141

Notre Dame Journal of Formal Logic
Volume 25, Number 2, April 1984

Conjunctive Normal Forms and Weak
Modal Logics Without the Axiom

of Necessity

SHIGEO OHAMA

In S5 it is known that any formula can be reduced to conjunctive normal
form (CNF) of degree 1; completeness easily follows from this fact (see, e.g.,
[S]). The purpose of this paper is to extend this method to prove completeness
for very weak modal logics, and to give some applications. Twenty modal
logics are dealt with here. We call them Lpg, DLpq (p =0,1and ¢ =0, 2), L3,
DL3, and Ly, where L is one of LOO—-DL3. We first define L-tautologies cor-
responding to each logic L, where L is either Lpq or DLpq, and characterize
them by the set L* of value-assignments having certain properties. Then, we
show that 0A v OB, v ...v OB, v C is provable in a modal logic L iff (1) Cis a
tautology, or (2) A v B; is an L-tautology for some i, where C, but not neces-
sarily A or B;, contains no modal operator. Completeness for Lpg (or DLpq)
follows from this equivalence. For completeness of Ly, where L is either Lpg
or DLpg, we shall also make use of the above equivalence for L. For the
remaining logics, a more direct method will be used.

The modal logics dealt with in this paper are defined in Section 1, L-
tautology definitions and characterizations are given in Section 2, completeness
proofs in Section 3, and applications in Section 4.

1 Weak modal logics We are given a countable set, II, of propositional
variables, logical connectives, ~, A, v, =, O, and parentheses, (, ). The other
connectives and formulas are defined as usual. We shall consider modal systems
obtained by adding the following axiom schemata and rules of inference to the
classical logical base.

Al 0(4 - B)~ (04 —»0OB)
A2 0A =04
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ROO PCHA->B=t0OA4A-~0OB

n
R10 PCH A A;~(A~B)=FOA ~>DOB, where 4; is an axiom

i=1

RO2 PCH A\ (©A;—»0OB)~>A~B), -\ @A4;»0B;)=>+F04~>0B8

i=1 i=1

ny na n
R12 PCi—/\Ai—></\(DBj—->DC})—>(A—>B)>,I—/\(EIBj->DC‘,~)='
i=1 j=1 j=1
OA — OB, where A4; is an axiom
R3 FA->B=}+0A4A->0OB
ROy PCHA=F0OA
Rly DOA, where 4 is an axiom or a tautology
R2y FOM-B)=FO@A4 -0B)
R3y K4 =04

0
In the above, /\ A; > A means A.
i=1
Now, we define the following modal logics:

L00 =A1,R00:L10=A1,R10:L02=A1,R02

L12 =A1,R12:L3 =A1,R3 :L0O0Oy=A1,RO0y
L10y=A1,R1y: L02y=A1, ROy, R2y
L12N=A1,R1N,R2NIL3N=A1,R3N

DL = A2, L, where L is one of the above logics LOO—L3.

DLOO0 is Lemmon’s D1, LOOy is S0.5% and L12yis P2°% L3, L3y, DL3, and
DL3y are Lemmon’s C2, T(C), D2, and T(D), respectively. T(C) and T(D) are
often called K and DK, respectively.

Lemma 1

. L00 (or LOOy) FO(A A B) <— (0A A OB)

. L00 (or LOOy) F0(4 v B) «— (OA v OB)

LO0O0 (or LOOy) F~0~4 «—1O4

LO0 (or LOOy) - ~0A4 <= 0~4

LOO0 (or LOOy) = ~0A4 <= 0O~4

DLO0 (or DLOOy) = 0A, where A is a tautology

For any formula A, LOO (or LOOy) F A <= (CA,vOB,v...v OB yp, v CA
. A (OA,, vOBy, V- - -V OBy, v Gy), where C contains no modal operator.

Nov AW~

Proof: Straightforward.

Remark: We only need axioms of the form O — Y) —» (OX - 0OY) and
OX - OX, where both X and Y are Boolean combinations of subformulas of A
and B in the proof. We do not claim in 7 that 4; and Bj;; are also in normal
form or deg(4;) = deg(B;;) = 0, since we observe here only outermost modal
operators.
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2 Characterization of L-tautologies Henceforth, unless otherwise specified,
we use L as a variable ranging over the modal logics Lpg and DLpg (p = 0, 1
and g =0, 2).

Definition 1 A formula A is an L-tautology iff there exist axioms 4; of L
n na
and L-tautologies B; - C; such that A 4; —>(/\ (OB, > 0OG) = A) is a

i=1 j=1

tautology, where n, = 0 if L = LOg (or DLOg) and n, =0 if L = Lp0 (or DLp0).

Definition 1 is a definition by induction. So we can also define L-tau-
tologies as follows: (0) each axiom of L is an L-tautology (p = 0), (1) if 4; is an

ny na

axiom of L, B; = C; is an L-tautology, and /\ A; —></\ (OB; > 0C) —>A> is a
i=1 j=1

tautology, then A is an L-tautology.

Lemma 2 A~ B isan Lp2(or DLp2)-tautology iff DA - OB isan Lp2 (or
DLp2)-tautology.
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Proof: Since (DA — OB) — (OA — OB) is a tautology, if 4 > B is an Lp2 (or
DLp?2)-tautology, so is 0A — OB by Definition 1. Suppose now 04 = OB is an
Lp?2 (or DLp2)-tautology. The proof proceeds by induction on the construction
of Lp2 (or DLp2)-tautologies: (1) if OA — OB is a tautology, so is 4 = B,
hence A = B is an Lp2 (or DLp?2)-tautology; (2) let

ny n
(a) A 4 —>(/\ (0B; ~0GC) > (D4 —>DB)>
=1

j=1

be a tautology, where 4; is a formula of the form O0(B —~ C)—~ (OB —~>0OC) or

OB - ~0O~B and B; = (j is an Lp2 (or DLp2)-tautology. Substitute X for each

subformula of the form OX in (a) which does not occur in the scope of any

other O. Then we have tautologies (B > C) - (B = C) and B - ~~B for
ny

O(B - C) » (OB —~ OC) and OB —~ ~O~B, respectively, so A\ (B; > C) -
j=1

(A — B) is a tautology. Thus, A = B is an Lp2 (or DLp?2)-tautology, since

B; = C; is an Lp2 (or DLp2)-tautology.

Definition 2 Let @ be the set I1 U{OAIA is a formula}, where IT is the set
of propositional variables p;, p,, .. .. V' is the usual extension of julu : &2}
for ~, A, v, =. L* is the set {u € V| for any L-tautology A u(4) = 1.

Lemma 3 (Characterization lemma) A is an L-tautology iff for any pin L*,
u(d) = 1.

Proof: Let A be an L-tautology. Then for any u in L*, u(4) = 1, by the defini-
tion. Now, assume A is not an L-tautology. We construct u in L* such that
u(4) = 0. It is sufficient to consider the case of DL12 since the others are
special cases of this one. We adopt the convention of association to the right
for omitting parentheses. Thus, A, > 4, > ... > 4, means 4, > (4,~>...~>
(A, > A,) . . ). We say B is a K-formula iff B is of the form O(B, = B,) =
OB, - OB,. If B is a K-formula O(B, = B,) > OB, ~ OB,, then let SF(B) =
O(B; > B,). Assume the given formula 4 is a Boolean combination of py,.. ., ps,
OBy, . . ., OBy, and let O0A4,, . . ., OA, be an enumeration of OT, I:|~T,
0OB,, . . ., OB, where T is a fixed tautology, and let Z be the set of O(B;,
... B ) such that k = 2, B,] isone of Ay, ..., Ay, and B;, #B,h ifj #h. Now
let AS = {BIB is a K-formula such that SF(B) i 1n Z}
It is clear AS is a finite set. Let {0 A4;li = r} be the set of formulas

such that both OA; and O0~A; occur among DAI, ..., 0A4,, and let {B{) -

.- B(f)l] =1,2,... s} be the set of DL12 tautologles such that DB(’)
occurs among OA4,, .. DA and B, ”%B Dith+ik=1,2,.. o qj) SmceA
isnota DL 12-tautology,

r N
@ A\ @4i->04ap~> A B> A\ @B ~>0BY >...>BI)~>4
i=1 BeAS j=1

is not a tautology. So, there exists some u' in V such that
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r
u'(/\ (=¥F +<>A;)> - u'( A B) =
i=1 BeAS

N
u’( /\1 @B »oBY . .. »Bg,p))) =1and p'(4) = 0.
i=
Let OA,4q, . . . be an enumeration of all the formulas of the form OB except
OA4,,...,04,. Now, let

W' (B) if Bisp; or OA;(1<i<t,1<j<n)

B) =
H(B) {e,' if Bisp;(i>t)(e;=0o0r1l) .

The next step is an extension of u to formulas of the form O4;, forj=n + 1.
There are two cases to consider. In both we assume that u is defined for all
i <j.

Case 1. p'(OT) = 0. Put w(DA4;) =0 (j =n + 1). w'(0O4;) = 0 forj <n, since
Aj—~ Tis a DL12-tautology and u'(EIA,- = [0OT) = 1. Hence, for all j, u(O4;) = 0.
This fact and the definition of DL 12-tautologies imply that u belongs to DL12*
and u(A4)=0.

Case 2. W' (@T)=1.Forj=n+1,

(1°) if there exists some i < j such that ~A4; «<— A; is a tautology and
w(@A4;) = 1, then let w(CA4;) =0,
k
(2°) if there exist iy, . . ., ix <j such that /\ A,-q = A; is a DL12-tautology

k q=1
and u(/\ DA,-q) = 1, then let p(04;) = 1,
g=1 k-1
(3°) if there exist}:‘l, -+ . ig <j such that A Aj, = A; > Ay isaDL12-
-1 q=1
tautology, u(/\ []Aiq> =1, and u(0A4;;) = 0, then let u(04;) = 0,
q=1

(4°) otherwise, let u(04;) = ¢;.

If both (1°) and (2°) hold for some j, we cannot define w(OA4;), since on
the one hand u(0A;) must be 0, by (1°), and on the other hand, it must be 1,
by (2°). The same situation occurs if both (2°) and (3°) hold. So we must show
that at most one of (1°) and (2°) holds, and similarly that at most one of (2°)
and (3°) holds.

If 4;; > ... A;, being a DLI12-tautology implies p(@A4;, = ... >
OA;) =1 for all iy, . . ., i <j, then at most one of (1°) and (2°) holds. For

k

assume that ~4; <= 4; is a tautology, /\ Aj Pine Aj is a DL12-tautology, and

k q=1 k
w@O4;) =u(/\ EIA,-q> =1, for some i, iy, . . ., iy <j. Then, A; a /\ Aiq—>~Tis
q=l q:l

k
a DL12-tautology, since ~A; A A; = ~T and (4; > ~A4;) A (/\ Ai, —>A,~> -
k q=1
(Ai -->q/=\1 Aiq = ~A4; A A,~> are tautologies.
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k
u(DAi - /\ DA,-q - D~T) = 1 by the hypothesis and u(0A4;) =
k =

q=1

u( /\ 0OA; q> =1 by the assumption, so we have w(O~T) = 1. This contradicts

q=1

um@T > ~0O0~T) =1 and w(OT) = 1. Furthermore, if Aj = ... > A; beinga

DL12-tautology implies u(@A;, > ... ~>04;) =1 for all i, . . ., ik </, then at
kl kz"l

most one of (2°) and (3°) holds. For assume that /\ A,-q - A; and /\ A,-; e
q=1 r=1

kl k2 1
A ~ A,-;c2 are DL 12-tautologies, u(/\ DAiq) = u(/\ ElA,-;) = 1, and
q=1 r=1
kl k2-1
p(DA,-;C2)= 0, for some iy, . . ., ix,, iy, . - ., ik, <j. Then, A Ai,~ N\ A4 ~> A,
q=1 r=1

r=1

ky kp-1 ky
is a DL12-tautology, since(/\ Aiq-*A,) A (Ai > A A —>A,-;62> —></\ Ai, =
q=1 q=1
ky-1 k ky-1
r/=\1 Al —’Ai}cz) is a tautology. u<q/=\l DA,-q) = M(r/=\1 DA,-;) =1 by the assump-
tion, so we have p(DA,-;Cz) = 1, by the hypothesis. But this contradicts
M(DA,;Q) =0 in (3°). If both (2°) and (3°) hold, then we can put u(0A4;) =0
without any difficulty. If none of (1°)—(3°) hold, we may put w(0A4;) =¢; (¢, =0
or 1) without any restriction. Thus, u is well-defined.

We will now show by induction on the construction of DL12-tautologies
that u is in DL12*. For any axiom of the form OB - ~O~B, let 0B be O A4y,
and O~B be OAj in the enumeration of the formulas of the form OC. If
h, k <n,then (@B ->~0O~B)=u' (OB ~>~0~B)=1.Nowletn <h orn <k
If # <k and u(dA4p) =1, then u(0Ay) =0, by (1°), since ~4, = ~B <> ~B = Ay.
For the case u(OAy) = 0, it is trivial that u(OA4, > ~0A4x) = 1. If k <h and
w(QAy) = 1, then w(OA4y) = 0 by (1°), since ~Ax = ~~B <= B = A;. For an
axiom of the form O(B, - B,) - (OB, > 0OB,), we have u(O(B, = B,) ~
(OB, —~ OB,)) = 1 by an argument similar to the one for OB - ~O~B except
that we use (2°) or (3°) instead of (1° ) Let B be a DL12- tautology Then there

exist B;, Byj, B,j, Cx, and Dy such that /\ (@B;~>~0~B;)~ /\ (O(By; > By) ~

n3 i=1 j=1
(OB,; > 0OBy))) = /\ (QC,—> ODy) ~> B is a tautology, where each Cx = Dy is a
k=1

DL 12-tautology and u(OB; > ~0O~B;) = w(O(B,; =~ Byj) > (OB; > 0OBy)) = 1.
And w(OC, —~ ODy) = 1, by (2°) or (3°), since Cx = Dy is a DL12-tautology.

Corollary OT is a DL12-tautology but not a DL10-tautology.

Proof: (AT - ~O~T) - (O~T - OT) - ~O~T is a tautology, so 0T is a
DL12-tautology. Let u(OB) = 1 for every formula B whose negation is a
tautology, and otherwise let w(OdOB) = 0. Then u belongs to DL10* and
u(©T)=0. So ¢T is not a DL 10-tautology.
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3 Completeness

Definition 3 A structure 72 = (W, R, Q, P) consists of

(a) anonempty set W C 7,
(b) arelationRC WX W,
(c) sets Q, PC Wsuchthat Q NP =¢.

If a structure 72 =W, R, P, then 7 is such that Q = ¢. A structure 7 is
called serial iff for any u e W — Q U P there exists a v € W such that uRv. A
structure 7 is an L-structure iff both P C L* and 72 is serial if L = DLpgq.

Definition 4 Let 722 = (W, R, Q, P) be a structure. Then for any u € W and
formulas 4 and B,

(1) if 4 is a propositional variable, then {72, w) F A4 iff u(4) =1,

(2) forX=~A4, AvB, ArB,orA—>B{(7,u EXis defined as usual,

3) (7, w EOA iff () u ¢ QUP and for any v such that uRv, (72, v) EA,
or (ii) u € Pand uw(O4) = 1.

We will write:

7 EAiffforanyueW-P(7, wkEA
L E A iff for any L-structure 72 =W, R, Q, PYm F A
Ly E A iff for any L-structure 7 = (W, R, P) 7 F A.

In the following lemmas, C is a formula which contains no modal operator.

Lemma 4 IfL(or Ly) E0A v OB;v...v OB,V C then either(a) Cisa
tautology, or (b) A v B; is an L-tautology, for some i (1 <i<n).

Proof: Assume neither (a) nor (b) holds. Then there exist ug, My, . . ., My DY
Lemma 3 such that po# u;, u; € L* and which satisfy uo(C) = 0 and w;(A v B;) =
01 <i<n).

Let W ={ug, ty, . . o Mpd, P=1uy, . . ., wad, Q@ =@, woRy; (1<i<n), and
7 =W, R, Q, P). Then {7, uy) FOAv OB, v...v0OB,v C. Thisis a contra-
diction. So either (a) or (b) holds. In the case where C is missing, we can choose
Mo such that ug #u;, fori=1,2, ..., n.

Remark: In Lemma 4, A or OB; is possibly missing even if C is missing or is
not tautology. If 04 is missing then Ly F OB, v ...v OB, v C,andif n =0,
then L =DLpq.

Lemma 5 If A= B is an L-tautology, then L A >Band L FOA - OB.

Proof: We proceed by induction on the construction of L-tautologies. If
ny ny

/\ A; > /\ (OB; »0C;) > (A ~ B) is a tautology, 4; is an axiom, and B; > C;
i=1 j=1

is an L-tautology, then L -0B; - OC;, by induction hypothesis, so L -4 - B,
and L 04 = OB, by R0O0-R 12, respectively.

Corollary Let L=DL00-DL12. If A is an L-tautology, then L | OA.
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Proof: Assume A is an L-tautology. Then so is ~4 = ~T, where T is a given
fixed tautology. By Lemma 5, L - 0O~4 - 0O~T. So, L FOT—=<¢A4. L 04,
since DLOO 0T, by 6 in Lemma 1.

In the following lemmas, Ly means one of LOOy—DL12y.

Lemma 6 If A is an L-tautology, then Ly = A and Ly F—UOA.

n )
Proof: Assume /\ A; ~> /\ (OB; = 0OC;) ~ A is a tautology, 4; is an axiom,
i=1 j=1
and B; ~ C; is an L-tautology. By induction hypothesis, Ly - aB; —~> (), so
Ly F0B; -~ 0OG;, therefore, Ly - A.
ny ny
Ly F D(/\ 4; > N@B »og) -~ A) by ROy (or Rly), so Ly I

i=1 j=1

ny ny

/\ O4; > /\ 0O(dB; >~ 0OC) > 0OA, therefore Ly F0A, by ROy (or R1y) and
i=1 j=1

R2y with O(B; > () being provable.

Corollary Let L=DL00-DL12. If A is an L-tautology, then Ly 1= 0A.
Proof: Ly F0OA. So Ly =0A4.

Remark: In the proof of Lemma 6, we may assume that each 4;, B;, and G, is
a Boolean combination of subformulas of 4, by Lemma 3 and (#). Further-

n n
more, there exists a proof of O /\ X; < /\ OX; where we need only modal
i=1 i=1

axioms of the form O(X - Y) - (OX — OY) such that both X and Y are

n
Boolean combinations of subformulas of /\ X;. Thus, by induction on the
=1
construction of L-tautologies, we have a proof of 04 in Lemma 6 where both
X and Y occurring in each modal axiom of the form O(X - Y) > (OX —->0OY)
or OX = OX are Boolean combinations of subformulas of 0A4. We say in such a
case that OA has the M-subformula property. We also have the same result for
Lemma 5.

Lemma 7 IfL(orLy) FOAVOB,v...vOB,Vv C then L(orLy) F0A v
OB,v...vOdOB,v C

Proof: By Lemma 4, we have either (1) C is a tautology, or (2) 4 v B; is an
L-tautology for some i (1 <i<<n).

If (1) holds, then trivially L (or Ly) F 04 v OB, v ...vOB,v C. If(2)
holds, we have three cases: (1°) If A is missing, then Ly FOB,v ...vOB,v C,
by the Remark following Lemma 4, and for some i, B; is an L-tautology by
Lemma 4. Thus, we have Ly - OB; by Lemma 6. Thus, Ly F OB, v .. .v
OB,v C.

(2°) If n =0, then L = DLpq, by the Remark following Lemma 4, and 4 is
an L-tautology. So, L (or Ly) - 04, by the corollaries to Lemma 5 and
Lemma 6.
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(3°) In the remaining case, L (or Ly) - 0O~4 = 0OB;, by Lemma 4 and
Lemma 5 (or Lemma 6). Thus, L (or Ly) FCAv OB, v...vOB,vC

Remark: It is easily seen that there exists a proof of CA v OB, v...vOB,v C
with the same property mentioned in the Remark following Lemma 6.

If a structure 72 = (W, R, Q) or (W, R), then 7 is such that P = ¢ or

P = Q = ¢, respectively. 7 is an L3-structure iff 7 = (W, R, Q), and 7 is a

DL3-structure iff 2 = (W, R, Q) and 7 is serial. Let Lbe L3 or DL3. L F 4

iff for any L-structure 7 = (W, R, Q), 72 = A, and Ly F A iff for any
structure 72 = (W, R), 7 E A.

Lemma 8 Let vy = Wi, R;, Qp (e ), Wy NW;=¢ifi+j(jel) and

= (W, R, Q), where W = U Wi, R = U R;, and Q = U Q;. Then, for any

formula A and any iel, ue W (I, w |:A iff ;W |=A
Proof: Straightforward.
Lemma 9 Let 7v; = W;, Ry, Q) and w; € W (1 <i<<m). For each 7v;, W,

and propositional variables p,, . . ., pp, there exists v =<W,, R}, Q) such that
pie Wi, Wi "W =@ ifi#j, and (v, w) E A iff v, w) E A, for any formula
A having only propositional variables p,, . . ., pp.

Proof: Straightforward.

Lemma 4' Let L be L3 or DL3. If L (or Ly) ECAvOB,v...vOB,v C
then either (1) Cis a tautology, or (2) L (or Ly) FE A v B; for some i.

The proof is similar to the proof of Lemma 4 except that we make use of
Lemma 9.

Thus, Lemma 7 with the Remark following it hold for L3 (or L3y) and
DL3 (or DL3y), by induction on modal degrees of formulas.

The completeness theorem follows by 7 in Lemma 1, Lemma 7, and by
checking that each axiom is valid and that each rule of inference preserves
validity.

Theorem Let L be LOO-DL3. Then L (or Ly) EA iff L(or Ly) - A.

4 Applications

Derivability of the rule F0OA = FA S$2°based on the PC is formulated as
L12y+ {F0OA4 = A} in Zeman [10] and Bowen [1].

We show here the rule F0OA = A is derivable in L00y—DL3,. Hence, we
can see this rule is redundant in the S2° formulation.

Corollary Let L be LOO-DL3.If Ly -0A, then Ly - A.
Proof: Suppose Ly F-0OA. Then Ly EOA. So Ly F A. Therefore, Ly F A.

Decidability First we show that it is decidable whether A4 is an L-tautology
or not, where L is one of LO0-DL12. We consider only the case of DL12 as in
the proof of Lemma 3. Our proof proceeds by induction on the construction
of DL12-tautologies and modal degrees of formulas. It is decidable whether A4 is
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an axiom of DL12 or not. Assume that for any formula 4 such that deg(4) <n,
we can decide whether A4 is a DL12-tautology or not. Let A be a Boolean
combination of py, . . ., p;, OBy, . . ., OB, and deg(4) = n. Then we can
construct (#), as in the proof of Lemma 3, in a finite number of steps since
deg(BY/ ) > B((,;f)) < n. It is easy to decide whether (#) is a tautology or
not. Thus, we can decide whether or not 4 is a DL 12-tautology. We can also
decide whether or not L (orLy) F¢4A vOB,v...vOB, v Cby Lemmas 4-6.
For L3-DL3y, we have the same result by Lemma 4’ and induction on modal
degrees of formulas. So each formula in conjunctive normal form is decidable.
Any formula is equivalent to its conjunctive normal form, by 7 in Lemma 1,
and for any given formula we have a method for deriving its conjunctive normal
form. Therefore, each logic here is decidable.

M-subformula property Let L be LOO-DL3y. We say a formula 4 provable
in L has the M-subformula property iff there exists a proof of A in L such that
each formula X, Y occurring in any modal axiom of the form OX = Y) =
(OX - 0OY) or OX = OX in the proof consists of a Boolean combination of
subformulas of A. A logic L has the M-subformula property iff each formula
provable in L has the M-subformula property.

Theorem Let L be LOO-DL3y. Then L has the M-subformula property.

m
Proof: Assume L = A.By 7in Lemma 1, L A4 <> A (04; vOB; v .. .v
i=1
OBjy; v ). Since L F 4, L F04; v OB, v . ..v OBy, v C;, for each i. Thus,
this formula has the M-subformula property by the Remark following Lemma 7.
Hence, A4 has the M-subformula property by the Remark following the proof of
Lemma 1.
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