F(x) is said to be a permutation if it
represents a bijection of the universe onto itself. If y = F(x) is a permuta-
tion then we write xepy for F(x)ey and ¥y for the formula ¥ with all
instances of € replaced by €g.

Theorem 2 If y = F(x) is a functional e-formula such that

(i) F is a permutation,
(ii) xeV iff F(x)eV,

then we can interpret A in A using ep fov the membership velation and v
for V.

*The author acknowledges the support of the Science Research Council.
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Proof: Firstly, note that x e V<> F(x) e V<>x¢€ V, and we often use this in
showing that the interpretations of the axioms hold.

(A1)p Extensionality holds as F is a bijection.

(A2)F We show that JzVi(tepz<«>teValp). By A2 and (i) JzVp(pe
z<>3teV(p= F()r¥g)). Then tepz <«>F(f)e z<«>te V ATy, as required.

(A3)r We firstly show that xepyeV —xeV. xegy — F(x)ey — F(x)e V—
x €V by A3 and (ii). Now it remains to show that

Vi(tepx —tepy)AyeV — xe V.

Vi(tepx — tepy) — VE(F(t) ex — F(£) e y) by definition,
— x C ¥y by (ii),
—x€eV by A3.

(A9)r Suppose that x, yeV and VE(¢p(x, v, f) — teV), and we show that
JzeVVE(tep 2<>dp(x, v, ). Let ¥(x, v, 2) be the formula 3¢(p = F(£) a
op(x, v, £)) and then from (ii) we get Vp(¥(x, y, p) — peV). Then, by A4,
zeVVp(pez<>W(x, vy, p). Now, tepz «<>F(f)ez<>¢p(x, v, ), so that
(A4)p holds. Q.E.D.

Question 4.24(c) of [3] asks ¢If we add the following schema of
downward reflection to A, then do we get A*?

DR If ¢ has exactly two free variables, then ye V A ¢(V, ¥) — Ixe V ¢(x, v).”’

We shall answer this question negatively, provided that ZF is con-
sistent. From [3], the consistency of ZF implies the consistency of A* and
A* ~DR so that it suffices to give an interpretation of A + DR in A + DR in
such a way that the interpretation of A5 fails. We do this as follows:

Let y = F(x) be a functional e-formula which says that

F(12) = {12},
F({72}) = 72,

and
F(x) = x, otherwise.

F obviously satisfies the hypothesis of Theorem 2 so that result shows that
we can interpret A in A + DR, using ez for membership. An instance of
(DR)g becomes

YEVAPR(V,y) — IxeVop(x, v).

This is just another instance of DR so that we can interpret A + DR in
A + DR, using ¢z for membership. The interpretation of A5 does not hold
as xep {12} «>F(x) € {712} <> F(x) = 72 <> x = {12}, as required.

Now we shall consider an extension of A which was suggested by Wang.
On page 428 of [4] he suggests that it might be possible to allow any
formula to occur in A4 if we modify the axiom to
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Ady x, VeV AVHB(x, v, t) = teV)aIteV 18(x, v, t) —
JzeVVi(tez <> (2, u, t),

where all free variables are shown. He also mentions that it might be
necessary to add the existence of the empty set as an axiom, but it is
straightforward to check that there is a model of such axioms in which
v = {¢}. However, Theorem 3 shows that if we add an axiom asserting the
existence of at least two sets, then the theory becomes inconsistent.

Theorem 3 The theory with axioms Al, A2, A3, A4 ,and 3xeV IyeVx +y
is inconsistent.

Proof: In this theory we firstly prove
VxeV xfx. (%)

Suppose that 3xe V xex and let ®(x) be the formula x eV ax¢x. Then, by
Adg, z ={t|teVvatfteV, but zez <>z £z, so that (*) holds. From (), we
know that

VEV. (**)

Let x € V and we can suppose that x # ¢. Using ¢ # ¢ in A4, we see that
peV. Let ¥,(f) be the formulateVat # ¢, so that by Ady 2" ={¥|xeVax #
¢teV. Let Wy(f) be tez'vt=¢. Then Vi(¥(f) — teV), 2'¢z' by (*) and
z'+ ¢ by our assumption that there are at least two sets. Hence we can use
¥, in A4y and this gives {x|xez'vx = ¢}e V, i.e., VeV, and this contradicts
(). Q.E.D.
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