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Generalized Archimedean Fields

JOHN COWLES and ROBERT LaGRANGE

We consider (linearly) ordered fields, F (actually (F, +, x, 0, 1,<». A
subset S C F is positive if x > 0 for x e S. S is separated (of size α) if <z > 0 and
\x - y\ > a whenever x, y e X. An easy exercise shows that F is Archimedean if
and only if: (1) there is an infinite positive separated subset of F and (2) every
bounded positive separated subset is finite.

Let K be an infinite cardinal number. We define F to be K-Archimedean in
case: (1) F has a positive separated subset of cardinality K, and (2) no positive
separated subset of F having cardinality K is bounded. An ordered field is
Archimedean if and only if it is Ko-Archimedean.

In [6] Sikorski gives a very natural example of a /^-Archimedean field JLK

To construct X κ and related systems we use ordinal numbers with Hessenberg
natural operation # (addition) and % (multiplication). Recall that an ordinal a.
can be uniquely written in base cυ, as a = ωoci-n1 + . . . ω^-ns where e^ >
a2 > as a r e ordinal numbers, S is finite, nu . . ., ns are positive integers,
" + " and "•" are ordinal addition and multiplication respectively. This repre-
sentation is called Cantor normal form. The natural sum of two ordinals in
Cantor form is obtained by adding them as if they were polynomials in ω. The
natural product, likewise, is obtained by multiplying them as polynomials in ω,
but with the provision that natural sum is used for addition of exponents. " # "
and " ^ " are commutative and associative, have identities " 0 " and " 1 " respec-
tively. "%" distributes over " # " .

Considering K to be the set of ordinals less than K, we define 71/κ =
(K, # , ^ , O , ψκ is the ring of differences over 71/κ, JLK is the quotient field of
ψκ, and -&κ is the real closure of ^Lκ. In [6] Sikorski proves that JLK is a
K-Archimedean field of cardinality K. Also every ordered field of cofinality K
contains a subfield isomorphic to JLK.

In case K is regular we note that any K-Archimedean field does have
cofinality K, also that Ίbκ is K-Archimedean. An Archimedean field of cardi-
nality λ exists if and only if Nl0 < λ < 2*o. For uncountable K we are interested

Received October 20, 1981; revised June 28, 1982



134 JOHN COWLES and ROBERT LaGRANGE

in determining those cardinals λ for which there exists a /^-Archimedean field of
cardinality λ. In [1], p. 47, Cowles proves that if F is /^-Archimedean, then
K < Card F < 2".

Related to the notion of K-Archimedean we have the notion of BW(κ) (for
Bolzano-Weierstrass). An ordered field F is called BW(κ) if: (1) Fhas cofinality
K, and (2) every bounded subset of F of cardinality K, has a limit point (using
open intervals as a base for open sets). In [6] and [7], Sikorski has shown that
for K regular, Jtκ

 a n d ^K are BW(κ) fields. In [6] he asks whether a BW(κ) field
of cardinality greater than K exists.

Proposition If F is a BW(κ) field, then F is K-Archimedian.

Proof: Since K is the cofinality of F, K is regular. By a result of Sikorski,
mentioned above, F contains a copy oϊ JLK which contains a positive separated
subset of cardinality K. If F were not K-Archimedean, then F would contain a
bounded positive separated subset J of cardinality K. J would not have a limit
point.

In order to describe the relationship between BW(κ) and /^-Archimedean
we need some more concepts. The notation iao)Oίeκ is used to denote a K-
sequence (i.e., a function whose domain is K). The concepts K-Cauchy,
converge, strictly monotone are defined for K-sequences in the usual way. F i s
called K-complete if the cofinality of F i s K and every κ-Cauchy sequence from
F converges. F is called K-Ramsey if the cofinality of F is K and every subset of
F, having cardinality K, contains a strictly monotone /^-sequence.

Theorem An ordered field is BW(κ) iff it is K-Archimedean, K-complete,
and κ-Ramsey.

Proof: Suppose F is K-Archimedean, /^-Complete, and /c-Ramsey. Let S be a
bounded subset of cardinality K. Since F is /oRamsey, S contains a strictly
monotonic (say increasing) sequence <tfα)Qeκ

Since F is K-Archimedean, <tfα>αeκ is /oCauchy: choose a > 0 and suppose

for all a e K that b <aa<c. Let / be a maximal separated subset of size ~ such

that (Vx e I){b <x<c). Let / = < Ix e />. Then/ is a positive separated

set, and so Card(I) = Card(J) < K. For eachx el, let Sx = \a e K \aa -x\ < | > .

Since / is maximal, K = U Sx. Since K is regular, some Sy has cardinality K and is
xel

therefore cofinal with K. Let σ be the smallest ordinal in Sy. Then for all

ordinals γ > σ, there is a δ e Sy such that δ > γ. Now aσ<ay<aδi \aδ - y\ < x,

and \aσ - y\ < ^, so \aΊ - y\ < i and 7 e 5^. Then for all β,y>σ, \aβ - aΊ\ <

IβjS ~ >Ί + I j ~ o,y\ ^ β Thus (ao)aeK is a /<:-Cauchy sequence.

Since F is /c-complete, (aa)aeκ converges and S has a limit point.
Now suppose F is BW(κ). It has been shown that F is K-Archimedean. To

see that F is κ:-complete, let (ao)oιeκ be a κ-Cauchy sequence of elements from F
and let ̂ 4 = {ajae κ\.
Case 1. Suppose CardG4) < K. Let Aa = {a e κ\aa = a\. Then K = U ^ , so at
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least one Aa has cardinality K (because K is regular) and is therefore coflnal with

K. Since <tfα>αeκ is /c-Cauchy, there is only one such Aa. Let B = A - \a\. Then

Cardί U AΛ < K, SO U At, is bounded in K. Therefore there is a β e K such
\beB ) beB

that (Vγ > β)(ay = a), so (ao)aeκ converges (to a).

Case 2. Suppose Card(yl) = K. Since (aa)a€K is κ-Cauchy, 4̂ is bounded:
( 3 j 8 e f c ) ( V γ > i 8 ) ( l ^ - α 7 l < 1), so for y > β, \ay\ < m a x % - l l , \aβ + 111. Since
Card(\\aβ - l l , \aβ + l l ! U {lαδl |δ < 0 i ) < /<:, there is an element in the copy of
9vκ contained in F which bounds ί l α j \a e κ\ from above.

Since F is BW(κ)y A has a limit p o i n t s . For b > 0, let 7^ = {a e κ\aaΦaΛ
\aOi - a\ < b\. Since a is a limit point for A, Card(Γ^) = K: If Card(7&) < K, then

C a r d K i — - — r | o: e T Λ ) < K and is therefore bounded above by an element c

in the copy of 9i/κ contained in F. Then 7\ = φ, making it impossible for a to be
a limit point for A. c

To see that ( α α ) α e κ converges (to a), let Z? > 0. Since (aa)aeκ is K-Cauchy,

there is a 0 e K: such that for all 7 > β and all δ > β, \ay - aδ\ < -z. Since

Card(Γ^) = K, T^ is cofinal in K, SO choose σ e T^ such that σ > β. Then for all
"2 Ί fo fo 2

7 > σ, \a - ay\ <\a- aσ\ + \aσ - ay\ < ~ + -z - b.
To see that if F is a BW(κ)-fio\d, then F i s fc-Ramsey, let A be a subset of

cardinality K.

Case I. Supposed is not bounded. Then either P = {a e A\a> 0\ or N = \\a\\ae
A Λ a < 0! is not bounded above. Suppose N is not bounded above. Then the
cofinality of TV is at least K: Let 91/ be the copy of 9vκ contained in F. If the
cofinality of N is less than K, then let D be a cofinal subset of TV with cardinality
less than K. Let 7l/d = \n e 7u\n <d\. Then 9v = (J 97/d which contradicts the
regularity of K. e

Cα5e //. Suppose A is bounded. Since F is a5M/(/c)-field, 4̂ has a limit point 0.
For 6 > 0, let Ab = \c e A\0 < \a ~ c\ <b\. Since a is a limit point, Card(^l&) >

fc: For if Card(τ4^) < κ9 then .5 = si—-—j c e AΛ has cardinality less than K.

Let %/ be the copy of 92/κ contained in F. Since K is regular there is a λ e 92/
which bounds B from above. Then Aί = φ making it impossible for a to be a
limit point. λ

Let L = \ceA\c<a\ and ί/ = \c e A\c >a\. Either H = {βe 7Z/ICard(^J_n

I ) > K:! has cardinality K or / = \β e 9i/\Card(A1 Cλ U)> κ\ has cardinality K.
1

Suppose Card(//) = K. Then // is cofinal in 91/. Choose the strictly monotonic
sequence (ho)aeκ by transfinite recursion: Let h0 e L. Assume ha e L for
a < σ e K have been chosen so that for all 7 < σ and δ < σ, if 7 < δ, then

hy<hδ. Since Cardrj _ , l α < σ?J < K, \ _ , \a< oς is bounded above by

some λ e 92/. Let β be the first element in 9v larger than or equal to λ such that
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Aι(Λ L Φ <f>. Choose hae A,Γ\ L. Then a - hσ < -7. < r < a - ha for all a < a, so
? 1 β λ

hσ > ha for all a < σ.
After many unsuccessful attempts, using standard algebraic and logical

techniques to construct ^-Archimedean fields with cardinality larger than K,
one has a growing suspicion that either they do not exist or at least their
existence is not decided by the usual axioms (ZFC) for set theory. A possible
clue appears in a recent paper [2] of Juhasz and Weiss: Let K be a cardinal, let
G be an ordered abelian group with a strictly decreasing /osequence (gα)αeκ of
positive elements converging to 0 e G, and let S be a set. A /ometric on S is a
function d: S X S -> G+ = \g e G\g > OS such that for all r, s, and t in S,

(i)d(5, t) = Oiΐfs=t,
(ii) d(s, t) = d(t, s), and

(iii)rf(Λ t)<d(r,s) + d(r, t).

A topological space is K-metrizable just in case it has the topology given by
some K-metric. A topological space is K-compact just in case every open cover
has a subcover of cardinality less than K. In [8], Sikorski asked if there are
κ-metrizable spaces of cardinality greater than K which are /ocompact. Juhasz
and Weiss prove that the existence of ^-compact, N Γmetrizable spaces of
cardinality greater than #1 is consistent with and independent of the usual
axiom of set theory.

The strong connection between the Bolzano-Weierstrass theorem and the
Heine-Borel theorem for space of real numbers suggests that bounded and
closed intervals of BW(κ)-ΐie\άs are /^-compact: An ordered field F is HB(κ)
(HB for Heine-Borel) just in case its cofinality is K and the ^-compact subsets
coincide with the closed and bounded subsets.

Theorem An ordered field is BW(κ) iff it is HB(κ).

Proof: Suppose F is a HB(κ)-ϊ\ύά and that S is a bounded subset of F with
cardinality greater than or equal to K. Since S is bounded, S is a subset of a
closed and bounded interval /. Since F is HB(κ), I is /ocompact and S must have
a limit point: Suppose that S has no limit point in F. Then for each x e /, there
is an ax > 0 such that (Vs e S - {A:|)(IA: ~ s\ > ax). Let Ix be the open interval
(x + ax, x - ax) = Ix. Then (Ix - \x\) Π S = φ, so \Ix\x e I\ is an open cover of/
with no subcover of cardinality less than K because no subset of \Ix\x e S\
covers S.

Now suppose that F is a BW(κ)-ϊ\ύά. Let 71/ be a copy oϊ 7i/κ contained in
F. Then every ^-compact subset of F is bounded: If S is not bounded, then
{{-a,θί)\θίe7i/\ is an open cover of S with no subcover of cardinality less
than K.

Now let S be a /ocompact subset of F. Then F - S is open and S is closed:
Let a e F - S. For each x e S, let Ix and Jx = (bx, cx) be open intervals such that
x e Ix, a e Jx, and Ix Π Jx = φ. Then ί/Jx e S\ is an open cover of S. Let
{/xlxeS"} be a subcover with CardCS") < K. Since Card({cΛ - d x e S'i U

{α - bx\x e S'X) < /c, there is a δ e 71/ such that for each x e S',^<cx- a and

I < a ~ bx. Thus for x e S', (a - ^ a + | j C /x. So ία - | , α + | j Π 51 = ̂ .
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We now show that a closed and bounded subset, S, of F i s K-compact.1 Let
U be an open cover of S. We define an equivalence relation " ~ " on S by x ~ y
iff the closed interval [x, y] can be covered by less than K elements of U. Let C
be an equivalence class. C is open: for x e C, pick G e U with x e G. Then
G C C. The class C is also closed. If x is a limit point of C, then x e S because £
is closed. Pick G e U with x e G , then there is y e C Π G, y Φ x. Y ~ x so x e C.

We now show that there are less than K equivalence classes. If that were
not so, then we form a set D of cardinality at least K by choosing one point
from each equivalence class. D is bounded and has a limit point x, by BW(κ).
x e S, so choose an equivalence class C with x e C. But C is open in S and C
contains only one point of D.

We next show that each equivalence class C can be covered by fewer than
K elements of U. Pick x e C and split C into T = [y e C\y>x\ and B =
\y e C\y <x\. Let τ be the cofinality of T and choose an increasing sequence
(XJOL < τ) cofinal in C. The interval [x, x J can be covered by fewer than K ele-
ments of (/and T C \J {[x, x j l α < τ ! . If r < K, the conclusion follows. If τ>κ
then the set \xja < r} has a limit point z. The point z e C because C is closed.
x α < z for all a so 71 C [x, z] and [x, z] can be covered by fewer than K ele-
ments of U. The construction for B is the same.

Corollary It is consistent with the usual axioms (ZFC) of set theory plus the
existence of an inaccessible cardinal that BW(#^-fields of cardinality larger
than ttγdo not exist.

Proof: According to Juhasz and Weiss, the existence of an ft Γmetrizable space
of cardinality larger than ft2 which is also ftΓcompact is independent of the
usual axioms of set theory plus the existence of an inaccessible cardinal. Since
BW(κ)-ftdds are jfiW(fc)-fields, the unit interval [0, 1] of a BWi^O-Γield is an
ftj-metrizable space which is ftj-compact.

The remainder of this paper is devoted to establishing the stronger result
obtained from the corollary by replacing "BW( ft ̂ -fields" by "ftΓArchimedean
fields." A tree is a partial ordering (T, <> such that for each y e T, y =
\x e T\x <y\ is well-ordered by <. For each ordinal a, the a-th level of T is
\y e T\y has order type αi. The height of T is the first a such that the α-level of
T is empty. Tf is a subtree of T just in case T' C T and {My e Tf)(\fx e T)(x <
y -+ x e T'). A subset P of T is a path through T iff P is linearly ordered by <
and contains exactly one element from each nonempty level of T. For a regular
cardinal K, a K-Aronszajn tree is a tree T of height K such that all levels of T
have cardinality less than K and T has no paths. A Kurepa tree is tree T of
height ft i such that all levels of T have cardinality less than ft x and T has more
than ftj paths.

Juhasz and Weiss show that there is an ft Γmetrizable space of cardinality
greater than ftj which is ftΓcompact iff there is a Kurepa tree with no
ftj-Aronszajn subtree.

Proposition // there is a BW{^x)-field with cardinality larger than ftj, then
there is a Kurepa tree with no ^^-Aronszajn subtree.
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Proof: The unit interval [0, 1] of a BW(#ι)-fiQld is NΓcompact and XΓ

metrizable, and in an ordered field any interval with at least two points has the
same cardinality as the field.

Since it is known that if there is a /c-Aronszajn tree then there is a linearly
ordered set of cardinality K with no strictly monotone ^-sequence, there is some
reason to suspect that the Ramsey property of iW-fields accounts for the lack
of Aronszajn subtrees while the Archimedean property is enough to ensure the
existence of the Kurepa tree. For regular cardinals K, a κ-Kureρa family is a
subset ^ of "P{κ) such that Card(^O > K and for all a e K, Card(ix Π a\x e
τf~)) < Card(α) + No. It is known that there is a Kurepa tree iff there is Nj-
Kurepa family.

Theorem // there is a K*-Archimedean field of cardinality larger than κ+,
then there is a κ+-Kurepa family.

Proof: Let F be a κ+-Archimedean field, let 71/ be a copy of 71/κ+ contained in
F, and for a. e κ+, let a be the corresponding element of 71/. For each α e κ + , a
subset Da of I = [0, 1 ] is given by Do = {0, l\ = DOi+u and for limit ordinals
α, Da is a maximal subset of / such that

(1) \jDβCDa

(2) Da is separated of size ^=.

Let λ be a limit ordinal:

Lemma (Vx e I)(3y e Dλ)(\x - y\ < 4 \

Proof: Otherwise (3x e I)(Vy e Dλ)(\x - y\ > — ) , contrary to the maximality

ofDλ.
 V 2 λ /

Lemma (3x e Dλ) (o < 1 - x < i \

Proo/: If 1 = e Z)λ, let x = 1 - — , otherwise, there is a y e Dλ such that
2λ 2λ

0 < | ( l -^)-y\ <^ Since yφ l,yeDλ, and 1 e £)λ; 1 - 4 = > j . T h u s

Lemma (Vd eDλ- (l})(3x e£>λ)(θ < x - d < i \

Proo/: There is a j> e D λ so that Id+4= - j ; | <-L=. Since y ^ d , Id-j^l > ^ If
2λ 2Λ 2Λ

y > d + 4=? then 0 < ; ; - d - 4= < - 4 a n d 0 < ^ - d < i . I f j ; < d + - ^ , then
2λ 2λ 2λ λ 2λ

d - y < 0, so y>d and d + —>y>d. Then ly -d\ < — , contrary to l.y - dl
2λ 2λ

>j_
> 2V
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Lemma (Vd eDλ- ί 0})(3x eDλ)(θ<d-χ< A .

Let Γ = \a e κ+\ K < OL\ and let Δ be the set of all limit ordinals in Γ of the

form K X β for some ordinal β. For each_δ e Δ, Dδ is separated of size -= and
β 2 δ

bounded, and so Card(Z)δ) < K. Since = < 1 for β e K, Card(Dδ) > K. Thus
o

Cardφ δ ) = K. Let /δ be a bijection from K onto 2)δ - ill. Define a bijectiongδ

from K: onto Dδ - \0\ by letting gδ(σ) be the unique d e Dδ such that 0 < d -

/δ(ff) < f The lemmas ensure that gδ is defined and surjective. For σ e K, let
δ

h+σ= lfδ(°),gδ(σ)]
Let /' = / - U Da. Since Cardφα) < fc and Card(F) > κ+, Caτd(/') > κ+.

For each x e /', let ^ = | α e κ+\x e Ia\ and let ^ = \Sx\x e /'!. L e t x < j ^ be

elements of /' and choose δ e A so that = < y - x. If Sx = Sy, then for some
1

p e /c, both x and y are in / δ ; p = [/δ(p), gδ(ρ)]. Then 3̂  - x <gδ(β)-fδ(β) < =,
contrary to the way δ was chosen. Thus Sx Φ Sy and C a r d ί ^ ) > ^ +

Lemma For δ and 7 in Δ, and /or ce and β in K, ifΈ> 4y and Iδ+a Π / ^ φ
φ, then / δ + α C /y+β.

Proo/: Let x e / δ ; α Π / τ ^ . Then/7(]β) < x <gτ(]3) and/ δ(α) < x <g δ (α) . Since

^τ(iS) " fy(β) > ~, either g7(j8) - x > - 3 or x - /7(j3) > --3. Suppose for example
27 47 47

that x - /703) > 4 . Since gδ(α) - /6(α) < i, x - /6(α) < i . Hence fy(β) <
47 0 0

Ma) < x. Since D7 C Dδ, gy(β) e Dδ and ί τ(j3) - / 6 (α) > i . If «7(β) < f t ( α ) ,

then gδ (α) - g7(j8) > -=. Then gδ (α) - /δ (α) > ^ contrary to gδ (α) - /δ (α) < =.
zo ° 0

Therefore gδ(oί)<gy(β).
Let α: e κ+. If α e K, then a Π Sx = φ for each x e /'; so in this case,

Card({α Π Sx\x elΊ = 1 < Card(o:) + Ko. Suppose now that K < α < /<+. Let
δ e A be chosen so that 4α < δ. For each β e K, if x and y are both in /δ+05 then
a Π Sx = a Π Sy: for if 7 e α Π 5^, then K < 7 and so there are δ' e Δ and β; e fc
such that 7 = δ' + β'. By the lemma, Iδ+β C / 7, so ^ e /γ and 7 e α Π Iy. Therefore
Cardία Π /^Ix e / ! < Cardί^+^lβ e κ\ = K = Card α. This then is enough to show
that ^ is κ:+-Kureρa family.

Corollary For each infinite cardinal K, it is consistent with the usual axioms
of set theory plus the existence of an inaccessible cardinal that K*-Archimedean
fields of cardinality larger than κ+ do not exist.

Proof: J. Silver has shown [9] relative to the existence of an inaccessible
cardinal that for each infinite cardinal K, it is consistent that there are no
κ+-Kurepa families.
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Questions:

(1) Is it consistent that for all infinite cardinals K, K*-Archimedean fields

of cardinality larger than κ+ do not exist?

(2) For each regular cardinal K, is it consistent that K-Archimedean fields

of cardinality larger than K do not exist?

(3) For what cardinals K (if any) is it consistent that ^-Archimedean fields

of cardinality larger than K exist? This is related to the following. If a fc-Kurepa

family exists, must a /c-Archimedean field of cardinality larger than K also exist?

(The constructible universe is the place to look.)

(4) Is it consistent for K-Archimedean fields of cardinality larger than K to

exist while BW(κ)-fields of cardinality larger than K do not exist?

NOTE

1. Thanks are due to the referee for suggesting the following proof, which is shorter than
that proposed by the authors.
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