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Partially Generic Formulas in Arithmetic

PER LINDSTROM

Introduction The following problem arose in connection with a question
concerning interpretability (cf. [4]). Let Γbe a consistent recursively enumer-
able (r.e.) theory containing a sufficient amount of arithmetic. We do not
assume that Γis Σ^-sound, i.e., that only true Σ? sentences are provable in T.
Next, let S be any r.e. theory, set Ύhτ(S) = {φ: 3qT\- Pr[Srq](0)), and let σ(x)
be any formula numerating 5 in T. Then if φ G ThΓ(S), then T h Prσ(0). The
problem is now if there is a (Σ?) formula σ(x) numerating S in T such that
Prσ(x) numerates Th r(S) in Γ. (This is, of course, true if Γis Σi-sound.) As
was shown in [4] (Lemma 2), the answer is affirmative. The proof uses a result
of Guaspari ([1]) on partially conservative sentences. The purpose of this note
is to describe a fairly general method (fixed-point construction) by means of
which a more direct proof can be obtained and to give some examples of appli-
cations of this method including the result of Guaspari just mentioned. This
paper may be compared with Smoryήski's paper ([8]).

/ Preliminaries Let Γbe a consistent r.e. theory. For simplicity we shall
assume that T is an extension of Peano arithmetic P. (Notation and terminol-
ogy not explained here are standard.) Let G be a new predicate. Formulas con-
taining G will be written ζ(G x), χ(G Jc). (Here x is short for Λr0,... ,xΓ-i
Similarly we write k for k0,...,kr_γ and k for ΪCQ, . . . ,£r_i.) For simplicity we
assume that G is monadic. The extension of the results of Sections 2 and 4 to
formulas containing polyadic predicates is perfectly straightforward. If ζ(x) is
any formula, then f(ξ x) is obtained from f by replacing G by ξ(x) avoiding
clashes of variables in the usual way. To prevent confusion we sometimes use
the notation λxξ(x). In the following we always assume that χ is positive in G
in the sense that for any arithmetical formulas ξo(x) and £I(ΛΓ),

P H x(£o;*) Λ vx($o(*) - *i(*)) - x(tiiX).
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Γ is either Σ°n+ι or Π° + 1 . f is T[G] if f(ξ Jc) is Γ whenever ξ(x) is PR. If JΠs
any set (of natural numbers), then X Γ q = {n E X: n < #}. If X is finite, then
[X] (x) =: V [x = £: /: E X}. (We use =: to denote equality between for-
mulas.) The obvious fact that PY-Λ[X] (k) for k <£ X will be used repeatedly
without further comment.

2 χ-generίc formulas Let us say that ξ(x) is χ-generic in Γif for all k, if
T h χ(ξ k), then there is a q such that Γ h χ([X \ q]\ k) where JTis the set
numerated by ξ(x) in T.

Proposition 1 Suppose χ(G x) is Γ [G] #Λ<i to JΓ δe ̂ ^ r.β. 5^. There is
then a Γ χ-generic numeration ξ(x) of X in T.

Proof: For simplicity suppose r = 1. By Craig's theorem, we may assume that
Γis primitive recursive. Let τ(x) be a PR binumeration of Γand let κ(x9y) be
a PR formula such that X = {k: imP h κ(£,m)}.

Owe 7. Γ = Σ2+ 1 . Let ξo(*) be such that

P h ξo(x) - 3^(/c(x,^) Λ Vzw < x + j(Prf r (
 Γχ({o;i)π,M) ->

χ(λw3f (t; + W < Z + WΛ κ(w,ί;)); z))).

Then

(*) if (a) /? is a proof of χ(ξo k) in Γ, then (b)

T\-χ(ly(x + y<k + pΛκ(x9y));Ic).

For suppose (a) holds. Let y(x) =: 3y(x + j^ < /: + /? Λ /c(x, j ) ) . Then

P h -ιχ(γ(w);£) -> ({oW -^ τ W )

Since χ is positive in G, it follows that

P h -«χ(7(w);^) -* (χ(ίo;^) - x(τU);^))

But, since Γh χ(ξo k), this implies (b).
Now let ξi (x) be a Σ? numeration of Jί in Γ and let

*(*) =:*O(*)Λ $!(*)•

Then, again since χ is positive in G, it follows at once from (*) that for all k,
if T\-χ(ξ]k), then there is a q such that T\-χ([X \ q];k). Thus to complete
the proof we need only show that ξ(x) numerates X in T. To prove this it
suffices to show that for all k,p,

T\-Pτfτ(
Γχ(ϊo;kΓ,p)-+χ(y;k).

But this too follows at once from (*) and so the proof is complete.

Case 2. Γ = Π° + 1 . Let ξo(x) be such that

P\-ξoM ^ V^(Prf τ (
Γ χ(£ o ; i)~\w) Λ

-ιχ(λwlv(v + w < z + u f\ κ(w,v));z) -*
3y(x + y < z + u Λ κ(x,y))).

Next let ξι(x) be a Π? numeration of ̂ f in T and define ξ(x) as before. The
proof that ξ(x) is as desired is then almost the same as in Case 1.
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The following variant of Proposition 1 is occasionally useful but will not
be applied in this paper except indirectly via Corollaries 1 and 2. Let us say that
X is decidable in Γif χ([X] x) is (numeralwise) decidable in Γfor every finite
set X. A set Yis monoconsistent with Γif Γ + φ is consistent for every φ E Y.
ζ(x) will be said to be χ-generic with respect to Yin Γif for all £, if χ(ξ; ΐc) E
Y, then there is a q such that T\-χ([X \ q];ίc) where Xis the set numerated
by £(*) in Γ

Proposition 2 Le/ χ, Γ, tf/zd A" 6e αs m Proposition 1. Suppose χ /s decid-
able in T and Y is r.e. and monoconsistent with T. There is then a Γ formula
ξ(x) numerating X in T and χ-generic with respect to Y in Γ.

Proof: We may assume that Y is closed in the sense that if φ E Y and Γ h φ ->
0, then 0 e Y". Let μ(x, j ) be a PR formula such that Y= {k: 3mP h μ(ϊc,m)}.
Now replace Prfτ(x,.y) by μ(x, j>) in the proof of Proposition 1 and use the
obvious fact that if ψ E Y and φ is decidable in Γ, then T\-ψ.

Propositions 1 and 2 and the relevant notation and terminology can be
generalized in a straightforward way to formulas χ ( G 0 , . . . >Gn;x) containing
several new (monadic) predicates and positive in these predicates in the obvious
sense. Moreover we can now easily prove the following corollary to the proof
of Proposition 2.

Corollary 1 Suppose χ ( G 0 , . . .,Gn;x) is Δ?[G o,. . . ,Gn] and Yis r.e, and
monoconsistent with Γ. Let Xo,... ,Xn be a sequence of r.e. sets and suppose
m<n. There are then formulas £,•(#) such that ξi(x) is Σ^for i < m, £/(x) is
Π? for m < / < n, £,(*) numerates Xt in T for i < ny and the sequence
ζo(x),... Λn(x) is χ-generic with respect to Y in T.

Proof: For simplicity suppose m = n = 1. Let μ(x,y) be as in the proof of
Proposition 2 and let Ki(x>y) be a PR formula such that Xt = [k: 3m P h
Ki(k,m)}9 i = 0,1. Next let £oo(x) a n < i £io(*) be such that

P\-ξoo(x) ~ iy(κo(x,y) ΛVZU < x + y δ(z,u))9

Pϊ ξioW ~ vzu(-^δ(z>u) -+ ly(x + y < z + UAκι(x,y))),

where δ(z,u) —:

μ(Γχ(ξoo,ϊιo;z)n,u) -•
χ(λwlv(v + w < z + « Λ κ o (w,t;)), λw 3^(^ + W < Z + M Λ /Ci(w,ι;));z).

Finally let ξOi (^) and ζn (x) be a Σ? and a Π? numerat ion of X in Γ, respec-

tively, and let

ξi(x) =: {/OWΛJ/IW

Since χ is decidable in Γ, being Δ?[G 0 , . . . , Gn], the rest of the proof is now
very much the same as the proof of Proposition 2.

We conclude this Section with a result designed to yield Application 4
below.
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Corollary 2 Suppose χ(G x) is Δ?[G], X and Y are r.e., and Y is
monoconsistent with P. There are then a Π? formula ζo(x) and a Σ? formula
ξι(x) such that

(iϊ)ifkeX1thenP\-ξι(k),
(iii) ifχ(ξo;k) G Y, then there is a q such that P h χ([X f q] k).

Proof: Let κ(x,y), μ(x,y), and £o(*) t>e a s * n the proof of Case 2 of Propo-
sition 2 and let ξ\(x) = :

*y(κ(x,y) Λ vzu < x + .y(μ( Γ χ(ίo;*)~\κ) -•
χ(λw3t>(ι; + W < U M Λ /c(w,t;));z))).

Then (i) is obvious, (iii) is proved in the same way as before using the fact that
X is decidable in P, and (ii) follows from the proof of (iii).

3 Some applications We can now easily solve the problem mentioned in
the introduction.

Application 1 If S is r.e., then there is a Σ? numeration σ(x) of S in T such
that Prσ(Λ:) numerates ThΓ(5) in T.

Proof: Let χ(G x) =: PrG(x) and apply Proposition 1.
A sentence φ is T-conservative over T if T + φ h ψ implies T h φ for every

Γ sentence ψ. The following result is due to Guaspari ([1]) (cf. also [3], [7], [8]).

Application 2 To any r.e. set X, there is a Γ formula ξ(x) such that
(i) if k e X, then T\-ξβ),

(ii) if k φ. Xy then ->£(&) is Γ-conservative over T.

Proof: Let Γ-true(Λr) be a Γ partial truth-definition for Γ sentences and let
χ(G;x,y) = : Gx v Γ-true(^). Then any Γ χ-generic numeration of ̂ i n Γis as
desired.

Let ξ(x) be as in Application 2 with X = {y(x): T h -"7(7)} and let θ =:
-ι£(ξ). Then Γ (/ θ and ̂  is Γ-conservative over T. This can be improved as
follows (cf. [1]). (The somewhat stronger results proved in [3] and [8] can be
obtained in a similar way. See also Application 7 below.)

Application 3 There is a Π£+ 1 sentence θ such that θ and -ι0 are Σ ° + r and
Π^+i-conservative over T, respectively.

Proof: There is a Γ formula Γ-sat(Λr,j>) such that for every Γ formula y(x),

P\-y(x) ~Γ-sat(x,7).

Let

Xo(G;x,y) = : 3Z(GZΛ -1 Π° + r satU,x)) v Σ°+ rtrue(j>),
Xi(G;x9y) = : Vz(ES+rsat(z,x) -• Gz) v Π^ + r t rue(^) .

By Proposition 1, there are a Σ^+ 1 formula £ 0(*) and a Π^+ 1 formula ξ\(x)
such that ^z(jc) is a X/-generic numeration of ω in Γ, / = 0,1. Let

fl=:vx({o(*)-ίi(*)).
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Now let φ be a Σ°+ 1 sentence such that T + θ h φ. Then T h Xo(ζo'ΛuΦ)-
Hence there is a q such that Γhχoί x:^ #; £i,Φ), whence Γh 3x< ̂ -iξi(x) v
φ. But clearly Γ h ->3* < ̂ -iξj (x) and so T h φ. Thus 0 is Σ°+1-conservative
over T. The proof that -ι0 is Π£+1-conservative over Γis similar.

The following result is proved in [3] (Lemma 5).

Application 4 Let X and Y be r.e. sets and suppose Y is monoconsistent with
P. There are then a Π? formula £0(*) and a Σ? formula ξ\(x) such that

( i )/>h*i(*)-* ίo(*)
(ii)if keX, thenPhξi(/:),

(iii) if A:5 £ ̂ , s < /ι, then V £ 0 ( ^ ) ί Y.

Proof: Let χ(G x) =: ly < lh(x)G(x)y. By Corollary 2, there are a Π? for-
mula ξo(x) and a Σ? formula ξi (Λ:) such that (i) and (ii) hold and if χ(ξo;k) E
Y, then there is a # such that P h χ([A" Γ <?] \k). But then it is straightforward
to show that (iii) is satisfied, since we may assume that Y is closed.

Let Xo and X\ be disjoint r.e. sets. It is an old result of Putnam and
Smullyan (cf. [7]) that there is then a Σ? formula ξ(x) such that ξι(x) numer-
ates Xf in Γ, / = 0,1. (Here and in what follows ξ°(jc) =: ξ(x) and ξλ(x) =:
-iξ(x).) This can be improved as follows.

Application 5 Suppose Xo and X\ are disjoint r.e. sets. There is then a Σ? for-
mula ξ(x) such that
(i) ifke Xh then P h £<(£), / = 0,1,

(ii) if ks£X0UXuksΦktϊoτt<s< n, and/G n+ι2, then TV- V {£/(5)(*j):
5 < n}.

Proof: By a well-known result of Mostowski (cf. [7]), there is a Σ? formula
μ(x) which is independent over Γ. Let

Y= U { T h ( Γ U ίμg(k)(k): k < n)): n G ω & g G Λ + 1 2 } .

Then y is r.e. and monoconsistent with P. Let

xίGo^^Xo^i) =: V *y<lh{xi)Gi{xi)y.
/=0,l

By Corollary 1, there are a Σ? formula £o(*) and a Π? formula £i (x) such that
ξi(x) numerates Xt in P and £o(*)> ζ\(x) is χ-generic with respect to Y in
P. Let p,(*,.)>) be a PR formula such that ΛΓ, = [k: 3mP h Pi(k,m)} and let
„(*) =: v^(p o(x,j) -• 3z < j 'Pi tez)) . Finally let

{(*) =: ({oWvμWjΛπ^WΛKJC)).

If k G JrL, then P h Ϊ ^ 1 - ' ^ ) and so (i) holds. To prove (ii),_suppose T h
V lϊf(s)(ks): s < n}. Then, by propositional logic, T\-\J {ξi(ks): i = 0,1 &
5 < A2) v V (μ / ( 5 )(Λ:5): 5 < / i } , whence V {£/0U: / = 0,l & 5 < /i} G F. But
then there is a # such that PV\J {[Xi \ q] (ks): i = 0,1 & s < n}. It follows
that &5 G ̂ o U ̂ fi for some s < Λ. This proves (ii) and so concludes the proof.

There are a number of simple formulas χ, in addition to those already men-
tioned, that naturally come to mind. One of them is

Xo(G x) = : 3y(Gy Λ Σ°+rsat(x,y)).
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Applying Proposition 1 to this formula we get the case Γ = Σ°+ 1 of the fol-
lowing

Application 6 Let X be any r.e. set of Γ formulas and let

Y = \k: lqTl\J {{(*): ξ(χ) E X \ q] j .

There is then a Γ formula η(x) such that T h £(x) -> η(x) for every ζ(x) G X
and η(x) numerates Yin T.

Proof: Case 1. Γ = Σ2 + 1 . Let μ(x) be a Σ°+ 1 χo-generic numeration of ΛΓin Γ
and let τ/(x) =: χo(μ;x).

Case 2. Γ = Π° + 1 . Let P(Λ:,J) be a PR formula such that X = {k: 3mP h
p(k,m)} a n d l e t X l ( G ; x ) =:

vy(vzu < y(p(z,u) -• -ιΠ2+rsat(x,z)) -• Qy).

Next let *>(*) be a Π^+ 1 χ rgeneric numeration of ω in T and let η(x) =:
Xi(v x).

4 Γ'-generic formulas Let us say that ξ(jc) is Y-generic in Γif ξ(x) is Γ and

χ-generic in Γfor every T[G] formula χ

Proposition 3 If X is r.e., then there is a Y-generic numeration of X in T.

Proof: There is a Γ [G] formula Γ-true(G x) such that for every Γ [G] sentence
f (G) (not necessarily positive in G) and every arithmetical formula y(x),

P h r ί γ J - Γ - t r u e ί γ ΓfG)).

Let χΛ(G), n = 0,1,2,..., be a primitive recursive enumeration of all T[G]
sentences χ(G) positive in G and let δ(x,y) be a PR formula such that P h
Yy(δ(/i,y) *-+ y = χn) for every n. Next let

χΓ(G;x) =: 3y(δ(x,y) Λ Γ-true(G;^)).

χΓ is not necessarily positive in G but for every k,χΓ(G;k) is positive in G and
this is sufficient to show that there is a Γ χΓ-generic numeration £(ΛT) of X in
T(see the proof of Proposition 1). Clearly ξ(x) is χ-generic in T for every Γ [G]
sentence χ(G). It follows that ξ(x) is Γ-generic in T.

Proposition 3 can, of course, be used to give somewhat simplified proofs
of applications of Proposition 1. We illustrate this by proving the following
result which is proved in [8] (Application 4) and is also an immediate conse-
quence of Lemma 3 of [3].

Application 7 Let Xo and X{ be disjoint r.e. sets. There is then a Π£+1 for-
mula ξ(x) such that

(i) ifke Xh then T h ξ'(£), / = 0,1, _
(ii) if k £ Xo U XU then ξ(k) and -<£(£) are Σ£+ r and Π£+rconservative over
Γ, respectively.
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Proof: Let μi(x,y) be a PR formula such that Xt = [k: 3mP h μ,(£,ra)}. Let
£o(*) and ξι (x) be a Σ^+1- and a Π£+rgeneric numeration of ω in Γ, respec-
tively. Finally let £(Λ:) =:

VZ(ξO(z) Λ Vy < Z-»μoU»^) ~» £lU) Λ ""7*1 (*,*))•

It is then straightforward to check that ξ(x) is as claimed.

5 A model-theoretic application Let M be any model of P and let nst(M)
be the set of nonstandard elements of M. We define the sets of Y-isolated and
Y-small elements of M as follows.

Γ-isol(M) = [a G nst(M): there is a Γ formula y(x) such that a satisfies
y(x) ΛVy<χ-πγ(j>) inM),

Γ-small(M) = {a G Γ-isol(M): a < Mb for every 6 G f-isol(M)},

where Γ is the dual of Γ. A set X Q nst(M) is coinitial in M if for every a G
nst(M), there is a b G Λf such that Z? < M # . (For results on the existence of mod-
els Min which Γ-isol(M) is coinitial see [5] and [6].) Clearly if Γ-small(M) ^
0, then Γ-isol(M) is not coinitial in M and f-small(M) = 0 .

Application 8 There is a set B of Γ sentences such that T U B is consistent and
Γ-small(M) * 0 for every model M of T U A

Proof: Case 1. Y = Σ°+i Let £(x) be a Π^+rgeneric numeration of ω in Γand
let [ys(x): 5 G ω) be a maximal set of Σ^+ 1 formulas such that S = TU {3x >
mγ.yίx): m,5 G ω} is consistent. Finally let

Then T Ό B is consistent. For suppose not. Then there is a p such that T h
V Vχ(7s(x) -* ξ( ̂ )) But then, since ξ(jc) is Π^+1-generic in T, there is a ^

such that T\- \J Vx(ys(x) ->x < g). It follows that S is inconsistent, contrary

to hypothesis. Thus ΓU B is consistent.
Now let M be any model of T U B and let # be the member of M satisfy-

ing -iξ(jc) Λ Vj < xξ(y) in M. Then α G nst(M), since Mt ξ(ίc) for every £.
To show that a G Σ^+1-small(M) suppose b G Π£+ risol(M). Let β(x) be a
Π^+1 formula such that b satisfies β(x) ΛVy <x ~>β(y) in M. Since b is non-
standard, Vy < x -^β(y) is γ.s(Λ:) for some s. But then there is a c satisfying
Vy < x -^β(y) Λ iζ(x) in M. Clearly a < M c < M 6 and so α < M 6 . Thus α G
Σ^+1-small(M) as was to be shown.

Case 2. Γ = Π°+ 1. We may assume that Γis not Σ?-sound. Let δ(x) be a PR
formula such that T h -iό(^) for every k and Γ h3xδ(Λr). Let ξ(x) be a
Σ«+rgeneric numeration of ω in Γand let [ys(x)'* s G ω) be a maximal set of
Σ£+ 1 formulas such that ΓU B is consistent where

B = {vχ(ysW -+ -»€U)): s e ω}.

Now let Mbe any model of ΓU B. Then for every Σ^+i formula σ(x),

(+) if M 1= -«σ(^) for every £, then Vx(a(x) -> -iξ(x)) G A
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For suppose Vx(σ(x) -> -»£(*)) £ B. Then TUBb lx(σ(x) Λ £(*)). But then
there is a q such that Γ U B h 3x < ^σ(x) and so M\= σ(ϊc) for some /:.

By (+), Vx(δ(x) -+ -iξ(jc)) G 5 and so M H 3*-i£(x). Let a be the mem-
ber of Msatisfying i ( x ) Λ V j < xζ(y) in M Then α G Π°+1-isol(M). Suppose
6 G Σ^+1-isol(M) and let β(x) be a Σ^+ 1 formula such that b satisfies β(x) Λ
Vy < χ-^β(y) in M Then M(= -^β(k) for every A: and so, by (+), M\= Vx(β(x) -•
-iξ(Λr)). Thus 6 satisfies ~ιζ(x) in M and so a < M 6 . It follows that a G
Π^+1-small(M) as was to be shown.

Application 8 is a partial refinement of a result of [2] (Theorem 4.2.8). It
can be generalized without difficulty to theories T that are Y-selfbinumerable in
the sense that there is a Γ formula τ(x) binumerating Γin T. (Thus we no longer
assume that Γis r.e.) This result is, of course, derived from a suitable extension
of Proposition 1 to Γ-selfbinumerable theories. Adding an argument due to
McAloon ([5] and [6]) it can be shown that if Γis Γ-selfbinumerable, then Γhas
a model M in which Γ-isol(M) is coinitial but f-isol(M) is not. Finally, by
repeated applications of the strengthened version of Application 8, we obtain
a set C of sentences such that TO C is consistent and if Mis any model of
Γ U C , then Σ^+1-small(M) Φ 0 for every n. It follows that Γhas a pointwise
definable nonstandard model M such that for every Γ, Γ-isol(M) is not coini-
tial in M. This is essentially Theorem 3.4 of [6].
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