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The Boolean Spectrum of an o-Minimal Theory
CHARLES STEINHORN and CARLO TOFFALORT*

Abstract We show that the number of isomorphism types of Boolean
algebras of definable subsets of countable models of an o-minimal theory is
either 1 or 2%°, We also show that the number of such isomorphism types is
1 if and only if no countable model of the o-minimal theory contains an infi-
nite discretely ordered interval.

A structure O linearly ordered by < is said to be o-minimal if its defin-
able subsets are exactly those that can be obtained by using only quantifier-free
formulas involving <, i.e., unions of finitely many points and intervals. A com-
plete theory T of linearly ordered structures is said to be o-minimal if all models
of T are o-minimal. We note that in [2] and [5] it is shown that “all models” may
be replaced by “some model” in the definition of an o-minimal theory. Model
theoretically, o-minimal structures are the simplest linearly ordered structures,
playing the same role with respect to < as minimal structures do with respect
to =. Carrying this analogy further, o-minimal theories correspond to strongly
minimal theories.

o-minimal theories were studied extensively in [4]. Here we wish to con-
sider a particular question about such theories. Let T be a theory and 9 a model
of T. Denote by B(I) the Boolean algebra of the definable subsets of I, and
define the Boolean spectrum of T, SpecT, to be the set of isomorphism types
of the algebras B(91) as I ranges over the countable models of T. It is well
known that the Boolean spectrum of a strongly minimal theory T contains only
one element: the isomorphism type of the countable superatomic algebra of CB-
type (2,1). That is, a strongly minimal theory T is p-X,-categorical (see [7]).
Thus we are interested in examining the corresponding problem in the o-minimal
case.

The most obvious question to raise is whether all o-minimal theories are
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Dp-Ro-categorical. The answer, just as obviously, is no; one need only consider
the theory of discrete linear order without endpoints. Nevertheless, there are
many examples of p-Ry-categorical o-minimal theories:

the theory of dense linear order without endpoints
the theory of divisible ordered abelian groups
the theory of real closed fields.

Observe that in each case the underling order is dense.

Our aim then is to classify the p - 8,-categorical o-minimal theories, or,
more generally, to analyze the Boolean spectrum of any o-minimal theory. We
will show that

¢ an o-minimal theory T is p-R,-categorical iff no (countable) model of T
contains an infinite discrete interval, and that
¢ if T is o-minimal but not p-Ry-categorical, then |SpecT| = 2%o,

Here is the plan of the article. In Section 1 we recall some basic facts con-
cerning o-minimal theories and Ketonen’s classification of countable atomic
Boolean algebras (see [1]). We also show that, for every theory T of linearly
ordered structures, SpecT contains the isomorphism type of the countable atomic
Boolean algebra B, with the property that for every infinite b € B, there exist
infinite b, b, € By such that by v b, = b and b; A b, = 0. Section 2 is devoted
to some technical lemmas. Finally, in Section 3, we prove the main theorems.

We assume throughout that T is a complete theory without finite models.
We also adopt the usual convention that all models of T are elementary sub-
models of some large saturated model U of T. If M ET and X € B(M), we
will sometimes identify X with any formula defining it. Lastly, we say that X
is O-definable if X is definable without parameters.

1 Some preliminaries We first review some facts about countable atomic
Boolean algebras. Ketonen classified the isomorphism types of countable atomic
Boolean algebras in [1]. In what follows, however, we adopt the terminology
of [71.

We first recall the Cantor-Bendixon (hereafter CB) analysis of a countable
atomic Boolean algebra. For an atomic Boolean algebra B, we denote by I(B)
the ideal generated by the atoms of B. Then, if B is a countable Boolean algebra,
we define the sequence (I,(B): » € On) of ideals of B as follows:

Iy(B) = (0), I,(B) = I(B),
L(B) = |J 1, (B) for limit X,

<\
I,,,(B) = the preimage of /(B/I,(B)) under the canonical
homomorphism of B onto I(B/I,(B)).

Clearly, there is a (smallest) countable ordinal », for which I, ,,(B) = 1, (B),
which we designate the CB-rank (B). For b € B — I, (B), we define CB-rank
(b) = o, and for all other b € B, we let CB-rank (b) = min{r: b € I,,(B)}.

We recall that a countable atomic Boolean algebra is called superatomic
if, with », as above, B/I, (B) = (0). It is known that the CB-analysis of a
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countable superatomic Boolean algebra determines its isomorphism type. Let us
turn now to the case where a countable atomic Boolean algebra is not super-
atomic. For a Boolean algebra B and b € B, we denote by B[b] the Boolean
algebra whose domain is {x € B: x < b}. The key to the classification of count-
able atomic Boolean algebras that are not superatomic is provided by the clas-
sification of such algebras B that are uniform, i.e., which satisfy CB-rank
(B[b]) = CB-rank (B[b*]) for all b € B with CB-rank (b) < oo, where b*
denotes the complement of b in B (see [1] or [7]). We first observe that if B #
(0) is a uniform, countable atomic algebra and CB-rank (B) = vy, then
B/I,,(B) is a countable atomless algebra. The isomorphism type of such an
algebra then can be described by a function fz: B/, (B) - w;, which we now
define. Let S(B) be the dual space of B, and for p € S(B), let CB-rank (p) =
min{CB-rank (b): b € p}. Also, for b € B, let

U(b) = {p € S(B): b € p A CB-rank (p) = oo}
and, for every p € S(B) with CB-rank (p) = o, let
r(p) = min{CB-rank (B[c]): c € p}.
Then we define

S(b/1,,(B)) = supf{r(p): p € U(b)}.

For details we refer the reader to [1] or [7]. We only wish to point out that fg
is strictly additive if we let » + £ = max{», £}.

Finally, we denote by B, the uniform countable atomic algebra satisfying,
for each infinite b € By, that there exist infinite b, b, € By with b = b, v b, and
b] A b2 =0.

We assume that the reader is familiar with the principal results of [4], but
nonetheless we wish to recall the characterization of o-minimal linear orders
from that paper. Let 9N = (M,<,...) be o-minimal. Then there is an m < w
such that (M,<) can be written as the ordered sum

(M,<) =C1 + -+ Cm
where, for each i < m, (C;,<) is elementarily equivalent to one of

(@,<),(0*,<),(Z,<), (0 + ©*,<),(Q,<),
or a finite linear order,

and for all i < m, if C; does not have a last element, then C;,; has a first ele-
ment. Moreover, if m is minimal, then C; is 0-definable in (M, <) for each i <
m. That is, C; = ¢,;(M) for some formula ¢;(v) without parameters in the lan-
guage {<}. So if 9 = M then (NV,<) can be written as the ordered sum

(N, <) = ¢1(N) + -+ ¢p(N)

where (¢;(N),<) = (C;,<) for each i < m. In particular, if such an I contains

an infinite discrete interval /, then we may assume without loss of generality that

there is an i < m such that I = ¢;(M). Hence, we may suppose that I is 0-de-

finable and, for any 91 = 9N, that ¢, (V) is an infinite discrete interval in (N, <).
We conclude this section with the following straightforward fact.
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Proposition 1.1 For any countable linearly ordered structure M, there is an
I > M such that N is countable and B(N) = B,.

Proof: An easy compactness argument shows that there exists a countable
M, > M such that for every formula ¢ (v) with parameters from 9N, if ¢ (M)
is infinite, then ¢ (M) can be split into two infinite, disjoint 9N,-definable sub-
sets. Taking 9T to be the union of an increasing w elementary chain of models
built in this way gives the result.

From Proposition 1.1 we immediately obtain

Proposition 1.2 If a theory T extending the theory of linear order has a
countable saturated model M, then B(IM) = B,.

2 Basic lemmas This section is devoted to proving some technical lemmas.
Throughout, we assume that:

(a) T is an o-minimal theory

bG)YMET

(¢) I = ¢(IM) is an infinite, discrete, 0-definable interval in 9 such that
(p(M),<) is elementarily equivalent to (w,<), («*,<), (Z,<), or
(w + w*,<), and S denotes the successor function on 1.

Definition 2.1 Let a4,...,a, € ¢(U). The sequence (ay,...,d,) is S-
independent if for eachi=1,...,nand j € w, S/(a;) < a;4,.

Let m € I and suppose that there exists some m’ € I such that (m,m’) is
S-independent. Also, let p € S;(9N) be the type over M corresponding to the
cut

fv>8/(m):jEwUfv<sm': m €Mand m’ > S/(m) for all j € w).

Lastly, if a realizes p, we denote by I (a) the model of T prime over M U {a},
as guaranteed by [4].

Lemma 2.2 With notation as above, p(M(a)) = {S’(a): j € Z}.

Proof: Suppose for a contradiction that there is some @’ € M (a) — M that real-
izes p but is different from S/(a) for all j € Z. Then tp(a’,9M U {a}) is isolated
by some formula 6 (v,a) in the language L (9) having constants for each ele-
ment in M. By replacing @’ by an endpoint of 8 (N (a), a), if necessary, we can
assume that a’ = f(a), where f is an I -definable function. Without loss of
generality, by using f ! if required, we may also suppose that @’ > a. Then,
by the Monotonicity Theorem (see [4]), there is an interval J = (a,b) in 9N such
that the formula ¢ < v < b is in p, f |, is a strictly monotone bijection between
J and another interval J' = (a’,b’) in I, the formula ¢’ < v < b’ is in p,
and f(c¢) > cforall c € J.

It is easy to see that we may assume that m € J N J’, where m is as in the
definition of p. Since f(c) > ¢ for all ¢ € J, it follows that f must be order-
preserving. If there were some j € w for which f(m) = S/(m), then it would
have to be the case that a’ = f(a) = S/(a), contrary to our hypothesis. Hence,
f(m) must be greater than any realization of p, and so, since f is order-
preserving, a’ = f(a) could not realize p. Hence the lemma is proved.
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Lemma 2.3 Let @ = (a,,...,a,) and b = (b, e ,by) be S-independent
sequences of realizations of p. Then tp(a,M) = tp(b,M).

Proof: We proceed by induction on n. There is nothing to prove in the case
where n = 1. So let n > 1, and suppose for a contradiction that @ = (ay,...,a,)
and b = (by,...,b,) are sequences of S-independent realizations of p such that
tp(a2,M) # tp(b,M). By the induction hypothesis, we may assume that b =
(bl,az, e ,a,,).

Let 6(v) be an L(M U {a,,...,a,})-formula such that

E6(a;) A 00(by).
It then follows for all &,/ < w that the formulas
(30)(Aw)S¥(m) < v < S7!(vy) A S¥(m) < w < S7!(vy) A O(v,0a,...,0,)
AP0 (W,v,,...,0,)

are in tp(as, . . .,a,;IM). However, applying Lemma 2.2 n — 1 times, it is easy
to see that there is no ¢ € M’ = M(a,) - - - (ay) satisfying S/(m) < ¢ and
S/(c) < a, for all j < w, and hence by o-minimality, for some k,/ < w, we have
either

E(vu)S*(m) < v < S7(ay) - 6(v)
or
E(vv)S*(m) < v < S7/(ay) - —0(v).
Either alternative immediately yields a contradiction, so the lemma is proved.

Lemma 2.4 Suppose that a = (a,,. . .,a,) is an S-independent sequence of
realizations of p. Then p(M(a)) = |J (S/(a)):j € Z}.
l<i=n

Proof: For a contradiction, suppose that there is some b € p (N (&a)) satisfying
b+ S’(a;) forallj€Zandi=1,...,n Suppose that a; < b < a;;, for some
1 < i < n (the cases b < gy and b > a,, are handled similarly). Let o(v,a) be an
L(M) formula isolating tp(b,9M U {a}). By Lemma 2.3, it follows that Fo(c,a)
holds for all ¢ € p(IM(a)) satisfying S’/(a;) < c and S’(c) < a;,, for all j < w.
Hence, by o-minimality, there must be some k,/ < w such that F(Vv)S¥(a;) <
v < S™Na;4) = o(v,a@). But this is clearly impossible.

Lemma 2.5 Suppose that X is a set of realizations of p (in W) that is closed
under S and S~(so, in particular, (X,<) is a discrete linear order without end-
points). Then p(M(X)) = X.

Proof: Since any b € p(M(X)) must be isolated over M by a finite, S-
independent sequence @ of elements in X, the result follows immediately from
Lemma 2.4.

3 The principal theorems We now prove the main results of the paper.

Theorem 3.1 An o-minimal theory is p-Rg-categorical iff no (countable)
model of T contains an infinite discrete interval.
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Proof: Let T be a p-Ry-categorical o-minimal theory. For a contradiction,
suppose that there is a countable M E T that contains an infinite discrete inter-
val I. By the remarks made about o-minimal linear orders in Section 1, we
may assume that [ is 0-definable and elementarily equivalent to either (w,<),
(w*,<), (Z,<), or (w + w*,<). Moreover, by Proposition 1.1 we may also
assume that B(9M) = By, and hence that for every n < w, I contains an S-in-
dependent sequence of length n. Let m,m’ € I so that (m,m’) is S-independent,
and let p be the type over M determined by the cut

(v>8/(m):j<wlU{v<b:b& MAa(Vj<w)b > S/(m)].

Now, let a realize p. It follows by Lemma 2.2 that p(IM(a)) = {S/(a): j € Z}.
But then the interval [m,a] € M(a) is infinite and cannot be split into two dis-
joint infinite definable subsets. This implies that B (9 (a)) # By, a contradic-
tion, since T was assumed to be p-R,-categorical.

Conversely, suppose that T is an o-minimal theory and that no countable
model of T contains an infinite discrete interval. Then by the remarks on o-
minimal linear orders made in Section 1, if M is a countable model of T, we
can write (M,<) as the ordered direct sum

(M,<)=C, +-+ Cp,

where, for each i < m, (C;,<) is a 0-definable interval in 9N and is either finite
or a dense linear order without endpoints. Then it is easy to see that B(9) =
By, and hence that T is p-8,-categorical.

Let us also observe that an o-minimal theory T is p-X,-categorical iff there
exists a (countable) M E T that does not contain an infinite discrete interval.
This follows from the proof of Theorem 3.1 and the remarks in Section 1 about
the ordered sum decomposition of an o-minimal linear order.

Theorem 3.2 If T is an o-minimal theory that is not p-R,-categorical, then
| SpecT| = 2%o,

(In particular, if T has fewer than 2% non-isomorphic countable models, then
T is p-R,-categorical.! The theory of real closed fields demonstrates that the
converse obviously is false.)

Proof: For n = 3, let (D(n),<) be the discrete linear order without endpoints
where

DB)=wXxZ
Dn+1)=wxD(n) foralln=3

and < is given by the lexicographic order. It is an easy matter to verify by induc-
tion on n that B((D(n),<)) is a superatomic Boolean algebra of CB-rank #.

Next, let (Q X Z,<) be the discrete linear order in which < is given by lex-
icographic order. We now fix a sequence {(a,: 0 < n < w) of elements from this
structure satisfying S/(a,) < @, for all j < w and all 0 < n < w, and let [, =
(—o,a;) and I,, = (a,,a,) for each n > 0.

For each infinite X € w — {0,1,2}, we now define a discrete linear order
without endpoints, (D(X),<), as follows. Enumerate X as {xq,X;, ...} with
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Xo < x; <---. Then we obtain (D(X),<) by inserting into each cut in (Q X
Z,<) of the form
(S/(a)<vij<w]Uf{v<b:b€EQXZAn(Vj<wb>S/(a),

where a € I, and S’(a) < a,, for all j < w, a copy of (D(x,),<). Pictorially,

sz_f__afl__f_._afz__aﬁ__.}_a_n;ﬂ
— " —
D(xo) D(xy) D(x,)

We now assert that the CB-rank of B((D(X),<)) = w, and that B((D(X),<))
is not superatomic but is uniform. For the first of these assertions, it suffices
to consider an interval 7 = (a,b) in D(X), with a,b € D(X) U {£} and
S/(a) < b for all j < w. Because the CB-rank of B((Q X Z,<)) is o, it is easy
to see that CB-rank (/) = o if any one of the following hold: (i) & lies in a copy
of Z in Q X Z or is oo, or (ii) @ is —oo, or (iii) a lies in a copy of Zin Q X Z
and b lies in a copy of D(x,) that is not in the cut determined to the left by
{S/(a) < v: j < w}, or (iv) a lies in a copy of D(x,) and b lies in a copy of
D(x,,) where D(X,) and D(x,,) are distinct. In the remaining cases, namely
if @ lies in a copy of Z in Q X Z and b lies in the copy of D(x,) that is in the
cut determined to the left by {S/(a) < v: j < w}, or a and b lie in the same
copy of D(x,), we easily see that CB-rank (/) < x,, — 2. Hence, the CB-rank
of B(D(X),<)) = w, as asserted. It is obvious from the analysis just presented
that B((D(X),<)) is not superatomic and also that it is uniform. We leave the
details to the reader.

Now suppose that T is an o-minimal theory. We complete the proof of the
theorem by defining countable models 9y for each infinite X € w — {0,1,2}
such that

(*)  if X # Y, then B(My) & B(My).

Let O be a countable model of T satisfying B(9) = By. It then follows that
M contains an infinite discrete 0-definable interval I, which, ignoring a possi-
ble initial copy of (w,<) and final copy of (w*,<), is isomorphic to (Q X Z,<).
Let m € I. For any X as above, let 9y be the model of T that is prime over
M U D(X), where each element of D(X) realizes the type p € S(9M) determined
by the cut in I given by

{fv>8(m):j<wUlv<b:b€EMna (Vj<wb>S/(m).

By Lemma 2.5, we see that p(My) = D(X).

Before proving (%), we show that if ¢ is a nonalgebraic type over 9IU that
is realized in My, then g (N y) as an order is isomorphic to D(X) with either
its usual or reversed order. Given such a g, we will prove this assertion by find-
ing M-definable intervals I, = (a,,a;) and I, = (b;,b;) such that g, < v < a,
isin p and b; < v < b, is in g, and an N-definable order-preserving or revers-
ing bijection f between I, and I,.

Let b € My realize g, and let ¢(v,y;,...,y,) be an L(M)-formula so
that there are ay,...,a, € p(My) such that ¢(v,a,,...,a,) isolates tp(b,IM U
D(X)). Assuming now that we have taken n above to be minimal, we observe
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that we will be done if we show that n = 1. Toward a contradiction, suppose
that n > 1. Notice that the minimality of n allows us to assume that @ = (a,,
...,a,) is an S-independent sequence of realizations of p. Let 9N’ be a model
of T that is prime over M U {a,,...,a,}. We assume that M’ is elementar-
ily embedded into M (@) over M U {a,,...,a,}. By Lemma 2.4, we see that
p(M) = U {S/(a;): j € Z}, and since n is minimal, we have that g (') =

2=<i=<n

. Let p’ be the type over M’ determined by the cut
(v>8/(m):j<wlUfv<S¥(a):j<wl.

Clearly, a, realizes p’. Let 9" be the model of T prime over M’ U {a;}. We
notice that 9" contains a realization b, of g, and also, by Lemma 2.2, that
p'(M”) = {S’(a;): j € Z}. Without loss of generality, b, = f(@), where fis an
IM-definable function. Now let g(v) be the M U {a,, .. .,a,}-definable func-
tion given by g(v) = f(v,a,,. . .,a,). Then there exists an interval J = [¢;, ;]
in M’, with ¢; = S¥(m) and ¢, = S~!(a,) for some k,/ € w, on which g is a
strictly monotone bijection of intervals in 9’. Since 9’ contains no realizations
of g, it follows that g(J) € 9. But g(J) evidently is an interval in 9 that can-
not be split into two infinite definable subsets, contradicting the assumption that
B(IM) = By. Hence, n = 1, as claimed.

Using what we have just proved concerning realizations of types in My,
and that B(9M) = By, an analysis similar to one we gave in order to calculate
the CB-rank (B(D(X))) shows that CB-rank (B(9My)) = w for any infinite
X € w — {0,1,2}. Similarly, we also observe that B(9y) is not superatomic,
but is uniform. Details are left to the reader. In particular, we now have that
B(My)/I,(B(My)) is a countable free Boolean algebra.

Finally, we can move to the proof of (*). Suppose that X # Y. Let x €
X A Y,say x € X — Y, and let x = x,,. We define the interval I € My by

m,xy), ifn=0
1={[ 1)

[xnyxn+l)s if n>0.

(Here, we identify the set of realizations of p in My with D (X) itself.) A now
routine analysis establishes that CB-rank (/) = oo.

Let fx = feony): B(Mx)/1,(B(My)) — w; be as defined in Section 1.
We claim that

SxU/1,(B(My))) =x — L.

For this, we first observe that a case-by-case analysis shows that the only types
g over My containing the formula v € I which are members of U([/) are, if
n > 0, those whose cut in My is the “limit” from either the right or left, or
both sides, of copies of D(x). If n =0, then U(J) contains, in addition, the type
q determined by the cut {v > S/(m): j < w} U {v < b: b € D(X)}. Since CB-
rank (D(x)) = x, and

CB-rank (B(My)[S]) = sup{CB-rank (J) + 1:
JE€ B(My) AJ <SS an interval
A CB-rank (J) < oo}
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for any definable set S € My, it follows (identifying the definable set S and the
formula v € S) that r(g) = min{CB-rank (B(My)[S]): S€e g} =x—1 for
g € U(I). Hence, fx(I/I,(B(My))) = x — 1, as claimed.

By the Ketonen analysis of uniform Boolean algebras (see [1]), we complete
the proof of the theorem if we show that there is no S € B(9My) for which CB-
rank (S) = o and fy (S/1,(B(My))) = x — 1. Since fy is strongly additive, the
o-minimality of T allows us to assume that S = (a,b) for some a,b, € My U
{ £00} with @ < b. The analysis now proceeds through four cases. Using the strict
additivity of fy and what we proved about realizations of types over I in My,
we leave it to the reader to verify that all other cases can be analyzed using the
four below.

(i) a,b € M and (a,b) N (My — M) = . Here, since B(M) = By, it is
a simple matter to verify that fy (S/I,(B(IMy))) = 1.

(ii) a,b € M and (a,b) N (My — M) # D. Arguing as we did above to
show that fx (/) = x — 1, we can show for every n < w that there is an
interval J, < S satisfying fy(J,/I,(B(My))) = y, — 1. Hence, the
strict additivity of fy implies that fy (S/I,(B(My))) = w.

(iii) @ = m and b realizes p. Using the strict additivity of fy once again, it
is routine to show that fy (S/I,(B(9My))) =y — 1 for some y € Y.

(iv) a realizes p and b realizes p. In this case also, one easily sees that
Sy (S/I,(B(My))) =y — 1 for some y € Y.

Since we have shown that fy (S/I,(B(My))) # x — 1, it follows that (*), and so
Theorem 3.2, is proved.

NOTE

1. The referee has pointed out that this remark can be deduced from Theorem 3.1 using
the fact that an o-minimal theory whose models all contain an infinite discrete order
has 2% nonisomorphic countable models. This fact has an easy proof due to
Marker —see [3]. It also follows from a general result of [6], asserting that a theory
which extends the theory of linear order and has Skolem functions has 2*° noniso-
morphic countable models.
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