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Continuum Many Maximal Consistent
Normal Bimodal Logics with Inverses

TIMOTHY WILLIAMSON

Abstract  The paper considers extensions of a normal bimodal logic KL in
which the two necessity operators are mutual one-sided inverses. A contin-
uum of maximal consistent normal extensions of KL is constructed, each of
which has infinitely many quasi-normal Post complete extensions. Some syn-
tactic properties of maximal consistent normal bimodal logics and in particular
of such extensions of KL are investigated.

There are just two maximal consistent normal monomodal logics; each consistent
norma monomodal logic is extended by at least one of them (see Makinson [2]). In
bimodal logic, the situation is less simple. This note investigates one aspect of the
problem by considering maximal consistent normal bimodal logicsin which the two
modal operators are one-sided inverses of each other, that is, (Mo = « isatheorem
for every formula«. It will be shown that there are 2%¢ such logics. For a general
account of bimodal logics in which the two modal operators are one-sided inverses
of each other see Humberstone and Williamson [[1].

Some terminology for bimodal logic will briefly be rehearsed. The language
consists of aset of sentenceletters p, . .., the O-placefalsity constant L, the material
implication D, and two 1-place operators [1 and l. None of the results in this paper
essentially depends on the cardinality of the set of sentence letters (even if it is 0).
Other standard logical symbols are used as metalinguistic abbreviations; ¢ = —[0—
and ¢ = —Hl—. A letterlessformulais one not containing sentence letters. A letter-
less substitution maps all sentence letters to letterless formul as.

A logicisaset of formulas containing all truth-functional tautologies and closed
under uniform substitution (US) and modus ponens (MP). If X is alogic, we say
Fs o when o € . A normal (bimodal) logic is alogic containing all formulas of
theforms O(a D B) D (0o D OB) and B(a D B) D (Mo O WMB) and closed under
RN (e/0Oa) and RNg(o/Ba). X isinconsistent if and only if 1. € X. X is Post
complete if and only if ¥ is aconsistent logic and for every consistent logic X, if
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¥ C =t then© = = (Segerberg [[3], corrected in Segerberg [[4]], discusses Post com-
pletenessin monomodal logic). X isamaximal consistent normal logicif and only if
¥ isaconsistent normal logic and for every consistent normal logic =, if ¥ € &+
then = = =+. Proposition Elbelow illustrates the difference between Post complete-
nessand maximal consistent normality. Following [[], the smallest normal logic con-
taining (Mo = o for al e isKL.

A frameisatriple (W, R, S), where W isaset and R and Sare binary relations
on W. A valuation on aframe (W, R, S) isamapping V from ordered pairs of for-
mulas and members of W to {0, 1} such that for al formulasa and B and w € W' :
V(L, w)=0; V(e D B, w)=1ifand only if V(a, w) < V(B, w); V((Oo,w) =1
if and only if V(a, X) = 1 whenever wRx; V(Ba, w) = 1if andonly if V(a, X) =1
whenever wSX. A set of formulas X isvalid on aframe (W, R, S) if and only if for
every vauationVon (W, R, S, we Wanda € ¥, V(o, w) = 1. X is satisfiable
on (W, R, § if and only if for some valuation V on (W, R, S) and w € W, for every
ae X, V(ia,w) =1

For X C w, definerelations Ry and Son w:

iRxj <= dither @j=i+1

or (b) j=0andiiseven

or (¢) j=0andfor somek e X,i =2k+ 1.
i Sj — i=j+1

Let KL[X] be the norma bimodal logic consisting of al formulas « such that {«}
is valid on the frame (w, Rx, S). Note that for any formula @ and i, j,k € o, if
iRxjSkthen j =k+1,s0j=i+1 s0i=Kk s0V(x > OMyi)=1for any
valuation V on {(w, Rx, S). Conversely, iRxi + 19, so V((COMa D «,i) = 1. Thus
Fkipx o = Olo; KL € KL[X] for any X € w. Sincethe argument does not depend
on which numbers have Rx to 0, {i : iRx0} can be used to encode X so that KL[X]
isinconsistent with KL[Y] whenever X # Y. Thusthere are uncountably many such
logics. Moreover, KL [ X] and any consistent extension of it is undecidable whenever
X isundecidable.

Proposition1 If X and Y are distinct subsets of w, then for some formula «
|_KL[X] o and |_KL[Y] .

Proof. It sufficesto show that forany X C w andi € w,

@ ifie Xthenkyx 0342 HELAORL);

(b) ifnoti e X thent g =0Z 3 (42 1ML A ORLL).
Let V beany valuation on (w, Rx, S).

(@) Supposethati € X. Then 2i + 1Rx0, so V(OM.L,2i + 1) = 1. Note that
V(¢ZTWL,2i +1) = 1. Hence V(42 1lL A OML,2i +1) = 1. Now for any
j € w, either jor j+ 1iseven, so jRxORx0or jRxj+1Rx0; either way, jR>2(0. Since
ORZ12i + 1, jRZ™32i + 1. Hence V(023 (42 1L A OMLL), |) = 1foral j € .
Since V was arbitrary, Fxx] 023 (42 +1HL A OML).
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(b) Suppose that V(O2+3(¢2+1lL AOML), j) = 1 for some j € w. Hence for
some k, jRZ+3k and V(42 +1HL A OML, k) = 1. Thus V(4?+'lL k) =1, 0
2i + 1 = k by the structure of the frame, so V(OML, 2i + 1) =1, s0 2i + 1Rx0, so
i € X. Thusif noti € X, V(02 13(¢2+1mL A OBL), j) =0foral j € w. Since V
was arbitrary, i x; =023 (4211 A OMLL). O

Proposition 2 For X C w, KL[X] isa maximal consistent normal logic.

Proof: LetX beaconsistent normal logic suchthat KL[X] € X. Wemust show that
KL[X] = . Let #a be the degree of embedding of (I (not M) in« : #p =#1 = 0;
#llo = #o, #(a D B) = max{#a, #8}; # o = 1+ #a.

(i) Note the following fact.

Fact 3 For anyvaluationV on (w, Ry, S) and k € w, thereisa substitution ¢ such
that for every formula «, i € w and valuation V* on (w, Rx, S), if i + #a < k then
V*(oa,i) = V(a,i).

To see this, let o be the substitution such that for each sentence letter p,op =
\/{¢/BL:0<j<kandV(p, j) = 1}. Wecan now prove FactZhy induction on the
complexity of «. Thebasisfor thisisasfollows: « = p. By the structure of theframe,
V(QJ'IJ_, i)=1justincasei = j. Thusifi <k, V*(op,i) =1«<= V(p,i) = 1L
Thecasesof D and L aretrivial. For theinduction step for [J, notethat if i + #0« < k
andiRxjtheni+1+#x <kand | <i+1 s0j+ #x < k. For the induction step
for B, notethat if i + #la < kandiSj theni +#u <kandi < j+ 1,50 j + #a < k.

(i) Now suppose that not ¢ [x; «. Then for somei € w and valuation V on
(w, Rx, S, V(w, i) = 0. By Factl3[for k = i + #a, there is a substitution o such that
V*(oa,i) = V(a,i) = 0 for every valuation V*. By an argument such as (a) in the
proof of Proposition[T] jRL?i for al j € w. Thus V*(OI*2—oa, |) = 1 for every
valuation V* and j € @ . Thus [x O'*?—0oa, 0 Fx O'*2=0a. Butif -5 « then
v +26¢ because ¥ isnormal, contradicti ng the consistency of X; hencenot 5, .
Thusif -5 o thenkx [x) o, asrequired. O

Corollary 4 The number of maximal consistent normal extensions of KL is 2%,
asisthe number of Post complete extensions of KL .

Proof: By Propositions[Llnd2]K L has at least 2% mutually inconsistent maximal
consistent normal extensions. By an argument from Zorn's lemma, every consistent
logic is extended by a Post complete logic, so KL has at least 2% Post complete ex-
tensions. In both casesthe number isat most 2%, however many sentencelettersthere
are, for if X isaPost complete or maximal consistent normal extension of KL, then
¥ = {a: Fy oa for every letterless substitution o} by an argument such as that for
Proposition[6l(= (b)) below, so each such extension is determined by its letterless
fragment. O

Proposition 5 KL[ X] has infinitely many Post complete extensions, all of which
are nonnormal.

Proof: Fori € w, let KL[X][i] = {«@ : V(«,i) = 1 for every vauation V on
(w, Rx, S)}. By standard reasoning, KL [ X][i] isaconsistent logic extending KL [ X].
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By the structure of the frame, V(4'BL,i) = 1justincasei = j. Thus i [xq
WL and Fy[x; —¢'BL whenever i # j. Henceif i # j, for some formula
o, Frupxri] @ and g pxpj) —e. Since every consistent logic has a Post complete ex-
tension, KL[ X] hasinfinitely many Post complete extensions, all of which are non-
normal by Proposition[2] O

Having established the existence of anontrivial set of maximal consistent normal ex-
tensions of KL, we proceed to investigate their properties, beginning with a general
characterization of maximal consistent normal bimodal logics. A necessitation is a
sequence (possibly null) of occurrences of (1 and B in any order.

Proposition 6 A consistent normal bimodal logic X isa maximal consistent nor-
mal logic just in case

(a) for every letterless formula «, either -y o or for some necessitations
Li,..., L, Fs (L1 A -+ - A Lya);
and

(b) for every formula «, if x5 oo for every letterless substitution o then
I_E .

Proof: («=)Assume(a)and(b). Let =+ beaconsistent normal logic suchthat = C
T, Supposethat 5+ o. Wemust show that -5, . Let o be aletterless substitution.
By (b), we need only show that -5 oa.. By (@), if not -y o«, then for some necessita-
tionsLy,..., L, Fy =(Lia A--- A Lgar). Since X € =, st =(Lia A - - A Lgar).
By USfor =%, 5+ oa. Since ¥ isnormal, Fx+ Lioa A -+ A Lyoa. Thus =7 is
inconsistent, contrary to hypothesis.

(=) Let ¥ beamaximal consistent normal bimodal logic.

(@) Leta beletterless. Put = {B: Fx (Lia A --- A Lya) D B for some neces-
sitations Ly, ..., Ly}. If L € ¥* we are done. Supposethat not 1. € ©*. We show
that =+ isanormal extension of ; by hypothesis, itisconsistent. Evidently ¥ € &+
and =" isclosed under MP. £+ is closed under US because X is, and o = o since
a isletterless. T isclosed under RN and RNg because X isnormal. Thus =7 is
aconsistent normal extension of . Since X ismaximal, £ = T, Trivially, Fx+ a.
Thusts a.

(b) Let =" = {a: Fx oo for every letterless substitution o}. Since X is closed
under US, ¥ € =*. Weneed only show that £ = £*. Since X ismaximal, we need
only show that ©* isconsistent and normal. " is consistent, otherwise ¥ would be
inconsistent. =" is closed under US, for if og is a substitution and o is a letterless
substitution, then ooy is a letterless substitution. = is closed under MP, RN and
RN g because X is and substitutions commute with O, [, and l. O

Corollary 7 If ¥ is a maximal consistent normal bimodal logic, s ¢T and
Fs T thenty Oa =« and -y, Ba = «o for all «.

Proof: Maketheassumptions. By induction onthe complexity of g, if gisletterless
then either -y B or Fy —8. Thusif o is a letterless substitution, either -y oo or
by, —ow; either way, sy Do = oo and 5, Moo = oa. By (b) of Proposition[G]
Fy Dao=acand by Ba = o. O
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Corollary 8 If X isamaximal consistent normal extensionof KL andtyx 4T then
Fs Oo=«oand s Ba = « for all o.

Proof:  From Corollary[Z] for 5, 0T because ¢, CJM_L = 1 and KL isnormal,
Ok OT. O

Proposition 9 A consistent normal extension X of KL isamaximal consistent nor-
mal logicjust in case

(&) for every letterless formula «, either -y o or for somei(),...,i(k) €
whky ~(OPan ... AO0Wg),
and
(b) for every formula «, if Fx oa for every letterless substitution o, then
I—E .
Proof: By Proposition [6] we need only show that if ¥ is a normal extension
of KL, « is letterless and for some necessitations Lq, ..., Lgx,Fs = (Lia A -+ A
Lxar) then for some i(1),...,i(K) € o,Fs ~(O0'Da A --- A O®a). Now for

each necessitation L there are m, n € w such that for every formula « F¢, La =
B""w; this can easily be proved by induction on the length of L. Thus we
can assume that for somem(1), ..., m(k), n(1),...,nKk) € o, Fy ~(@™DOND y
A A BTOO®e) Let m = max{m(1),...,mK)}. Since T is norma,
Fy O"—@™OO0"Dg A ... A BMOOWg) Since k. OT and X isanormal ex-
tensionof KL, -y —(O"@™OO0"Wg A - AO"E™OO M), Now ¢, Ol B =
B for every formula 8 and i € w (proof: by induction on i, using the normality
of KL). Thusty C"R™Dg =™ ™MD for 1 < j <k SinceKL C X, by,
—(@O™MDHNDg A Lo A Dm—m(k)+n(k)a)_ O

Corollary 10 If X isa maximal consistent normal extension of KL and -y O«
then Fs o

Proof: Supposethat 5 Oa. Let o bealetterless substitution. By Propositi onl9] ei-
ther 5, oa or for somei(1), ...,i(K) e o by =(O0Doa A --- AO®oa). Suppose
that not -y o. Since T isclosed under US, -y, Cow. Since Tisnormal, -y 0K oq
whenever i(k) > 1. Thusts —oa. Since X isnormal, s O—oa, so s OOL. But
FkL OT, so T isinconsistent, contrary to hypothesis. Thusty oa. But o was arbi-
trary, so -y « by Proposition[a] O

The result for B is automatic: if X isanorma extension of KL and s B« then
Fy OB, SOy, o.

Corollary 11 If ¥ is a maximal consistent normal extension of KL then
Fs 4o D Ha.

Proof: k. o D OMa and ¢ —a D M-, SO g CJllo v COl—a. Since KL
isnormal, k. C(¢éa D M). SinceKL C =,y O(4a O Wa). By Corollary [10)
|_2 ’O[ O M. O

Corollary 12 If ¥ isa maximal consistent normal extension of KL then either
Fy Oo = « and Frx WMo = « for all « or for some i(1),...,i(k) € w
Fe O'OBLY ... vOORL
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Proof: By P_roposition@ either -5 T or for somei(l),...,i(k) € w by —~(@O'D
¢T A---AO®T). Theresult follows by Corollary[B] a

Proposition 13  If amaximal consistent normal extension X of KL issatisfiable on
afiniteframe, theny Do = o and -y Mo = «.

Proof:  Suppose that a maximal consistent normal extension ¥ of KL is satisfi-
able on afinite frame (W, R, S). Thus for some valuation V on (W, R, S) and x €
W, V(a,X) = 1 whenever -y «. Now forali € o, {w e W: VIl L, w)} C
{weW:VTIL w)}. Since W is finite, for somei {w e W: V(' L, w)} =
{(weW: V(L w)}. Thusforal we W, V(l+t1L > WL, w) =1 Hence
fordl weWand j € o, V(O (1L > W1), w)=1 Sncety, —O'W L
and g, O'W*1L = WL ¢, (O'®*1L > O® 1) > —ML, so by normality
Feo O/ L > W L) > —WL, soby, OF/(@+1L > W 1) > O-ML. Since
KLC = by OH@+H1L > 1) > O-ML. Thus VOH@+HL > 1) >
O-mL,x) =1 But VOt (@*+1L>WL1) x) =1 s VO-ML, x) =1for
al j. Henceforali(l),...,i(k) € o, V(O'PRL V... v O'©OEL, x) =0, so not
Fy O'ORL v - v O/©OmL. Theresult follows by Corollary 2] O

The B-fragment of a bimodal logic X isthe result of replacing B by [ throughout
the set of all formulasin X not containing [ (the replacement isfor notational unifor-
mity with standard monomodal logic). If X is(bi)normal, its B-fragment isanormal
monomodal logic. We determine the B-fragments of all maximal consistent normal
extensions of KL. Let Triv be the smallest norma monomodal logic containing al
formulas of the form Do = « and KD the smallest norma monomodal logic con-
taining all formulas of the form Qo O L.

Proposition 14 If X isa maximal consistent normal extension of KL, then the
B-fragment of T iseither KD or Triv.

Proof: Let A be the B-fragment of X. By Corollary (1) KD, € A. Thus either
A = KDg or A isaproper normal extension of K D¢. Inthelatter case, -, C'OT for
somei (Segerberg [Gl). Thentsx M@ T, 0t (M T, so5 4T since T extends
KL, sorx Mo = o for al « by Corollary[8] so Triv € A. Hence A = Triv, for the
only proper normal extension of Triv isinconsistent. O

The more difficult problem of finding the O-fragments of al maximal consistent nor-
mal extensions of KL isleft open.
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