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THE BINARY REPRESENTATION OF m-VALUED LOGIC WITH
APPLICATIONS TO UNIVERSAL DECISION ELEMENTS

JOHN LOADER

1 Introduction It has been shown [1] that the variable P of m-valued
logic may be represented by the n 2-valued variables P, ..., P, (2" <
m < 2"). For example, in 3-valued logic P may be represented by the
2-valued variables P,, P, as follows:

P | P | P

1 F F

2 T F

3 F T

3 T T
The representation of any formula &(P, @, ...) may then be achieved by
finding the corresponding 2-valued formulae (&P, @, .. .);j(i=1,...,n)
in terms of the variables Py, ..., P, @1, . . <, @p, . .

If we assume that the logical constants t, f are available then in
addition to the assertium functor F,( ), the unary functors Fy( ), ..., F()
are also available by virtue of the binary representation, since we may
make (F;(P)); equal to any member of the set {P,, ..., P, t,f}. In the

3-valued case Rose [2] has shown that the additional unary functors F,( ),
F5( ), Fy( ) are available, the truth tables of F;(P) and (F;(P)); (i =1, 2, 3;
j =1, 2) being as follows:

P| Py | Py| Fao(P) | (Fo(P))y | (FoP))2 | Fs(P) | (F3(P))y | (Fa(P))z | Fu(P) | (Fy(P))s | (Fu(P)),
t|FIF| 1 F F 1 F F 2 T F
2| T|F| 1 F F 1 F F 2 T F
3|F|T| 2 T F 3 F T 3 T T
3| T|T| 2 T F 3 F T 3 T T

These functors are available since we may make (F;(P)); equal to any
member of the set {P,, P,, t,f}. However, the functors thus formed are
only valid if the last two entries in the truth table both correspond to the
same truth values. Also some of the valid combinations will correspond
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to trivial functors. Thus the three functors mentioned above are repre-
sented by the equations:

(F2(P)), = Py, (Fo(P)), = 5
(F3(P)), =, (F3(P)): = Py;
(F4(P))1 =t, (F4(P))2 = P,.

Any other possible combination will lead to invalid functors, duplicates of
those already found, or trival functors.

In this paper we will consider the determination of v for various values
of m and then consider the implications of a binary representation of
m-valued logic in finding universal decision elements. Throughout we will
denote the m values of m-valued logic by the integers 1, ..., m. For the
section on universal elements it will be useful to introduce the notion of the
description number of a unary functor: if the unary functor F( ) of
m-valued logic is such that F(P) takes the truth value x; when P takes the
truth value 7, then the description number, i, of F( ) is given by

m .
i=ZE(x,~-1)-m”'"+1.
=

Where convenient the unary functor whose description number is ¢ will be
denoted by ¥;( ). We will assume that in the general case the representa-
tion of the m truth values will follow the pattern given for the 3-valued
case. More precisely, if we replace F, T by 0, 1 respectively then
associated with the 2" possible assignments of 0, 1 to the variables
P,, ..., P, we may define an assignment number j, given by

i=1

o

il
-

j = L% 27+ 1,
where P; takes the truth value x;. Then assignment j represents the truth

value j if j < m and represents the truth value m if j > m.

2 Determination of v If m=2" we may make (F;(P)); equal to any
member of the set {P,, ..., P, t,f}(i=1,...,v;j=1,...,n) and obtain
a valid functor, and thus there will be (% + 2)" distinct functors. However,
m of these will correspond to the logical constants 1, ..., m. Thus for
m=2"

v=m+2)"-m. (1)

For example, if m = 4 we have v = 12 and the truth tables for the functors
Fo(), ..., Fis( ) are as follows:

PP, | Py | FoP) | F3(P) | Fy(P) | F5(P) | Fe(P) | Fo(P) | Fo(P) | Fo(P) | F1o(P) | F11(P) | F1a(P)
1|F|F 1 1 2 3 1 1 1 1 2 3 1
2T |F 3 2 4 4 3 1 1 1 2 3 1
3|F|T 1 1 2 3 1 2 3 2 4 4 4
4 T |T 3 2 4 4 4 4 3 2 4 4 4
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Their binary representations are given by the equations:

(Fo(P)1 =, (Fu(P)); = Py; (Fs(P), = Py, (P3(P)), =F; (Fy(P)), =1,
(Fa(P)); = Py, (Fs(P)), = Py; (Fs(P))2 =t; (Fe(P)), = Py, (Fe(P), = Py;
(F7(P)), = Py, (FA(P)); = Py, (Fe(P)), = f, (Fg(P)); = Py; (Fg(P)), = P,
(Fo(P)), = f; (Fio(P)y =t, (F1o(P))s = Py, (F11(P))1= Py, (F1i(P))= t;
(F12(P), = P, (F12(P)); = P,.

We may generalize the result given in equation (1) to the case
m=2"-2F"41,ke{l, ..., n} by the following theorem.

Theorem 1 If we vepresent m-valued logic by the n 2-valued variables
P, ..., Poand m=2"-2¥"4 1, ke{l, ..., n}, then the number of unary
Sfunctors F\( ), ..., F,( ) available is given by

v=A" - AF1.BC - 2574(2C - 1) 4 BYn + 2)*7!
-C@2C - D){(n+ ¥ - (m+ 1F} - (n o+ 2P

where, A=n-k+3,B=n-k+2,C=n-k+1.

Proof: We may consider the unary functors F,( ), ..., F,( ) as consisting
of two discrete sets:

(I) those functors F,( ) such that F,(P) does not take the truth value m
when P takes the truth value m;

(IT) those functors F,( ) such that F,(P) takes the truth value m when P
takes the truth value m, p, ge{1, . . ., v}

We will refer to these as type I and type II functors respectively. To form
valid functors of type I we require that F;(P) takes the truth value k(& # m)
when P takes the truth value m irrespective of the particular configuration
of truth values taken by P,, . .., P, which correspond to the truth value m.
This requires that the last 28! rows in the table of 2-valued functors
(F;()); are identical since there are 2%"! different representations of the
truth value m when m = 2" - 2¥"' + 1. Thus to form such functors all
(F;(P)); must be taken from the set {P;, ..., P, t,f}. However, unless
(F:(P)); = f for at least one je{k, ..., n} the functor will be of type II.
Also, if (F;(P)); = for t for all j then the resulting functor will correspond
to one of the logical constants 1, ..., m - 1.

The number of ways of substituting for (F;(P));, (j1 =%, ..., n) from
the set {P, ..., P, t,f} such that f occurs at least once is given by
(n-k+3)"*" - (n-k+2"%" The number of ways of substituting for
(Fi(P);, Ja=1, ..., k-1) from the set {Ps, . . ., P,, t,f}is (n - k + 3)*"*
Thus there are

{n-k+3y ' - (n-k+2"* ) (n- b+ 3
type I functors. This number, however, includes the functors corresponding

to logical constants, the number of these being 2*7'(2""**! - 1). Thus the
total number of non-trivial type I functors is

(m-k+3)-(n-k+2)" 0 (- k4 3) - 2k 27k Ly,
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To form valid type II functors we require that the last 2¢! truth values
of (F;(P))j,(j1 =%k, ..., n) should all correspond to the truth value true.
Thus we may substitute for (F;(P));, from the set {P;, . . ., P,,t}. Since the
last 2*7! truth values of (F; (P))j,(j2=1, ..., k - 1) may be true or false we
may substitute for (F,'(P))i2 from the set{P,, ..., P,, t,f}. Thus the total
number of type II functors is given by (r - £ + 2)"** . (n + 2)¥"'. However,
this number includes those substitutions which yield the logical constant m
and further not all the remaining substitutions will yield distinct functors.
Now any substitution which is such that (F,-(P)),-1 =t will yield the logical
constant 7 regardless of the substitution made for (F;(P));,. The total
number of these is (n + 2)""'1 . With regard to duplicate functors we will
first prove the following lemma.

Lemma Consider a substitution for (F;(P))j(j=1, ..., n) such that (F; (PN,
(ji =k, . . ., m) is substituted from the set {Py, t}, qge{k, . . ., n}, so that P,
occurs at least once, and (F;i(P));,(j.=1, ..., k- 1) is substituted from
the set {P, . . ., P,,t,f}so that f occurs at least once. Denote the set of
substitutions satisfying the above conditions by S. Denote the set of all
other substitutions yielding type 1l functors by S'. Then for every substitu-
tion in the set S theve exists one and only one substitution in the set S'
which will yield the same unary functor.

Proof: Consider the table of truth values of (F;(P);(j=1,...,%) for a
substitution from the set S. The truth values in the kth to nth columns are
all true whenever P, takes the truth value true and thus for these rows and
only these rows the resulting truth value of F;(P) will be m. The truth
values in columns 1 to 2 - 1 may be changed only in these rows if the
formula F;(P) is to remain unchanged. Thus if (Fi(P))i2=f' for some
j2€{1, ..., k- 1} we may make (F;(P));, = P, without altering the formula
F;(P). Further, we may not replace (F;(P));, by any other variable since
this would imply alteration in truth values in rows other than those where
P, takes the truth value true, which in turn implies that the formula F;(P)
would be changed. Similarly, if (F;(P));, # f then there is no alternative
substitution for (F,-(P)),-2 which will yield the same functor. Thus if every
occurrence of f is replaced by P,, the resulting substitution is the only one
in S’ which yields the same functor. Clearly this holds for all the substitu-
tions in the set S.

The number of substitutions that satisfy the conditions of the Lemma
for a particular g is given by

{m+ 2K - (4 DE (27 - 1)
and since ge {k, . . ., n} the total number of duplications is given by
{m+2f " - (m+1)f} 2% - 1) (n - b+ 1),
Thus the total number of non-trivial functors of type II is

(- B+ 2" (4 2070 - (4 2%}
A+ 2* - DFH @R 1) (- R+ 1),

and the result then follows.
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The value of v for the cases m =3,..., 16 are shown below, these
having been determined explicitly. The cases covered by the above
theorem are asterisked.

m n k v

3 2 2 4%
4 2 1 12%
5 3 3 21%
6 3 - 24
7 3 2 56*
8 3 1 117
9 4 4 144*
10 4 - 132
11 4 - 136
12 4 - 150
13 4 3 322%
14 4 - 324
15 4 2 648*
16 4 1 1280*

Univevsal decision elements of vith degree An Nth order universal

decision element of the 7th degree has been defined in [3] but for complete-
ness the definition is given below:

A Functor & ,..., ) of » argument places corresponds to an Nth
order universal decision element of the »th degree if we may define all
non-trivial functors of m-valued logic with N or less argument places,

solely by substitution of the formulae F\(P,), ..., F(P), ..., Fi(P), ...,
F,(P,), (F\(P) =r P) and the logical constants 1,..., m in its argument
places, the functor &( , ..., ) being used only once in the definiens.

If a binary representation of m-valued logic is employed then the unary
functors F,( ), ..., F,( ) are available without the use of any additional
hardware. Thus we may consider the problem of finding universal decision
elements of the vth degree. The 3- and 4-valued cases with N =1 have
been considered in detail elsewhere [4] and we will here consider the first
order case for m = 5. For the 5-valued case v = 21 and the truth tables of
F,(P), . .., F,(P) are given below.

P | Fo(P) | Fy(P) | Fy(P) | Fs(P) | Fo(P) | F1(P) | Fo(P) | Fo(P) | Fio(P) | Fy,(P)
1| 1 1 3 1 1 1 3 1 1 1
2| 4 2 4 3 1 1 3 3 1 1
3| 1 1 3 2 4 2 4 1 3 1
4| 4 2 4 4 4 2 4 3 3 1
5| 5 5 5 5 5 5 5 5 5 5
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P | Fio(P) | Fi5(P) | F1y(P) | F15(P) | F1o(P) | F14(P) | Fig(P) | F1o(P) | Fo(P) | Far(P)
1 1 1 3 3 1 2 2 2 2 4
2| 1 1 3 3 1 4 2 2 2 4
3] 1 1 3 3 1 2 4 2 2 4
4 1 1 3 3 1 4 4 2 2 4
5| 4 2 5 4 3 5 5 5 4 5

Their binary representations are given by the following equations:

(Fy(P))y = Py, (Fy(P)); = Py, (Fy(P))s = Py; (Fs(P)), = Py, (Fg(P)), = Ps,
(Fs(P))s = Pg; (Fq(P))l =Py, (Fq(P))z =t, (F4(P))3 = Pg; (FS(P))I = P,
(F5(P))2 = P, (Fs(P))a = Pg; (FS(P))L = P, (FG(P))z = P,, (Fe(P))a = Py;
(Fe(P)), = Py, (Fy(P)); = P;, (F(P))s = Pg; (Fg(P)), = Py, (Fg(P)); =t,
(Fs(P))1= P, (Fs(P))1 = Ps, (Fs(P))2=P1, (Fg(P))3=P3; (F1o(P))1=P3,
(F1o(P)z = Py, (F1o(P))s = Ps; (F11(P))1 = Py, (F11(P)); = P3, (F11(P)); = Py;
(FIZ(P))I = P, (FIZ(P))Z = Ps, (sz(P))s =f; (F13(P))1 = Ps, (Fls(P))z =f,
(F13(P))s =f; (F14(P)), = Py, (F14(P)); =t, (F1(P))s = P3; (F15(P)), = Py,
(F1s(P))2 =t, (Fi5(P))s=f; (Fie(P)),=F, (Fis(P)):= Py, (Fi4(P));=f;
(Fio(P), =t, (F1y(P)) = Py, (Fiz(P))s = Py; (FIB(P))l =t, (F(P)); = P,
(F15(P))s = Py; (F19(P))1 =t, (F19(P)); = Ps, (F19(P))s = P3; (Foo(P)), = t,
(Fao(P))y = Py, (Foo(P))g =f; (Fau(P))i=t, (Fuu(P)),=t, (Fu(P))s= Ps.

The number of valid substitutions from the set {F,(P), ..., F,(P),
1,...,5} for the argument places of the n-place functor &P,, . . ., P)is
given by (5 +7)” - 5", which gives the number 17576 when #» = 3 and 7 = 21,
Since it is not necessary to define the logical constants or the functors
Fi(), ..., Fsi( ), the number of unary functors to be defined is 5° - 5 - 21 =
3099. Using the method described in [4] and starting with an arbitrary
ternary functor it was found that initially 1412 unary functors were
undefined. This number was reduced to 688 but at this point the search was
abandoned in view of the amount of computer time being used.

Consider again the number of valid substitutions, (5 + #)" - 5". If n =4
and 7 > 3 then the number of substitutions exceeds the number of unary
functors to be defined. Thus a 4-place functor & , , , ) corresponding
to a first order universal decision element of 3rd or higher degree may
exist. Using the same method as before a substitution set with » = 11 was
considered, the 11 unary functors being F,( ), Fy( ), Fs( ), Fq( ), Fs( ),
Fio( ), Fia( ), Fis( ), Fig( ), Fig( ), and Fue( ). This proved successful and
a formula &(P,, P,, P;, P,) satisfying the conditions was found. We may
represent the truth table of &(P,, P,, P;, P,) in a modified form as follows:
Let

‘1’(P1’ P,, P, P4) =T [Pu Ax(Pz, P, P«a), Az(Pz, Py, P-:), Az(Pz, Py, P4),
Aq(Pz’ Ps’ P4)’ As(sz P3y P-!), Pl]

where

Ai(Pz, PS: PA) =T [Pm eil(PS, P-l), eiZ(PSa P4)’ 9,‘3(P3, P4); 9i4(P37 P4);
9,’5(P3, P-;)’ PZ]’ i=1,...,5
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and

eii (P37 Pd) =T [PS, \I’k‘il‘l(P-l)’ \I"k -]-Z(P4)7 \Ilk:,'i3(P4)a ‘I/kij4(P4)) \Ifkﬁs(P-l)) Pa]’

7

kijp €1, . . ., 3124},

and[ , ..., |, the generalized conditioned disjunction functor, is such that
[P, Qy, ..., Qu, P] takes the truth value of @; when P takes the truth value
i. Then the modified truth table of the formula &(P,, P;, P;, P,) found
above is as follows:

.
~.

ki1 Rija Rijs  Rija Rijs

690 2225 121 1820 3000
423 959 2070 1237 1681
1428 1932 2999 2967 989
2925 3064 1934 817 978
112 3058 698 1027 1851
2648 2414 2046 1680 2436
283 738 1541 1393 3016
2537 39 2277 2818 2000
133 323 2483 962 433
1332 2860 1170 3094 1095
1990 1891 1652 1761 2681
1987 1234 1045 2096 2066
2530 2045 2765 428 1765

kijy  Rijz  Ris  Ria  Rijs

812 673 441 129 345
446 675 1084 1086 2144
3021 2973 1245 2576 123
3096 750. 2350 801 1102
2008 1276 251 632 1184
2002 3027 1567 2543 2830
2531 1987 138 1273 1627
1899 2874 3111 101 456
350 2067 999 654 675
1110 2222 69 2787 3002
2001 2748 463 463 2283
1373 8 1895 1519 1237

ST OO OO DR WwWw
S W N O R WN O ]S

O WD DD DI s
CODO = U1 A WD OB DD | S

The number of unary functors in the substitution set could probably
have been reduced. However, this line of investigation was not pursued
since in the context of binary representation there is no basic difference
between first order universal decision elements of degree 5, 11, or 21.

Consider now the formula &,(P, @, R, S) of the form

&,(P, @, R, S) =r [P, A(Q, R, S), Hi(A(Q, R, S)), H,(A(Q, R, S5)),
H3(A(Q9 Rr s))s H4(A(Q) R: S))’ P]7

where H,( ), Hy( ), Hi( ), and Hy( ) are arbitrary unary functors. Choosing
H,\(P) =1 ~P, Hy(P) =t ~~P, Hy(P) =t ~~"P, and H,(P) =y ~~~~P, where ~ cor-
responds to the cyclic negation functor of Post [5], then using the same
method as above a formula &,(P, @, R, S) corresponding to a first order
universal decision element of degree 11 was found, the substitution set
being the same as in the first example. The modified truth table of the
formula A(Q, R, S) is as follows:

i ki k k Ris kis

1065 2225 121 1820 3000
423 959 2070 1237 1681
1428 1935 2995 1217 989
3000 3018 1882 817 2734
562 2274 3068 2922 1730

i2 i3

QO LD
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The binary representation of &,(P, @, R, S) may be arrived at as
follows: We have,

&(P, Q, R, S) =1 [P, A(Q, R, S), "A(Q, R, S), ~"A(Q, R, S),
~~~A(Q, R, S), ~""A(Q, R, S), P],

where,
A(Qr Rr S) =T [Q! GI(R’ S)) 92(Rr S)) 93(R7 S)y 94(R: S)y GS(R: S)’ Q]
and

el(Rx S) =T [R, ‘IIIOSS(S)’ ‘1[2225(8)5 ‘1’121(8)’ \1’1820(8)) \PSOOO(S)! R]
92(R’ S) =T [Ry \1’423(8)3 1I”QSQ(S); ‘1’2070(8)’ \1’1237(8), ‘111681(5), R]

63(R1 S) =T [R’ ‘I"1428(S)’ ‘1‘1935(5), \112995(5), ‘11121'7(8)’ \1’989(8)’ R]
04(R, S) =t [R, ¥3000(S), ¥3015(5), ¥1852(S), Yo12(S), Farsa(S), B]
eS(R’ S) =T [R’ 11‘562(8)’ ‘1,2274(8)) ‘I[SOSB(S)} ‘112922(8)) ‘1’1730(8)’ R]'

The truth tables of §,(R, S), (8,(R, S));, =1, 2,3 are shown below.
Those entries in the tables which are starred indicate that at these points
either T or F could have been chosen; the choice given was dictated by the
simplicity of the resulting formulae. Corresponding formulae for (6,(R, S));
are as follows:

(6.(R, 8)), =1 Ryv (([Sn R, Sz] =R,) 7 Ss),
(6:(R, S)); =71 Ryv((Ryv(S,vS; 2 R,)) ol Ss),
(el(Ry S))3 =T (Ra&ss) V[Sl o Sz, Rx, [Rz 2 Rly Ss’ [Rz Z) Rl) R2 = 827 RI&SI]]]°

Similarly, we may construct the truth tables for (¢;(R, S));, ¢=2,...,5,
and one set of suitable formulae is given below.

60.(R,S)|1 2 3 4 5 S

1 |2 43 35

2 |4 3 45 5

3 |1 155 1

4 |35 345

5 |5 4 5 5 5

R

F T F T F T F T 5§
©(®R,9), |F F T T F F T T &

F F F F T T T T
F F F|T T F F F* F* F*x F*
T F F|T F T F* F* F*x F* Fx
F T F|F F T T+ F F F F
T T F|F T~ F T F* F*x F*x F*
F F T [T+ T T+ Tx T+ T* T* T*
T F T |T* T T+ T T+ T* T* T*
F T T |T* T T* T T T* T* Tx
T T T |T+ T T+ T* T+ T* T* T*
R, R; R,
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F T F T F T F T s

(6(R,8). [F F T T F F T T &
F F F F T T T T &

F F F |[F T T T F*x F* Fx F*

T F F |T T T T* F*x F*x Fx Fx

F T F|F F Fx F*x F F F F

T T F [T T T T F*x F* F*x F*

F F T |T* T T+ T+ T T* T T*

T F T |T* T T+ T T+ T T+ T*

F T T T* T T* T* T* T* Tx*x Tx

T T T (T* T T T T+ T* T* T*

R, R, R,
F T F T F T F T §

(6R,8)s|F F T T F F T T
F F F F T T T T S

F F F|F F F F T T T T

T F F|F F F T T T T T

F T F|F F T T F F F F

T T F|F T F F T T T T

F F T|T F T T T T T T

T F T|T F T T T T T T

F T T|T F T T T T T T

T T T|T F T T T T T T

R, R, Ry

(ez(Rx S))l =T [Sl /‘Ss, R35 [Rl’ SS’ (Rz = SZ)/(RI = Sl)]]
(92(R:S))2 =T [(Sl p Sz) ¢ 83’ Rs, [RZ’ Ssy [Sl; Rl = Rz, [Sl # 32, Rl, sl: Sz]]]]

(62(R, 5))s
(65(R, S)h
(65(R, 9))z
(05(R, S))s
(04(R, SN
(04(R) S))z
(04(R, S))s
(65(R, S)
(65(R, ),
(95(R, S))3

=1 [R, 2 Ry, Ss, [S1 #S;, R, S & Sz] PR, # Rz)] 2 Rs.

=T [Sl 2 Ss, R, [Rla Ss, RZV[SI =S, R, 5 2 Sz]]]

=T [SsVsls Ry, [NRH Ss, [Rl 2 Sy, Ry, NSl]]]

=1 [Ss ¥ (S, 2 S1), R, [R1 # Rz, S5, Rz & [S1 2 Sz, Ry, ~Si]]
=T R3yv[R;, Ss, [S1, Sz, S, 72 (R, = Rz)]]

=1 [Ss, Rs, ["Ra, S, [R: = R, R, =S;, [S: V Ry, R,, Si]]]]
=T [83 + Sl: RS, [Rl + R2» Ss, [~Sz, Rl, Sl > Sz] p R2]]'

=1 [(S1 # Ss» R, [R: DRy, S5, (R; = S,) # (R, & Ry)]]

=T [st, R, [Rl FR, Sy, S, # Rl]]

=T [R3, SS, [Sl p Sza Rs: [Sz = Rl’ sl, Rz 2 Sz]]]

Consider now the formula G(U, V, W, X, Y, 2) = [U, V, W, X, Y, Z, U].
We may represent this formula in binary form by the following equations:

(G(U’ V’ Wy X} Y’ Z))z =T (Vz & 91( Ul, UZ’ U3)) V(Wi & s22(£’1? UZ’ US))
v (Xi & Qa(Uu U, Ua)) V(Yi & 94(Un Us, Us))
V(Zi & Q5(U1, Uz, U3)), i= 1, 2, 3
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where the formulae Q;(U,, U,, U;) are such that Q;(U,, U,, Us) takes the
truth value true if and only if U takes the truth value j. Given the binary
representation of 5-valued logic, we may define the formulae Q;(U,, U,, U,)
as follows:

QUy, Uy, Uy) =af ~U, & ~“Up & ~Us, Q(U,, U, Us) =df U, & "U, & ~Us,
93(U1, U,, Us) =df U, & U, & "Us, 94(U1, U,, Us) =df U, & U, & '~U3;
95(U1y U27 U3) =df U3'

Thus replacing U, V, W, X, Y, Z by Q, 6,(R, S), 0:(R, S), 05(R, S), 4R, S),
0s(R, S) respectively, we have now achieved the binary representation of the
formula A(Q, R, S). To complete the binary representation of the formula
®,(P, @, R, S), we could apply the above result again and replace U,
V, W, X, Y, Z by P, A(Q, R, S), "A(Q, R, S), “"A(Q, R, S), ~"A(Q, R, S),
~"A(Q, R, S) respectively. Alternatively we may find the binary repre-
sentation of the formula

KU, V)=ty[U, V, "V, ~V, 7V, 7V, U]

and then make the appropriate substitutions. The truth tables for K(U, V),
(K(U, V) i=1,2,3 are given below together with formulae for (K(U, V));.

Kuv)y|t 2 3 4 5 v

1 1 2 3 45

2 2 3 4 5 1

3 3 45 1 2

4 4 5 1 2 3

5 5 1 2 3 4

U

F T F T F T F T w
(ku,M, |[F F T T F F T T 7

F F F F T T T T V
F F F|F T F T Tx Tx T*x T*
T F F|T F T F* F F F F
F T F|F T ™ F T T T T
T T F|T F*x F T F F F F
F F T|T™ F T F T T T T
T F T|T™F T F T T T T
F T T|(T*F T F T T T T
T T T|T™F T F T T T T
U, U, U,
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F T F T F T F T v,
&UV,|F F T T F F T T v,
F F F F T T T T Vs
F F F|F F T T T* Tx T T+
T F F|F T T T F F F F
F T F|T T F* F F F F F
T T F|{T T™*F F T T T T
F F T|T*F F T T T T T
T F T|{T* F F T T T T T
F T T|T*F F T T T T T
T T T|T*F F T T T T T
U, U, Us
F T F T F T F T v,
®U,Vs|F F T T F F T T v,
F F F F T T T T
F F FIF F F F T T T T
T F F|F F F T F F F F
F T F|F F T F F F F F
T T F|F T F F F F F F
F F T|T F F F F F F F
T F T|(T F F F F F F F
F T T|T F F F F F F F
T T T|T F F F F F F F
Ul U2 U3

(K(U, V), =1 [V1 D Vs, Us, [~U1: Vs, (U2 & V) = (U, = V1)]]
(K(U, V)2 =1 [V:;V (Vi=V), Us, (U =U,, Vi, (U= V) D (U1 & V) P Uz)]]
(KU, V)s =1 (VL3 V) P Vs, Us, [U, 4 Uy, Vs,

(U, & (U, 4 V), U, = V,, Us & Vi)
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